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Algebra and Trigonometry 





A 


Algebra, relations and functions. 


• Lesson 1 : Solving quadratic equations in one variable. 

* Lesson 2 : An introduction in complex numbers. 

• Lesson 3 : Determining the types of roots of a quadratic equation. 

* Lesson 4 : Relation between the two roots of the second degree equation and 
the coefficients of its terms. 

* Lesson 5 : Forming the quadratic equation whose two roots are known. 

* Lesson 6 : Sign of a function. 

* Lesson 7 : Quadratic inequalities in one variable. 


Trigonometry 





* Lesson | : Directed angle. 

* Lesson 2 : Systems of measuring angle (Degree measure - radian measure). 

* Lesson 3 : Trigonometric functions. 

* Lesson 4 ; Related angles. 

• Lesson 5 : Graphing trigonometric functions. 

* Lesson 6 : Finding the measure of an angle given the value of one of its 
trigonometric ratios. 





Similarity. 


* Lesson 1 : Similarity of polygons. 

* Lesson 2 : Similarity of triangles. 

* Lesson 3 : Follow : Similarity of triangles (Theorem (1) - Theorem (2)) 
* Lesson 4 : The relation between the areas of two similar polygons. 


* Lesson 5 : Applications of similarity in the circle. 


The triangle proportionality theorems. 





* Lesson 1 : Parallel lines and proportional parts. 
* Lesson 2 : Talis' theorem. 
* Lesson 3 : Angle bisector and proportional parts. 


* Lesson 4 : Follow : Angle bisector and proportional parts (Converse of theorem 3) 


* Lesson 5 : Applications of proportionality in the circle. 





Distribution of maths syllabus 
First year secondary - First term 
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> | One period weekly One period weekly 


e Solving quadratic equations in 
one variable. 


e An introduction in complex 
numbers : Imaginary number - 
Integer powers of i - Equality 
of two complex numbers 
Operations on complex numbers 
(Adding, subtracting and 

multiplying compiex numbers) 

- Conjugate numbers. 






Two periods weckly 





















e Similarity of polygons - 
Similar polygons - The scale 
factor of similarity of two 
polygons. 

Similarity of triangles - 
Postulate Corollary (1) - 
Corollary (2) 


Theorem (1) - Theorem (2) 


e Directed angle : Degree measure 
system - Standard position of 
directed angles - Positive and 
negative measures of a directed 
angle - angle’s position in the 
orthogonal coordinate plane - 
Equivalent angles. 



























October 
E 


Systems of measuring angle 
- Radian measure - Radian 
angle - Relation between degree 
measure and radian measure - 
The length of an arc of a circle. 





The rest of September and 












e Determining the types of Trigonometric functions - 
roots of a quadratic equation - | The unit circle - The basic 
Discriminant, trigonometric functions of an 

e Relation between the two roots | angle - Reciprocals of the basic 
of the second degree equation trigonometric functions - Signs 
and the coefficients of its terms | of trigonometric functions - 

- Sum and product of two Trigonometric ratios of some 
roots. special angles. 

| « Forming the quadratic 

equation whose two roots are 

known - Forming the quadratic 
equation from the roots of 
another equation. 


The ratio between the areas 
of two similar triangles - 
Theorem (3) 

The relation between the 
areas of two similar polygons 
(Theorem (4)) 


Applications of similarity 
in the circle : Well known 
problem - Corollary (1) - 
Converse of well known 
problem - Corollary (2) 













































November 


The triangle proportionality 
theorems : Parallel lines and 
proportional parts (theorem 

| (1)) - Corollary - Converse of 
theorem (1) 

Talis’ theorem (theorem (2)) = 
Talis' special theorem. 




























e Sign of function : 
Sign of constant function 
- Sign of linear function 
- Sien of quadratic function. 


Related angles, Angle bisector and proportional 


parts : Bisector of an angle ot 

a triangle (theorem (3)) - 
Finding the length of the interior 
and the exterior bisector of 

an angle of a triangle – 
Converse of theorem (3) - Fact. 


General solution of trigonometric 
equations in the form : 

sin Û = cos p js 

Graphing trigonometrie functions : 
sine function and its properties - 
cosine funetion and its properties. 








|» Quadratic inequalities in one 
variable - Solving quadratic 
inequality in one variable. 




















e Applications of proportionality 
in the circle : Power of à point 
with respect to a circle — Secant, 
tangent and measures of angles 
- Investigating measure of 
the angle resulting from the 
intersection of à secant 
ind a tangent (or two tangents) 

to a circle (well known problem), | 


Finding the measure of an angle 
given the value of one of its 
trigonometrie ratios, 


December 
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Algebra, Relations and Functions. 





Unit Lessons 


Lesson 1 : Solving quadratic equations in one variable. 

Lesson 2 : An introduction in complex numbers. 

Lesson 3 : Determining the types of roots of a quadratic equation. 

Lesson 4 : Relation between the two roots of the second degree equation and 
the coefficients of its terms. 

Lesson 5 : Forming the quadratic equation whose two roots are known. 

Lesson 6 : Sign of a function. 

Lesson 7 : Quadratic inequalities in one variable. 








Unit Objectives | 


By the end of this unit, the student should be able to : 
e Solve a quadratic equation in one variable algebraically and graphically. 
о Use the quadratic equation in one variable to solve some life applications. 


e Recognize an introduction in complex numbers (Definition of the complex number , 
integer powers of i and equality of two complex numbers). 


o Carry out operations on the complex numbers. 
e Recognize the two conjugate numbers in the complex numbers. 
о Recognize the discriminant of the quadratic equation in one variable. 


e Investigate the type of the two roots of the quadratic equation in one variable given 
the coefficients of its terms. 


e Find the sum and the product of the two roots of a quadratic equation in one variable. 


e Find some of the coefficients of terms of the quadratic equation in one variable in 
terms of one of the two roots or both of them. 


e Form the quadratic equation in one variable whose roots are given. 
o Form the quadratic equation in one variable given another quadratic equation in one 
variable. 


e [nvestigate the sign of a function (constant - linear - quadratic). 


e Solve quadratic inequalities in one variable. 
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Sol ving c quadratic eq uation ns in one va аы le 


e Each of the equations : X^-4X-1220 ; 3X^-10X-8-0 ə x^-16-0iscalled 
an equation of the second degree in one variable X "because the greatest power of the 


variable X is 2" and the general form of the second degree equation in one variable 1s : 


aX^4bX-4c205az0 Itis called the quadratic equation in one variable. 


e We have previously studied that the solution of the equation m IR means finding the values 
of the variable which satisfy the equation and belong to R. Each of these solutions is 


called a root of the equation. 
e The quadratic equation has at most two solutions in R 


e [n this lesson we will revise together how to find the roots of the quadratic equation in R 


algebraically and graphically. 














И First, solving the quadratic equation in one variable algebraically 





We have previously studied that the quadratic equation in one variable could be solved 
algebraically by two methods : 


By factorization, By the general formula, 








| In the following , we will remember together both of the two methods. 





Algebra , relations and functions 





ЦА By factorization 


This method depends on factorizing the expression : a XN BK ee “if possible" » besides 
then we use e ihe tollowing pi VENN to find met (wo roots id the ечшшол: 


| Оа and b are two real nu tiers andil ax im 1 » then ser a=0 or 4 = 0) 


۸ By the general над 


This method depends оп substitutin g in the general formula to find the roots of the equation 
aX^-bXtcs0 where az 0 


This formula is у - £b-4ac 
2а 


fanaa? : "s | 2 | - ; 
> where a 15 the coefficient of X? 5 b is the coefficient of X and c is the absolute term. 





The problems in the following example show the algebraic solution by the previous methods : 


Find in JX the solution set of each of the following equations : 
1 X°-5X-6=0 9 4x?z25 3 X*«6x4920 
i x*-2x-620 || 5X+Ž=4, X20 


a X= § K-60 ^. (X — 6) (X + 1) = 0 "factorizing the trinomial" 
- Either X- 620 or X+1 =0 
ome Notice that "ul 
l.e. | <= or X=- | 
You can check your answer 
. The solution set = 16 Е 1} by substituting with the two 


solutions in the given equation. 
Q -4x?z25 nLAX?^-2520 
. (2 X- 5) (2 X+ 5) = 0 “factorizing the difference between two squares" 


" Either2X—- 520 or 2X+5=0 


а) v—-J ; m 39 
l.e. _Х= 5 or s= 


Another solutíon 
“AX =25 
5 





, . Eg EE 
7. The solution set = 1 ) 75 | Е 


2 


cou. D M S13 
„= 9 *. The solution set = 1 5 . 


dex +6 X49=0 
2. 00+ 3) = 0 "factorizing the perfect square" £4320 
=3 г. The solution set = {—3} 





A The expression : X? —2 Х- 6 is difficult to be factorized » so we use the general formula. 


жы] э bz-2 + c=-6 


! arb Vb? -4ac , - C2) £172)? -4x1x C6) 


2a 2xl 


2224424 25 28 — 22247 1.417 


2 2 2 
<. The solution set = 1 +47 ‚1 AT} 
ә X+ z =4 “By multiplying both sides of the equation by X” 
са х? 4+ 5 = AX 


~x2-4xX+5=0 “Notice putting the equation in the form : a X 44bX+e=0” 


sasl s b=-4 ; 6-5 


| сва лас 42Y16-4xD 42 -4 
REESE E e ре ГЕ: 





ste 1 -4 ÆR ~. There is no real roots of the equation : X +4X%45=0 





~. The solution set = © =ч 
' TRY TO SOLVE 
Find in R the solution set of each of the following equations : 
1 x?-5x4620 MRS K2 =4 
ai 3x^-27 4 x(X-4)23 


| Second \ Solving the quadratic equation in one variable graphically 


To solve the quadratic equation in one variable graphically s we follow the following : 





(Т Put the equation on the form : a X^ b Х+с=0 | 
(2 Let f Q) ea X^ «b X c 
(9. Graph the function f 


[4. Determine the points of intersection of the curve with the X-axis » then the 


X-coordinates of these intersection points are the solutions of the equation f (X) = 0 


е. ax?+bx+c=0 








AD 


The curve intersects The curve touches The curve does not 











X-axis at two points X-axis at one point ` intersect X-axis 
y 
x x 
y 
There are two solutions There is a unique solution There is no solution 
in IR in I& in R 
The S.S. 2 [L . M] The S.S. - {L} The S.S. 2 gj 
• The following examples show the previous cases : 

ШШЕ, — 
Find graphically in IR Find graphically in IR | Find graphically in R 
the S.S. of the equation : the S.S. of the equation : the S.S. of the equation : 

X*—-2X-320 ~X*-4%-4=0 X*+2=0 


using the interval [2,4] using the interval [- 5 . 1] | using the interval |- 3 »3] 


— Solution , —— 
Let f (02 Х2+2 


Solution. 





Iétf()zx^-2xXx-3 








X e — | | | ab a | | X 
«A d اد‎ 


Pee 


y 
From the graph » 


the S.S. 2 6 





From the graph › From the graph » 
the S.S.= {3 ,- 1] the S.S. = 1-2] 





UN? > 





Remark | | 

| Incase of the interval is not given »then we can graph the function by finding the vertex 
of the curve which is ( E f ( = )) ‚ and then we find some points to the right of it » 
and the same number of points to the left of it. 


Solve graphically in IR the equation : 
4 X(X—-1)-520 then verify the result algebraically "given that 6 =~ 2.4” 


— — سے 
-4X(X-1)-520 L4Xx^-AX-5-0‏ 
First | Graphically :‏ 
Let f (X)=4X7-4X-5‏ 


• Find the vertex point of the curve : 


' The X-coordinate of the vertex point = IO i = 


756. 


2. The vertex point of the curve 15 (4 و‎ 6( 


e Form the following table : 





• From the graph we notice that : 


the roots are — 0.7 and 1.7 approximately. 





Second | Algebraically : 


du aas 
_ 2510440 where a =4 056-4. + €=-—5 

















| ТА 2а 
-Ccàs[C4P-4x4xC3 44990 arafa 1276 1424 
= 2x4 " 8 B 3 2 


<. The two roots of the equation are 1.7 and — 0.7 approximately. 







TRY TO SOLVE | 
Solve graphically in IR the equation : 
X^-4X4420; taking X € [0 ; 4| » then verify the result algebraically, 


44) 








An introduction in complex numbers 


Introduction. 


ə We have studied before different sets of numbers » the set of natural numbers "IN" 5 the set 


of integers "Z" ; the set of rational numbers "Q" › and the set of real numbers "IR" 


e We have seen that every set comes as an extension of the preceeding one › to solve new 
kinds of equations which were not solved in the preceeding set. 
For example : 
The equation : X + 8 = 3 has no solution in N » thus we extend N to Z 
The equation : 2 X = 1 has no solution in Z » thus we extend Z to Q 


The equation : X? = 2 has no solution in Q »thus we extend Q to IR 


e There are » unfortunately » many problems that can not be solved by the use of real numbers 
alone. For example » we are unable to solve the equation Х? = — 1 There is no real number 
"a" such that a^ = — 1 Thus we must extend the set of real numbers R to a new set of numbers 
to enable us to find the solution of the equation X? = — 1 
This new set is called THE SET OF COMPLEX NUMBERS : and before studying the set of 


complex numbers in details » we will firstly recognize the imaginary number "i". 





The imaginary number "i" | 






The imaginary number "i" is defined as the number whose square is — 1 











УМУ 


А 





Thus we can solve the equation : X? = – 1 as follows: Notice that эш 
x?--1] “x= ا‎ 
|"ixizi^--1 
n Х=+ү2 AX csi t-i xis e] 


г. The solution set = {i s- i} 


Remarks 
> The number "i" does not belong to the set of real numbers. 
i.e. iC IR » so it will not be represented by a point on the real number line. 
, The numbers 3 i »- 21 5 i >... are imaginary numbers. 
> We can write the square roots of negative numbers as follows : 


4x [228-421-2432 = 31 » 2252125? = 5i and so оп... 


> The operations on the square roots can not be generalized on the imaginary numbers. 
| 
| If a and b are two negative real numbers » then Va x (b ab 


For example Tx AA xA 
| because dix 242 xf? =i xi =i = ~ 


№ Integer powers of "i" " 
"The number "i" satisfies the rules of powers that you have studied in the preparatory 

















ej?"-ixi-z-1xiz-i e i^ = ¡ xi^2-1x-121 
Pci Riel xia о іб х= 1х1 = 1 
sizixpazlx-iz-| ej =i xi =1 xl = | „... and SO On. 


From this we find that : 


The integer powers of "i" give one of the values i »— | 5-1 or | 










This values are repeated if the power is increased by 4 
Generally : For each n €Z » 
4n ے‎ (i4 = |" = | «НЕТ. ИШ КЕЧЕТ 


а x E ag | 
» j^! D NM п | | 


; "5 i a | 
„{п+2._ = рх | = | xij | рә 


o {АПА Any 4 x [= 1... and soon, 









Algebra , relations and functions J 


* And the following table summerizes the previous : 
re ШЕ еы: 


= —_— —— 


| E В 6 E я = E | - 
| Е ESEO Pa] P ecu i* d | 
.5 5 EC Е г i 29 ы = - i . err 
P c | {б =- | i--i ue 
An + C eee Û | UU EFE 
"Wu. NA +2 | | ПЗ fort 
Generally -| The remainder = 0 then ( j®={ 


eee 






^“ We find the remainder of ` | (The remainder=1 then ( үт 


To find i" where 


п is ап integer |^" the division n x4 sif: | im = 5 dhen ОИ i 
E 5 (The remainder = n ( j" =] 





~{ The remainder=3 then ( "= 





And the following example shows the previous. 


Find each of the following in the simplest form : 


1 116 9 {63 3 :42 gp in 5 ‘4n+23 


1 16-424 , the remainder = 0 (6 = 1 
9 763-4215 , the remainder = 3 iP == 
3 «42-4210 the remainder = 2 زت ب‎ 2-1 
4 °“ 101 +4 = 25 «the remainder = 1 5i" =i 
5 xis јап + 23 4n, ;23 
svi? zl و‎ i” =i "because 23 + 4 = 5 , ће remainder = 3" 
. jr at 23 _ 1 ا‎ 
аа а 
Remark 






We can express | using the imagenary number i to integer powers from the multiples of 4 


s and this helps in simplyfying some of imagenary numbers ; as in the following example. 


Мы. 








(PsP) ۱ ثانوی/ت‎ Y oU - ریاضبات‎ - yalsal 








mcam 





Find each of the following in the simplest form : 


4517 ت‎ 1 
Ms е 9 rJ 







T. 
= i ; li 3 | 
Ni =P xj “Notice that : i^? = 1" 9 magm =—! 
| = 
| 
| Xe cdd dm Soe ee ean WING TAL 
| з ed. Б ecl ME EXC A ERE Ew "e > 


Find each of the — in the "-—— form : 








4-16 SV {= * سد‎ ^ = 


2 


i.e. |. the equation : X^-6X- 13 = 0 has no solution in IR 5 but it has two roots that do 


not belong to the real numbers which are 3 + 2 i and 3 — 


e Each of 3 + 2i and 3 - 21 is called "a complex number". 


The complex number a | 


سح 





و ے 


The complex number is the number ume can 8 Written in the form a ++ b i 
‚ where a and b are two real numbers and i i^--1 


| «aiscalled the real part, 5, * b is called the Imaginary part, 


Examples for complex numbers :2 і » 7+ 131 » 51-4, 42443 j 








_ Algebra , relations and functions 
` Remarks 
If Z is а complex number where Z = a + b i , then : 


[4 | If [b= 0 » еп [2 = а and we say that Z is a real number. 


Such as Z = 5 isa real number and it is a complex number. 


| Q\If[a=0 sthen(Zzbi апа we say that Z is an imaginary number. (where b # 0 ) 


| Such as Z=2 i is ап imaginary number and it is a complex number. 
\ | 


м 





_ The set of complex numbers 





The set of complex numbers C is defined as C= {a + bi: a ER ,»bER ,i=-1} 


Example 
— Cu, 


Find the solution set of each of the following equations in the set of complex numbers : 





1 Х?+16=0 9 2X?+18=0 3 X/^-x«120 
ca, — — ———— — 
1 ~ X?+16=0 s X?2-16 х= +4-16 
 Х= +1161 XASE . The solution set = 141»—4 i] 
Bo 2x74 1820 2X? = 18 = 
n Х=+]-9 E 9i? а me 3] 


г. The solution set = (3i »—3 i} 


| -b+ b74a _-1+Й]17-4х1х1 _-1+{-3 _ -123i _-1,ї3. 
Co 0.5  — MEE. i Um 9 


к m jm au 2x] 2 D 


{Зз lg үз а 


; -] 
.. The solution set = ist а 5 





( TRY TO SOLVE | 
Find the solution set of each of the following equations in the set of complex numbers : 





15X*+180=0 io) X*-2%+5=0 








N Equality of two complex numbers 


Two complex numbers are equal if and only if the two real parts are equal and the two 


imaginary parts are equal. 





їе. If(a+bi) and (c + d i) are two complex numbers and if a = с »b=dsthena+bi=c+di 


and vice versa Ifa + bi =c + di »then a=c bd 


Find the values of X and y which satisfy the equation : X -3 y + (2 X + y) i = 6451 


‘+ The two complex numbers are equal. 
“. X-3 ¥ =6 (1) 
‚2 Х+у= 5 (2) 
Multiply the equation (2) by 3: 


6X+3y=15 (3) 

By adding (1) and (3) : NE I 
To 

By substituting in (2) : > ys] 





Find the values of X and y which satisfy the equation : 
4X-y+(2X+y)i=5+7i 





D Operations on the complex numbers 





e When we add » subtract and multiply complex numbers, we use 


the commutative » 
associative and distribution properties as we do in algebraic expressions 


e When adding or subtracting two complex numbers ; we add or subtract real parts together 


and add or subtract imaginary parts together. 


The following examples show how to carry out some operations on the complex numbers 





| Algebra , relations and functions 
Example| 5) 


Find the result of each of the following in the simplest form : 


1 347)04(5-91) 9 (2-41) – (5- i) 3 (4431) (2-51) 
Д (5-21) (5+2i) 5 (3+2 1) | ا)6‎ - 
7 Solution ранни 


1 (3+70 +( 
















5-91) = (3+5) + (71-91) (Commutative and associative properties) 


zR-21 
Q (2-41) (5-1) = (2-41) +(-5 +1) = (2-5) +(-41+1) =-3-31 


3 (4+3 1) (2-51) = A^ i) + Ak i) (Distribution property) 
=§~2i+6i=157 
=8-201+61+15 (where i*=-1) 
= (8 + 15) + (-20i1+6i)=23-14i 

Notice that You can solve directly by using direct multiplication. 

A (5-21) (542) 225-4?? 
=25 +4 (where i -- I) 
= 29 


Remember that " 





(a+b) (a — b) = a? - b? 


5 (3+21)7=9+121+412 





Remember that — 
-94]12i-4 (where i? = — 1) = 

(a+b)? 2a^-2ab-4b? 
-5412i 


6 (1-)*- (1-02) 2a -2i«* = -2i-1* 
eR e 






ws Sas ONU MUI MASS OPEM а Tei n TER "cm 


IRYTOSOIVE —. —— | a ee 
Find the result of each of the folowing i in the апнеа а: 


1 (2+5 1) + (3-41) 9 2-)0Q*i) 





3 (2+3i)(5-i) | 4165-3 








The two conjugate numbers. 





The two numbers a + b i and a — b i are called conjugate numbers. 
Note : Take care that the complex number and its conjugate differ only in the sign of their 


imaginary parts. 


For example : The two numbers 3 + 4i » 3—41 are conjugate numbers. 


p 
| Remarks 


» The conjugate of the number 2 i — 5 is the number - 2i — 5 not 2 i + 5 





» The conjugate of the number 2 i is 2 i 
| The conjugate of the number 3 is 3 
» The sum of the two conjugate numbers is always a real number ; and the product of the 


two conjugate numbers is always a real number. 
| For example The complex number 3 + 4 i its conjugate is 3—4 i » then : 
| «Their sum = (3 +41) + (3-41) = (3+ 3) + (41-41) =6ER 
| & Their product = (3 +41) 8-41) 29-161 =9 + 16225 ER 








TRY TO SOLVE | 
Write the conjugate of 5 – 4 i »then find : 
4 The sum of the number and its conjugate. 


9 The product of the number and its conjugate. 





Simplify to the simplest form : 


0 0.2121 ;Q* i-i) 
"n 2-51 (1 +i) (3-20) 





| Oolution ست سم‎ 
Notice : To simplify the fraction whose denominator is a complex number 5 we multiply its 
two terms by the conjugate of denominator, 
1 ' The conjugate of the denominator is (3 — i) 


0) _ 0-0). 100-0). I10(3-1) 1003-0) 
E: Th ine vim usd 


1 — 


"34i Q4D0-i) у 941 s 


22 1 





Algebra , relations and functions 





7 


(3+21)(2+51) _ 0+ 151+41+ 101 hut i? 2 — | 


d rel) 
Qiu (0-500450 ^ 4-250] — 


, 3*21,.6419i-10. -44 19i -4, 19, 
m— PB à —— | 


2-5 4 4-25 20 20 20 
„Шами .2- ef df 


(400-2) 3-21+31-20 34i«2^ 54i 


3-i | G-0)(6-i 15-8i-I1. 14-81 2(7-4i) 
5+1 (S4D(-i 25-7 2 © 





Q«D-i 


"Hen-28 13 13" 









Find each of the following in its simplest form : 








241 m 
(0 3—4 2 2-06-1) 


_ 7-1 _ 13-1 
ЕХ=5— and у= 2—— 


+1 
Prove that : X and y are conjugate numbers » then prove that : x^a у: = 16 


1-i .(7-) 0*0 _ 14«7i-2i-? _14+51і+1_ 15*5i 4 |; 


— 
— 


2-1 (20-00) 4-i 4+] 5 





13-i  (13-i)4-i) _ 52-13i-4i+i? _ 52-171-1 51-171. | 


UT 4«)4-) 16-0 бж L 





г. Xand y are conjugate numbers " Notice that the signs of the imaginary parts are different." 
Х2=(3+1)2=9+61+12=8+61 

y= (3-1 =9-6i+i° =8-6i 

Xe +y? =(8 +6 i) + (8-61) = (8 +8) + (61-61) = 










= f= 1 ч ў i Е. un hm ? t уе Fe cr JEn 3 - d i - ЧУҢ, he lity LF 
: س‎ RIE E Ea EE 
TRY TO SOLVE E SR AE SSE RE eo 


















(3+21)(2- 


Find the values of X and y that satisfy the equation : 341 )-Xx4 yl 


LHS .0*220Q0-D. 6+i-27 _ 6+1+2 _ 8+1 


3+1 3+1 3+1 3+1 








Multiply the numerator and the denominator by the conjugate of the denominator » 


which is (3 – 1) 
















| Sii GOD SF SL 25-91 23, 1 

Ыз 178400-) 9-0 ~ Bal 0 2 2 

a c I 

1 х= 5 and у= ? 

TRY TO SOLVE | 
& 


EDED -x«yi » find the values of : X and y 
+i 
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Determining the types of roots of a quadratic equation 

















e You have previously studied how to solve the second "чин те (the — 
equation) in one variable in IR » and you have known that when solving it » we have two 
roots at most. 


e In this lesson » we will determine the types of the two roots of the quadratic equation without 


solving it. 





e Using the formula in solving the quadratic equation : a X* +bX+c=0 , where a #0 

-b +b” -4ac -b-'[b?- 4ac 

an GEM "ane 

e Both of these two roots include the expression Ab? — дас 

e The expression : b? — 4 ac is called the discriminant of the quadratic equation because it 1 
used to determine the types of roots of the quadratic equation as follows : 


» we get two roots : 














= 
Ё equal їо zero negative 
E 
t b^-4ac-0 (0° -4ас) <0 
2 
б 
Ф 
£2 Two complex and non real 
о 2 Two different real roots Two equal real roots | 
о О roots 
E 
Cc 
2 9 
d 
c 
2 о 
o Ф 
£9 
MENU m 
2 o 
$3 
Ф 4 
х 5 
« © 


(6:0) Vo et M لغات‎ - ouo, - yasal 125: 





Determine the type of the two roots of each of the following equations : 


4 x^-3x4520 9X? + 10X +25 =0 33 x?-- 10X«4 


mv asl s [ad » cz5 
^. The discriminant = b^ — 4 a c = (-3)° -4х1х5=- 11 (negative quantity) 
., The two roots are complex and non real. 
9 a2] » b=10 » с=25 
^, The discriminant = b? -4ac = (107 -4 x 1 x 25 20 
“. The two roots are real and equal. ; 
3 X*4+10X-4=0 „а=3,Ь=10,с=-4 
+. The discriminant = b? — 4 a c = (10) — 4 x 3 x (- 4) = 148 (positive quantity) 


*. The two roots are different and real. 





TRY TO SOLVE | 
Determine the type of the two roots of each of the following equations : 


1x?-7X241020 Q х?+4Х+5=0 24x?-12Xs-9 
Prove that the two roots of the equation : 7 X^ — 11 X+ 5 = 0 are two complex and non 
real roots » then use the formula to find these two roots. 


e 
ar az7 5 b=+ Il , Qm 
". The discriminant = b^-4aez (1) y „Дт 52-920 


+, The two roots are complex and non real roots, 


-bztb^-4ac 123-19 17119) 


—— M ہے‎ 


E a Р ШЕШ. 14 


neyioi 11-0191 


^. The two roots of the equation are а ET i 


rag 


Algebra , relations and functions 





(TRYTOSOLVE 


ue T | 
It X^-4 X+ 5 0 » then prove that the two roots are complex and not real 5 then use 
the general formula to find these two roots. 


If the two roots of the equation: X*-k X2k-4 X + 5 = 0 аге equal » then find the 
real values of k and find these two roots. 

‚ Solution سم‎ 
Put the equation on the general form -nX*-(ke4) X (2к+ 5) =0 


+. The discriminant = (k + 4)2 -4x 1 x (2 k + 5) 2 k? + 8k 16-8 k- 20 = k? 4 


The two roots of the equation are equal ^. The discriminant = Û 
nk -4=0 sk ad “k=42 
satk=2 ~ Theequation is X?-6X+9=0 ~. (X-3}=0 „Х=3 


at К = 2 the two roots are equal » each one =3 
satk=-2 5s The equation is X^-2 X4 1 20 0-12 =0 NE CI 


at k = — 2 the two roots are equal » each опе = | 





TRYTOSOLVE - 
Find the real value of k which makes the two roots of the equation : 


4 X”- 8 X + k = 0 equal and find these two roots. 


1 Find the real values of m which satisfy that the equation : X m 2 m-1) X+ m? = 0 
has no real roots ( i.e. _ has no solutions in R) 


9 Find the real values of k which satisfy that the equation : x? +2 (k-1) X+k =0 
has two real roots ( i.e. | has solutions in R) 


n Solution. , ———— —— —— ——— 
1 * The equation does not have real roots .. b-4ac«0 


n (2m- 1?-4m?«0 4m -4m-*1-4m^'«0 





Уму 





i-em] ^m» 


-. The equation has no real roots if m el , oo| 


9 °‘. The equation has two real roots . The two roots are either different or equal 
^ b^-4acz0 LET Зато RO 
S4 -8ke4-4K 20 5l ku d ks 


.. The equation has two real roots if k Є | —993 1| 





TRY TO SOLVE | 
If the equation : m? X^ + (2m - 2) X + 1 = 0 has no roots in R » find the real values of m 





Prove that for all real values of a » there is no real roots for the equation : 











4x'-12aX492^ «4-0 
The discriminant = ( 12 a) – 4 (4) (9 а? + 4) er 
= 144 a? — 144 a? — 64 = – 64 (is negative quantity for all values of a) 
г. There is no real roots of the equation. 
Remark 
z a a * . | 
If the coefficients a » b and c in the quadratic equation : a X? + b X + c = 0 are rational 
numbers and the discriminant is a perfect square » then the roots are real rational numbers. 
| For example : 
The equation :3 X^-5 X-2 =0 
e The coefficients :a=3 »b=-5 ,с= ~ 2 are rational numbers 
icermine = 2 _Ae - 2 * " 
• The discriminant = b* —4 ac = (- 5) – 4 (3) (- 2) = 25 + 24 49 (is a perfect square) 
^. The two roots are real rational numbers, 
– + b!-4ac -(-5) 4 -5 2 еј fay E as | = 
* To verify that : X — 621 =й ДЕЗЕ ЄЗ) -40) c2 ASTA ae 
2 ü 2 X 3 (б ке 6 
547 35-7 | 
A= г = огА=——= - 
| 6 : A 6 3 
^. The two roots of the equation are 2 » ~ 1 (are real rational numbers) 
— 
28 ` 
і 


Algebra . relations and functions 7 


— MA — € —— 


As for the equation : x?- 25x + | =() 









e (Coelficient of X) = — 215 (isn't a rational number) 


ЖИГИ -42 
e And although the discriminant =b? —4 дс = (- 245 ) -4(1)(1)2 20-4 216 


is a perfect square э however we find that its roots are real and not rational numbers. 


e To verify that : 


— E 
ee Uca (218) \(-245) اا‎ 5+ 116 2 5x4 
же nn 78 


— " 





j 2а 2x] 2 
, 2ү5+4 ! 2145 —4 
х = 542 axe رو‎ 


-. The two roots 1/5 + 2 A5- 2 are real and not rational numbers. 





If a and b are rational numbers s 


prove that the two roots of the equation : a X? + (a? + b?) X + a b^ = 0 are rational. 


— — (lilib — —— —— 
.“ The discriminant = (а? + b)? -4 x ax ab? = а? +2 at ib da b 
-a'-2a^ b^ +b’ = (а – b? is a perfect square 
г. The coefficients are rational numbers and the discriminant is a perfect square 


^. The two roots of the equation are rational. 





TRY TO SOLVE Na 
If a is a rational number » prove that the two roots of the equation : 





15 x?- (10 + 3a) X +2 а = 0 are rational. 


, Remark 
If the discriminant of the quadratic equation isn't positive » then the two roots of the 


quadratic equation are complex numbers and conjugate. 





Relation between the two roots of the second 
degree equation and the coefficients of its terms 





We know that the two roots of the quadratic equation : a X 2+bX+c=Oare: 


-b [b - 4 ac ~b-b*-4ac 


2a ? — 3, #06: 
| -b+1b?-4ac -b-Yb’-4ac .2b -b 
di The sum.af ihe bwo О = —— ——— "a => 





— Coefficient of X 


i.e. The sum of the two roots = 
Пе Coefficient of X* 


-b+1b?-4ac -b-1b?-4ac — b- (b -4ac) 


4a 


9. The product of the two roots  ——7-—— x T 


Р 
02-0 +4ас 4ac с 
po eee бас 

4 a? 4a^ A 





Т. : Absolute te 
i.e. The product of the two roots = NL 
Coefficient of X ° 


In a symbolic form , we write : 





If Land M are the two roots of the quadratic equation : aX* +b X + e = 0 5 then: 


| +m = 9 LM=ګ‎ 


ü 














Algebra , relations and functions / 


Without solving the equation » find the sum and the product of the two roots of each of 


the following equations : 


12X *5X-12z0 9 6X^-1I X210 


—— — — — —4 Selutien:j— — — — —— 


^nm) a s i ums | " 
ieas? os b=5 y с=-12 ‚ Check the solution 


' with noticing that 





^. The sum of the two roots = =н = u ' the two roots are 
| $and-4 
. the product of the two roots = = = = =—6 
0-6Х°-11Х=10 62-11 Х-10=0 
„а=6 s Б=-11 5 с=—10 ^. The sum of the two roots ==? = CL = H 
» the product of the two roots = E = = = = 





TRY TO SOLVE | 
Complete: If3 X * + 5-4 X , then: 


The sum of the two roots = -:-------- and the product of the two roots = +++ 


1 If the sum of the two roots of the equation : 2 X ^tkxelcis = » then find the 


value of k , and solve the equation in the set of complex numbers. 


9 If the product of the two roots of the equation : 2 X 2_AX+k=0is 44 » then find the 


value of k з and solve the equation in the set of complex numbers. 


1 '. The sum of the two roots = = . E E = 
* kes г. The equation is 2 X^ + 3 X + 1 20 


50xX-D(X41)20 г. ×= or =] 








2. The equation is 2 X^ -4 X + 9 =0 „а=2 5 b=-4 5 с=9 


_-bt b?-4ac ASTC4Y -4x2x9 4) -4х2х9 _42 -56 AE UE, 14 18 
L A бах 5 


Е eT SxD hO 


q14 . or nt Г. 


Kaht- 7 1 


TRY TO SOLVE 





1 If the sum of the two roots of the equation : 2 x?-aX+6=0is 34 » then find the value 


of a » and solve the equation in the set of complex numbers. 


9 If the product of the two roots of the equation : x? +3 Х+а= 0 is 5 »then find the value | 


of a » and solve the equation in the set of complex numbers. 


1 If Х = – 3 is one of the two roots of the equation : 2 X* +k X- 3 =0 , then find the 


other root » and find the value of k 


9 If X = 6 is one of the two roots of the equation : X? — 5 X +k = 0 , then find the other 


root » and find the value of k 


3 If-1 and 5 аге the two roots of the equation : a ХВ б 0 «then find the value 


of each of a and b 





—— — Solution, 





- tes Ж au XE ey 

. The product of the two roots = тез ^ — 3 х the other root = = 
'. The other root = -3 X m | 

с. a nA - The other root = > 

+ The sum of the two roots = а = ES ‚ 

~ The two roots are — 3» + don E 1 - = 

We es | 

ide 2 = 2 e k=5 


Algebra , relations and functions 





Another solution : 
. Х= – 3 is one of the roots of the equation : 2X +k X - 3 =0 
+, It satisfies it. “2-3 +¢k(-3)-3=0 
n 18-3k-3=0 A k=5 
г. Theequationis:2X^-«5X-320 — s Q2X-1)(X43)20 


:5X-12z0 sthen X= $ or X 4-3 = 0 „Шеп X 2-3 


* The other root = i 
9 +: The sum of the two roots = = mn = 5) _5 


„„ 6 + the other root = 5 -. The other root = — 1 


' The product of the two roots = - = E =k; 
+ The two roots are 6 5 — 1 6x (1) =k ; oe 


х Try to solve this example by another method as in 1 


3 ' The product of the two roots = : 


К. кы ЧӨ ES Ш 
2-1хӧ=-= pajen „БО 
' The sum of the two roots = 0 2-101452? 

4=—b «o bz-4 


Another solution : 


‘+ — 1 is a root of the equation. 
„4-6-5 = 0 


‘+ 5 is a root of the equation. 


паб Ty eht-D-3250 


(1) 
aG *b(5)-520 


*,25a+5b-5=0 "Divide by 5" 

5 5а+ь-1=0 (2) 
Adding the equations (1) and (2) : 

^ 6a-6z0 ^o a-2l 
By substituting in (1) : 

Al-b-520 n b=-4 





TRY TO SOLVE 


Find the other root of each of the following equations » then find the value of k in 





each case : 
4 If X=- 1 is one of the two roots of the equation : X* +k X-7=0 


Qo If X= E is one of the two roots of the equation : 9 X^-9X-kz0 
If (1 +42 i) is one of the two roots of the equation : X^ - 2 X + c = 0 where cE R 5 
then find : 


4 The other root. Q The value of c 








- ! ИШ ы ы Ж 
. The sum of the [WO roots = 1 == 2 Notice that SL 
^ (1 +2 i) + the other root = 2 egets cc 
* The sthariost= 2 — (1 +12 i) conjugate of the given root. 
à | Le. it equals (1 26 i) 
i.e. | The other root = 1 H2 i 
a 
' The product of the two roots = С s (1 Aa i) (1 +42 i) =C 
2 
212-0021) =e 1-2? =c 
nl-22C ^ ema 


Another solution : 


е (I +2 i is one of the two roots of the given equation, 


+, It satisfies the equation. " (1 +2 -2 (1 +2 i) +c=0 


ү 1 +242i4 (Pi) -2-242i+e=0 & I4 24241 -2-2- 23H 680 
5-940850 5 m3 
le. х2-2х+3=0 


We can use the general formula to find the required other root. 


j 941 








Algebra , relations and functions 





TRY TO SOLVE 


— ——Á———MÓQ— 


If ( 2+ i) is one of the two roots of the equation : xm Max + с = () where c € R 
a then find : 


1 The other root. 9 The value of c 


Remarks 
In the quadratic equation : a X^ -bX4cz-0 
11fazl ,then L+ Mz-bandLM-c 


i.e. The sum of the two roots = the additive inverse of the coefficient of X » 


the product of the two roots = the absolute term. 


9 Ifbz0 :thenL - Mz 0; i.e.| L2-M 


سے 


İ.€. _ One of the two roots of the equation is the additive inverse of the other. 





@ifascsthnLM=1, ie. L=- 


اح 


| i.e. | One of the two roots of the equation is the multiplicative inverse of the other. 


4 Find the value of k » if one of the roots of the equation : 3 x? +(k-3)X+7=0 


is the additive inverse of the other root. 
9 Find the value of k » if one of the roots of the equation : 2 k X?27X-k^ +1 =0 


is the multiplicative inverse of the other. 


1 °. One of the roots is the additive inverse of the other 


^4 bu “k-3=0 M k=3 
9 °‘. One of the roots is the multiplicative inverse of the other 

=e nk +1=2К 

AE ж, =, * (k- 1)2=0 ^ kel 


135 





—— 








^TRYTOSOLVE — 
Complete : 





4 If one of the two roots of the equation : X Pig (k-5)X-9-20 
is the additive inverse of the other » then k = «< 
9 If one of the two roots of the equation : X 243X+e=0 


is the multiplicative inverse of the other » then c = =+ 


Find the value of d ; if one of the two roots of the equation : X ? +d X- 50 = 0 is double 


the additive inverse of the other root. 


Let one of the two roots = L *. The other root = — 2 1. 


acs The product of the two roots = ae . L(-2 1.) = 20 
coefficient of X | 
FL m0 ~L=5 
5°. The sum of the two roots = = RN ~L+(-2L)= 6 
coefficient of X 1 
“ -Lez-d s T2 “ qd=t5 


Find the value of n »if one of the two roots of the equation : X? + 15 = n X is less than the 
twice of the other root by 1 
— Solution —— 


The equation is x i X4+15=0 


Let one of the two roots be L ^. The other root = 2 L- | 
‘ The product of the two roots = 15 5LL-l1yYs13 

iL lL- 15 =0 *. (2L45) ll 
„йз -= 

zi Las or LEJ 


| 36 ' 





| BE Algebra , relations and functions 





E | 
AtL=—> hà The other root = 2 x =? - | =—6 
+ nz the sum of the two roots = E -6z zi 
AtL=3 ^. The other root 22x 3-1 = 5 
„п=3+5=8 
TRY TO SOLVE ў 





Find the value of k » if one of the two roots of the equation : X^ — k X + 12 = 0 


is three times the other root. 


Find the satisfying condition which makes one of the two roots of the equation : 


ax?+bxX+c=0 equal to the additive inverse of twice the other root. 


Let one of the two roots be L '. The other root = — 2 L 


‚ ' The sum of the two roots = E 


„1+621)=20 х= (1) 
' The product of the two roots = P 
11х02) = E L* => (2) 
By substituting from (1) in (2) : 
H-z . rer 
а 


2b” +ac =0 (That is the required condition) 











TRY TO SOLVE | 
Find the satisfying condition which makes one of the two roots of the equation : 





a X? + b X+ c = 0 equal to four times the other root. 





Forming the quadratic equation whose two roots are known 





Let L and M be the two roots of the quadratic equation : à x7 +bX+c=0 


By multiplying the two sides by : where a #0 » the equation becomes in the form : 


2,b с. e v2. (– 
X e UU X -G 3E: +—=0 (1) 
-b. с _ 


By substituting in (1) » we get the quadratic equation whose roots аге L » M which is : 


X^-(L- M)X*LM-0 (2) 





€. | X? — (the sum of the two roots) X + the product of the two roots = 0 
And by factorizing the trinomial in the left side of the equation (2) » we get another 


form of the last equation which is (X —L) (X- M) =0 


Form the quadratic equation whose roots are : 


3 2 ) : cd abd 
1771 9 3«2,3-12 gH, 2. 





1 The sum of the two roots = 2 + i = — »the product of them = 2 X 
» ^ The equation is X^ — (the sum of the two roots) X + the product of the two roots = 0 
. The equation is X? – + X + Ёш 0 (by multiplying by 8) 
. The equation is 8 X^ - 22 X + 15 20 





| 
=n 





Algebra , relations and functions 





9 The sum of the two roots = 3 £12 +3 -2= 6 
, The product of the two roots = (3 +12) (3 -{2)= 7 


^, The equation is X^ - 6 Х+7 = 0 


jet let PRÉ sted гад 
| ixi i^ -] 
2 2 (1-1) 2-21. 9-21 


= =4 =| -1 


"ei бей i-P 2 





с Б 








^. The sum of the two roots = 1 +1+ 1-і = 2 
‚ The product of the two roots = (1 + i) (1-1) = 2 


г. The equation is X 2 _2X+2=0 








——— 
TRY TO SOLVE 

Form the quadratic equation whose roots are : 

4-457 03-21, 


s of another equation 





№ Forming а quadratic equation from the root 


If the two roots of the equation : x?_5 Х-6= 0 are L »M »find the equation whose 





roots are L 4-7 + M +7 


The required in this example is forming an equation using a given equation where there is 


a certain relation between the roots of the two equations. There are many methods for solving 


this example and we will mention them in the following : 


b The first method 


1 Find the two roots of the given equation. 
9 Find the two roots of the required equation. 
3 Form the required equation. 
2-5 Х-6=0 000-6) (X+ 1) =0 


7. 6, 1 are the two roots of the given equation. 








LetLz6:M = – 1 , the two roots of the required equation be D › E 
< D=L+7=6+7=13 ,;E=M+7=-1+7=6 

“. D+E=13+6=19 sDE=13x6=78 

.'. The required equation is X^ — 19 X +78 =0 


b The second method 


Let D and E be the two roots of the required equation 


„ПО=+7;,Е=М+7 «D++E=L+7+M+7=L+M+14 
"+ М = 5 (from the given equation) ~ D+ E=5+ 14=19 

» DE=(L+7)(M+7)=LM+7 (L 4 M) +49 

>. LM =- 6 (from the given equation) ^A DE=-6+7x5+49=78 


г. The required equation is X - 19 X + 78 =0 


№ The third method 


Let D and E be the two roots of the required equation 


= D=L+7 » E=M+7 AL2D-7 » M=E-7 К^ 
Lis one of the two roots of the given equation : X^ 5 X-6=0 uq 
517-5L-640 

s," L=D-7 ^o - 1-50 -—7 -6:-0 

02-140 £49- 5D 435-620 ~ D*-19D +78 =0 


i.e. L D is a root of the equation : X? — 19 X + 78 = 0 (which is the required equation) 


К... 





| The third method is used only if the relation between the first root of the given equation 
and the first root of the required equation is the same relation between the second root 
of the given equation and the second root of the required equation. 






| TIL’ + M* = (L4 M - 2LM (9)(L- М) = (L« M -4LM 


[8] +M’ =(L+M)[(L+M}-3LM] | (4]D-M? 2(L- M) [(L+ MZ -LM] 
| | mL M_L+M?_ (L+MÊ-2LM - 
OML IM = IM 








Algebra , relations and functions 


—— —— emm, 


If L s M are the two roots of the equation : X^—7 X +9 = 0 where L> M » find the 





numerical value of each of the following expressions : 
412+ м? 91^43LM«M? 
3 L-M BL -M 
EI — — 

’ L М аге the two roots of the equation: Х2-7 Х+9=0 .. L+M=7 and LM =9 
1 L? + M*= (L+ M)”-2 LM = 7) -2 x9 =49- 18 =31 
9 L” +3 LM + Mê = (L +2 LM + М2 + LM = (L + MP + LM = (7 +9 = 49 + 9 = 58 
3 (L- М) = (L+ M -ALM = (7 -4 x 9 = 49 -36 = 13 

^AL-Mz'/13 » where > М 


4 L?-M? = (1.- М) [(L+M)?-LM] 


by substituting from (3) : 


„12-м? =413 (72-9) =ү13 (49 9) = 40713 


If the two roots of the equation : X*-8 X + 5 = 0 are Land M 


s form the equation whose roots are а and x 


‘+ Land М are the two roots of the given equation. .. L+M=8 and LM=5 


А > and F are the two roots of the required equation. 





. | sl. 1 — M 
^. The sum of the two roots = —— + e = IM < 


5x*-8xX4- 1250 











Г erm IIR * 





If L and M are the two roots of the equation : 


X!-5X +9 =0 5 find the equation whose roots are L^ and M? 


" Land M are the two roots of the given equation. .. L+M=5 and LM =9 
' L^ and M? are the two roots of the required equation. 

г. The sum of the two roots = L + М? = (L + M)*-2 LM=57-2x9=7 

» the product of the two roots = L^xM?z (LM) = 9° = 8] 


г. The required equation is X? - 7 X + 81 = 0 





Ехатріе | 
— CÛ 


If L and M are the two roots of the equation : 


3 X” +5 X-7 = 0 find the equation whose roots are L + z М + 


1l 
L 


> Land M are the two roots of the given equation. 
t L«Mz-3 and LM ==! 


co Léa Ma i are the two roots of the required equation. 





M 
^, The sum of the two roots = L+ Û + M +Û = LL + M+ LEM 
M Ls LM 
=) 
کے‎ 3 2-545, 35415 __ 20 
3 7 3 1 2| 2] 
3 
l oduct of the two roots = (L + -È M dsl. LM lu 
» the pr ) ) LJ L LM ees 
221.4424 -9*42..|6 
"8 t p "г 


7. The required equation is X^ — ET X + = () 


le. 21x?^«20x-1620 


42^ 





| Algebra , relations and functions 


| TRY TOSOLVE | | 
If L » M are the two roots of the equation : 






2x*-3X-1=0 9 find the equation whose roots are L^ » M? 


If I , 2 are the two roots of the equation : X*-6X+4=0 » 


find the equation whose roots аге L » М 


are the two roots of the given equation. 


HN AS 
"LM 

* 2 кра T e us н) - 

‘oa Ray 4 TM 4 1 LM=1 

Bg Bi x . 2L*2M _ , 2(0+М) _ r5 x 
X EET 0 M =5 = = б Я, 1+М= 5 =3 


гаа M are the two roots of ће required equation + L+ M = 3 , LM = 1 


г. The required equation is X^ —3 X + 1 =0 








TRY TO SOLVE 
If T and т are the two roots of the equation : 6 x?-5X+1=05 
find the equation whose roots are L and M 


If the difference between the two roots of the equation : X — k X + 4 k = 0 equals three times 
the product of the two roots of the equation : X? -3 X-k - 0 »find the value of k 


Let L and M be the two roots of the equation : X^ -k X +4 k =0 


“ L+M=k 3+ LM=4k 
‚ ' The difference between L and M equals three times the product of the two roots of 
n L-M=-3k 


the equation : X^ -3 X-k=0 
43, 





UNI 









С ЛН 
(Le My -(L4- M) -4LM (from the previous identities) 

n 3K’ =k -4 (4k) 9 к=к 16k 80+ 16k =0 

.. 8 k (k +2) =0 ódqs0 or ke 2=0 dco 

Another solutíon : 


By using the law of the difference between the two roots : 


oe + the discriminant _ +{b?-4ac 
ا‎ 


and from the equation : 


X^-k X+4k =0 » we found that : 





Remark 


L-Mzz£YK -16k (1) It is possible to deduce the law | 
of the difference between the two | 
roots from the general formula 
of the two roots of : X - 3 X-k=0 with the same method used for 
finding the sum of the two roots | 





, `7 L- M equals three times the product 


. L-M=-3k (2) in the previous lesson. 
| Li aee ie 

» from (1) » (2): 

2 [2-16 к= – 3 К » by squaring both sides 

“ k?—16kz291 ~8k*416k=0 4 ke0 0r К=—2 






TRY TO SOLVE p | 
If the difference between the two roots of the equation : X^ - k X 2k = 0 equals twice 





the product of the two roots of the equation : 6 X^ 5 X-k - 0 s find the value of k 


4 





Sign of a function 





=. 





М, Remember that ` 


You have studied in the preparatory stage that : 


The function from set X to set Y is a relation which relates each element of X to only one 
element of Y and : 


- The set X is called the domain of the function. 

- The set Y is called the codomain of the function. 

- The set of images of the elements of the domain X is called the range of the function and 
this range is a subset of the codomain Y 

e Also » we have studied that each function is a relation but not any relation is a function 


» and we can determine whether the relation is a function or not » by using (the vertical line test) 


The vertical line test 





If we draw a vertical line intersecting the curve representing the relation 





at one point at two points or more 


then the relation is a function then the relation is not a function 








e You have also studied the graphical representation for each of the constant function > 


the first degree function (linear function) 
and the second degree function (quadratic function) 


Now we are going to remind you with some facts for each function : 


The constant Function 
f: f (X) =c (с ER) is represented by a straight 





лавіна umen | 






fi fixi=e 
line parallel to the X-axis and passes through the 


point (0 » c) and this line : 
x Is above the X-axis if c » 0 X 
+ Coincides to the X-axis if c = 0 


x Is under the X-axis if c < Û | 


The linear function 





f: f (X) =b X +c (where b #0) is represented by 
a straight line and this line : 


+ Intersects the y-axis at the point (0 » с) 


« Intersects the X-axis at the point = , 0) 


| The quadratic function. —AMa — — ^'^ К 
| f: f O)=a X7 +b X +c (where a # 0) is 
represented by a curve symmetrical about a straight 
line parallel to the y-axis » and this curve : X 
« Is open upwards if a > 0 and the function has 


a minimum value point. 





+ [s open downwards if a < 0 and the function has 


a maximum value point. 


In this lesson, we will study the sign of each of the three previous functions. 


— ü 


Minimum 
value point 


Maximum 
value point 


X 








Algebra , relations and functions 






investigating the Th ога function 
Investigating the sign of a function is to determine the values of X at wilah tite values or = 
the function f are as follows : 

e Positive » Le. f(X)>0 

e Negative » Le. f(X)<0 


e Equal to zero 5 le. f(X)-0 





FEN The sign of the constant function 


The following figures represent the two functions : 


0 A — Áo sm dli: 


f: f (X)2c (where c is positive) f: f (X) = с (where c is negative) | 







———. We notice that 
The function is negative for all X ER 








We notice that 
The function is positive for all X ER 









From the previous , we deduce that : Notice that x 


The symbol V means 


"for every" 






The sign of the constant function f : f (X) = с 





‚ c ER* is the same sign of c V XER 


For example : 
e If f (X) = 5 » then the sign of the function f is positive V X ER 


e If f (X) = – 3 › then the sign of the function f is negative V X ER 





TRY TO SOLVE а | 
Determine the sign of each of the following two functions : 


1 /:f09210 9 f:f00-2-$ 








We notice that the sign of the function : We notice that the sign of the function : 


» is the same as the sign of b (positive) is the same as the sign of b (negative) 
aX »—— at Vi ©. 
| b b 
» is opposite to the sign of b (negative) > is opposite to the sign of b (positive) 
Le | —< 
at X «—— at X «—— 
^ b b 

> equals zero at X= £^ > equals zero at X = = 















From the previous , we deduce that : . 


| To find the sign of the linear function f : f (X) = bX +c sbz0 , we put f (X) = 0 
*bX+¢2=0 لر ر‎ 
/. The sign of the function f : 


4 15 ће same as the sign of b at X > > 


9 Is opposite to the sign of b at X < ч 
) 







ад“ 
b : | 
fiX l is Uppasite to Is the same as 


And we illustrate thís on the opposite the coefficient of X (0) the coellücient of X 


3 fo9s0atxX- 


number line. 








“ 


= 


» 


Third N The sign of the second degree function (quadratic function) 








Determine the sign of each of the 


Seats XE 


We illustrate the solution on the Opposite number line. 


We illustrate the solution on the Opposite number line. 


TRY TO SOLVE 


Determine the sign of each of the following two functions : 


1 f:f O=-3X46 9 f:f00=2+1x 


Algebra , relations and functions 


following two functions using the number line : 


Eff =A 


—— —— a 


PISS AH put f (X)z0 
.3Х+б=() AX mc 


^. The sign of the function f is : 


‘positive at X»-2 
*negative at X«-2 


ej(X)20 at Xz-2 





-fü)--$X*1 — pufQQ-0 
-$ xs- | nX-2 


-. The sign of the function f is : 


e negative at X>2 
o positive at KER 


ey; (Xy=0' at Am 










2 


Io determine the sign of the quadratic function fof O)saX"4b X40 5420 


А п ж а 4 ее. 
: We have to obtain the discriminant of the equation : a X^ + b X +c =0 s there are three cases : 
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E] The discriminant: b^ — 4 a c > 0 


The equation has two real roots » let them be L › M where L«M 


| If a is positive Jf a is negative | 





The sign of the function is as follows : 





ə Is the same as the sign of a at XER- |L : M| 
e Is opposite to the sign of a at X E]L MI 
| e Equals zero at X CL » Mj 





And we illustrate this on the opposite fix) the same as opposite to | the same as 
` the sign ofa „Athe sign of (0) the sign of a 


number line. 





DJ The discriminant : b^-4ac«0 


There is no real roots for the equation and thus the sign of the function is as follows : 


ÁN, 





I ў | т i * ^ 
| If a is positive If a is negative | 





Algebra , relations anel functions J 


SS 





KJ The discriminant : b? - 4 a e = 0 


Phere are two equal roots for the equation » let each of them Бе L 


lf à is positive If a is negative 





e Is the same as a at XzL e Is equal to zero at X= L 


We can illustrate this on the opposite 
i is the same as | is the same as 
number line. the sign of a the sign of a 


Ў Example |2) 
Draw the graph of the function: f : f (X) = X ? 5 X + 6 in the interval [0 5 5] 
» from the graph determine the sign of the function f in R 








Solution 








From the graph » we notice that the sign of f is : 
о Positive at XER- [2 53] 

e Negative at X € |2 » 3] 

ef (X) 20atX€1253] 











JUNI? 





Remark 





oe 


If the required is investigating the sign of the function in the given interval » then the sign 
of f is: 


e Positive at X € [0 2 [U] 3 »5] or [0 5] - [2:3] e Negative at X € [2 »3[ 
o f(x)=OatxXE{2 »3} 





Remember that SS 


In the previous example : 


e The domain of the function f is the set of the real numbers Is 
e The range of the function f 1s [20:25 + oof 


e The vertex of the curve is (2.5 »— 0.25) and the function has а minimum value equals — 0.25 


e The symmetry axis equation is X = 2.5 


(d 
Draw the graph of the function : = 
f: f O0 =- X7 +4 Х- 4 in the interval [0 » 4] 


» from the graph determine the sign of the function f in К 





„Solution , — — — — —— 


0) 


TT 
ا‎ 
ak -] |-4 


| 
ru 
E К =e «р 
From the graph » we notice that ; 


f (X) e0at X =2 


+The sign of f is negative at X EIR- {2} 





CEG, 
0 < [ = CX JO 109100909) в .'. 
[=X 10 ¢— =X 
0= (1 —20 (£ +X) "7 uorzuojov] Kg 
001 OM] SEY Q = £ - X @ + ; X uonenbo ayy `. 


(0192 <) OT = Z| + p = (€ =) X IX p~ fp = OF p pq juvururostp eq... | 


‚Х-Х@+б=(Х)/:4 v OFX TIFF € 
C+XE--X=O)L: LB | Є-Х@+„Х=004:4} 
: oui ләдшпи Iy} uo jeu suraot[s ‹ suoroung #шл\о[О] ац] JO o£» JO usis oi әшшлә}ә(] 







yii ur f Jo usis oi әшшләјәр Yeas әу шолу [t Fi =| [ea 1u! oU] ute -x 7—--X=(X) f: f 





: uorpunj əy} јо Ydeis ay) мел 
| ЗАЛО$ OL AYL 





HDX A 94nisod sı f uonouny 


ou Jo ugis oq 100) INOU 3A € qdvis oq uod 





r 


cls | ws. 





س س - | 


же | g= X 
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[L5 e=] mo ou g ex cx 200 SES 


: uorpunj oi Jo ydeas ou) ae 
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г. The sign of the function f is : 
e positive at  X€R-[-3 › 1] 
e negative at ХЄ]-3›1] 


ef(X)e0 at xE{-3,1} 


‘+ The discriminant = b? — 4 ac = 9-4 x 1 x 5=9 -20 = – 11 (< zero) 
г. The equation : X 23 X + 5 = 0 has no real roots 


а= ]>0 A" | 
fuo d oues Sa Eb ae dede 


wu 


со 


-. The sign of the function f is positive V X ER 


` The discriminant = b^ — 4 ac = 144-4 x 4 x 9 = 144 - 144 =0 
7. The equation : 4 X ^ 12 X +9 =0 has two equal roots 


By factorization : .. (2 X- 3) =0 


Wes 2. 
єХ= 
, а=4>0 


„. The sign of the function f 15: 





e positive at XER- f 2] 


ef(X)=0 at X= 


го|шо 


-« The discriminant = b^ —4 ac 24-4 x (- 1) x 9 = 40 (> zero) 
^. The equation: 9-2 X-X 2 = 0 has two roots. 


By using the general formula 





, '' a (coefficient of X^2-1«0 ^. The sign of the function f is : 
e negative at XER- |i -Y10 ‚1 +410 | 
e positive at x€ jı «A16 з | +{10| 
 f0920 at ХЄ{1-{10,1+{10} 





Algebra , relations and functions 





TRY TO SOLVE | lays 
Determine the sign of each of the following functions : m 
1 ff Q=X*-X-6 01:0) =-х2-4Х-4 


a f: РО) = Х-4Х+5 


ЕР: РО) = Х-1 9 gig (0 =X * X-6 
» find the interval at which the two functions f » g are positive together » also the interval 


at which f » g are negative together. 


س س — 


ЗРО) = Хх-1 РО) =0 atXz1 
> f is positive at X > 1 i.e. |_ in the interval ]1 » oof 
» f is negative at X « 1 Їе. | in the interval |- e » 1| 


p , -gQo-x?^-x-6 , 


We get the two roots of the equation X? + Х-6 = 0 as follows: 


(X—2) (X4 3) 20 "~ X=2 orXz-3 


^ g(X)20 at X E12 ,-3! 
‚ g is positive at X ER- [-3 2] 
‚ g is negative at xe]-3 ۰2| 


By noticing the opposite figure we find : 





e f , g are positive together in the interval 
]2 » | which is the interval representing ]1 ›[ N R- [43 42] 
o f , g are negative together at ]- 3 » 1[ which is equal to ]- » »1[ N ]-3 21 





TRYTOSOLVE — wae CONS 
e functions: f, : f, (X) 2 2- X and 





Determine the sign of each of th 
Ў,: 1, =x 2 _9 X + 18 and when their signs are negative together. 








ao | — 
Prove that for all values of X ER the two roots of the equation : X ? 42k X*k-2z0are 
real and different. 





vX2kXek-220 

5asisbe2ksc-k-2 

^. The discriminant = b? — 4 ac = (2k - 4(k- 2) 24 k^ - 4k +8 

and the two roots are real and different if the discriminant is positive » 

thus we investigate the sign of the function 

f: f (KW 24k -4k + 8 as follows : 

‚+ The discriminant = b^ — 4 ac = (~ 4)? -4х4х8=16- 128 == 112 (< zero) 

.. The equation 4 k? — 4 k + 8 20 has no real roots » '. a> 0 

г. The sign of the function f is positive for all the values of k ER 

„. The discriminant of the equation X ? L.2kX-k-220is positive V XER 4 
Thus the two roots of the equation X^ +2 k Х+К- 2 = 0 are real and different V X ER 


Another solution : 
-* The discriminant of the equation : X?42k X4*k-2-0is4k^-4k48 


..42-4k+8=4K-4k+1 72 (2k- D +7 is positive V k CIR 
г. The two roots of the equation X -2k X k-2 = 0 are real and different V X ER 


A Using the Technology 


By using the program Ge (7 Gebra ; draw in one graph the functions defined with the 





following rules : 


= bd ше Opa bam نک‎ ер m Г : 
akeke BS Fos) Go) AS SS 
! Rapid * |+ барты i 

па 


4: f (Х) = (X -2) (X+ 1) 





9 g(X) =2(Х- 2) (X + 1) 
3 k 00 23(X-2) (Х+ 1) 


You will get the opposite graph. 





| 86) 





Algebra , relations and functions Р 





From the graph » we notice that the three curves are open upwards and intersect the X-axis 
at the points (2 +0) +» (- 1 +0) and the solution set of each equation which is related to each 
function is {2 5-1} 
e Try to investigate the sign of each of the previous functions. 
Alsos by using the same program draw in one graph the functions defined with the following 
rules : 


Pa [аң ee HEE |p 


ОБУ УЗЕ ЕЕ АРУ ҮЙ [a] 


1 f(X =-(X-2) (X+ I) E p 


кай = dnd ded dg 


à wa] = =1 [s "nei 
БЫ» = =f [а Pb (n е dH 


9 g(X)z-2(X-2) (Х+1) 
3 K(X =-3 (X- 2) (X^ 1) 


You will get the opposite graph. 





| From the graph » we notice that the three curves are open downwards and intersect the X-axis 
" at the previous points (2 »0) » (— 1 $0) » the solution set of each equation which is related to 


each function is the same solution set 12 »— 1j 


e Try to investigate the sign of each of the previous functions. 


Conclusion = 
If L » M are the roots of the quadratic equation › then we can form the rule of the 


function which is related to the quadratic equation on the form : 
f (X) = a (X- L) (X - M) where a ER- {0} 
e [he curve is open upwards if a > 0 


e The curve is open downwards if a < 0 
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Lesson. 


Quadratic inequalities in one variable 





















Preface -s 
e You have studied before inequalities of first degree in one variable as : 


Х+3>5 4-2 Х=2 
e Solving an inequality means finding all values of the unknown which satisfy this inequality. 


e When solving an inequality in IR » the solution set is an interval. 





For example : 

When solving the inequality : = 2 X + 6 > 10 in IR 

, we find that: - 2 X>4 HX 

+ The solution set is the real numbers which are less than — 2 


| і.е. ла с i = |= НЩ: (à À —1—1———6- 
. The solution set ]-» :- 2l 3 1 5 1 * 3 
e [n this lesson » you will learn how to solve the inequalities of second degree in one 


unknown (quadratic inequalities) in IX » there are some examples for these inequalities : 


Xx1-5X46»0 » X^ «X22 » X(X-6«-5 





Solving the quadratic inequalities in IR 
'To solve the quadratic inequality in IR s follow the following steps : 
[1 Write the quadratic function related to the inequality. 

(2 Study the sign of this quadratic function. 


(3 Determine the intervals which satisfy the inequality, 





Poma m= hs mu p © = ёк й 
p PEST) fe F] a s 
s 








gD, 


Find in JR the solution set of the inequality : X^-5X46» 


— — —— Solution , 
First — : Write the quadratic function related to the inequality as follows : 
fOQ=K"-5 X46 
Second : Study the sign of f as follows : 
The discriminant 2b^—4ac225-4x1x62 1 (> zero) 
^. The equation : X ? 5 X+ 6 20 has two different roots. 
By factorizing : 


2000-2) (X-3)=0 





Ao JA m OF Ac 


Thírvd ^ : Determine the intervals which satisfy X? — 5 X + 6 > 0 (positive) 


2. The solution set = |е ;2[U ] 3s &[ or E- [2.3] * 2—— 3 


Notice that Su. 


From the previous example : 
The solution set of the inequality : x*-5X+6<0inRis 253| 


TRY TO SOLVE 


Find in R the solution set of each of the following inequalities : 


NX OX 0 x'-2X-$«0 





Find in R the solution set of the inequality : (X + 5) (X-1)z Х+ 5 





Solution 
== 


VOXSSME-DmXe3S Ax 4X-52X45 —— xX'«3X-10x0 


* og 





First : Write the quadratic function related to the inequality as follows : 


f (®0 = X^«3X-10 

Second : Study the sign of ће function f as follows : 
-: The discriminant = b^ —4 ac 29-4 x 1 x (- 10) = 49 (> zero) 
+. The equation X? + 3 X— 10 = 0 has two different roots 
By factorizing : 
^ (X-2) (X4 5) = 0 





X22 or Xs-3) 


Third ‚ Determine the intervals which satisfy that : 21.3196 10:0 


*. The solution set = 


ļ-+%,-5] U [2 , 00 or 1-5 | Sama — — Ý 


| 
tA 
r3 


Notice that Se 


From the previous example : 
The solution set of the inequality : (X+5)(X-l)<X+5 inRis|—5 > 2) p 


TRY TO SOLVE | 


Find in R the solution set of each of the following inequalities : | 


42x 45X23 9 X(X+6)<4X+15 | 


Find in R the solution set of each of the following inequalities : 
4 X^-3X45«D 9 X* +2 X+450 
34X-X^-4«0 4 X^-6X493s0 


iin.  —. 


; H ` P „2 ^ - i н я ы н ` Ы 
1 By putting f (X) 2 X^ — 3 X+ 5 and investigating the sign ol the function J » we tind that : 
The discriminant = b^ - 4 ac 29-4x Ix 52- || «0 


"үз ы -—. P ы = , е " 
^. The equation : X^ — 3 X 4 5 = 0 has no real roots 


= 








yasl>Q { | 
^. The sign of the function f is positive for every XER 
^. The solution set of the inequality : X^ —3 X--5 «0 is Ø 
9 By putting f (X) = X^42 X +4 and investigating the sign of the function f » we find that : 
The discriminant 2b^-4ac 24-4 x 1x42—12«0 
^. The equation : X^ 4 2 X + 4 = 0 has no real roots 
yug 
^. The sign of the function f is positive for every X ER 
г. The solution set of the inequality : X^ + 2 X + 4 > 0 is R 
3 By putting f (X) 2 4 X— X^ — 4 and investigating the sign of f » we find that : 
The discriminant = b? — 4 ac = 16-4 x (-1)x(-4)20 
г. The equation : 4 X — X^— 4 = 0 has two equal roots 


By factorization : ~. (X— 2)” =0 D P 


P "gae 


Р „. The function is negative at XER- {2} (х) = 0а X =2 





г. The solution set of the inequality : 4 X — X ? .4«0isIR- 12] 
A By putting f (X) = X^ — 6 X + 9 and investigating the sign of f » we find that : 
The discriminant = b^—4ac = 36-4 x 1 x9 =0 


'. The equation : X ? -6 X +9 20 has two equal roots 





By factorization : .'. (X — 3) =0 SnXZ3 
а= > 

. The function is positive at XER- {3} f (х) 20at X =3 
г, The solution set of the inequality : X^—&3*9 «01s {3} 





TRY TO SOLVE 


Find in R the solution set of each of the following inequalities : 


4i x^-x4-12»0 o a %=1>0 
2x89 X41 >0 тб 2520 
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) Trigonometry 





b Unit Lessons 
: Lesson 1 : Directed angle. 
Lesson 2 : 5ystems of measuring angle (Degree measure - radian measure). 
Lesson 3 : Trigonometric functions. 
Lesson 4 : Related angles. 
Lesson 5 : Graphing trigonometric functions. 
| Lesson 6 : Finding the measure of an angle given the value of one of its 


trigonometric ratios. 









Unit Objective 


= 





- TES p 


By the end of this unit, the student should be able to : 

e Recognize the directed angle. 

e Recognize the positive measure and negative measure of the directed angle. 
e Recognize the standard position of the directed angle. 

e Determine the quadrant that the directed angle in its standard position lies. 
e Recognize the concept of the equivalent angles. 

o Recognize the radian measure of a central angle in a circle. 

e Convert a degree measure of an angle into a radian measure and vice versa. 


e Find trigonometric functions of some related angles of a special angle. 





e Recognize signs of trigonometric functions in each quadrant. 
e Use calculator to find trigonometric ratios. 


: ө Use calculator to carry out special arithmetic operations of convertin о degree measure 
| A into radian measure and vice versa. 


| | e Draw trigonometric functions (Sine - Cosine), 
e Solve life applications using trigonometric functions. 
| 4 е Use computer to graph trigonometric functions. - 


e Find the measure of an angle given one of its trigonometric ratios. 





Lesson | 


Directed angle 





e We have studied that the angle is the union of two rays with a common starting point. 


In the opposite figure : 
If BA , BC are two rays with a common starting point B » then 
BAU BC = Z ABC and the two rays BA ; BC are called the 
sides of the angle and the point B is the vertex of the angle. 
e As we knew ordering the sides of the angle is not important. 


We can write Z ABC or Z CBA to express the same angle. 
study a new concept which is "directed angle" and some related subjects. 





© [n this lesson » we will 


N Directed angle 


If we take into account the order of the angle sides » such that one of them is the initial side 
and the other is the terminal side » then the angle is written as "an ordered pair" whose first 
projection is the initial side and the second projection is the terminal side. 

The angle in this case is called "directed angle" » its agreed to draw an arrow between its Wo 


sides comes out of the initial side to the terminal side. 
OA + OB are the two sides of an angle whose vertex is "O" » then : 


The ordered pair (OA , OB) represents The ordered pair (OB , 0A) represents 





the directed angle Z AOB » whose initial the directed angle Z BOA whose initial 


«ide is ОА » and terminal side is OB side is OB » and terminal side is OA 





Terminal side \ 


Inial side А 


ва * 





Ifrigono maty J 


From the previous , we deduce аё; 
directed angle Z АОВ # directed angle Z BOA because (OA , OB ) #(OB OA ) f 


- ن 
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a Definition of the directed angle 





The directed angle is an ordered pair of two rays called the sides of the angle with 


a common starting point called the vertex. 


С) Check your understanding Complete : 
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| (ED EF) represents the directed angle 2 ~--~- | (o represents the directed angle 4 XOY 
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Positive and negative measures of a directed angle‏ № ر 









The measure of the directed angle is 


НИНИ НЕНИ: Uv — = s 
If the direction of the rotation from the initial | If the direction of the rotation from the initial 


| side to the terminal side is anticlockwise side to the terminal side is clockwise 


p 









Q Initial side А O Terminalside В 





Remark | 





Each directed angle has two measures» one is positive B 

. and the other is negative such that the sum of the absolute 

values of the two measures equals 360? | 
| 


t——— 0 


i.e. |_| Positive measure of the directed angle | Negative (0 


+ | Negative measure of the same directed an gle | = 360? | 


(А: f) ١ ثانوى/ت‎ \/ old - oL ov; - ука] : 65 








So that: 


4 If the positive measure of the directed angle = Ө » then the negative 
measure of the same directed angle = Ө – 360° 


For example : The negative measure of the directed angle 
of measure 210° = 210° - 360° = – 150° 





9 If the negative measure of the directed angle = — 6 
, then the positive measure of the same angle = — 0 + 360° 


For example : The positive measure of the directed angle 
of measure (- 120?) = – 120° + 360° = 240° 








TRY TO SOLVE 


Complete : 
1 The positive measure of the directed angle whose measure is« 170°) a nn 


9 The negative measure of the directed angle whose measure 15 320? = ve 


Find the measure of the directed angle 0 in each of the following figures : 








4 + The rotation direction is clockwise 
‚Те measure of the angle is negative 
.0242* - 360° = - 318° 

2 v The rotation direction is anticlockwise 
+ The measure of the angle is positive 


"Ө = -53? + 300° = 307 
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Trigonometry 





(TRY TO SOLVE k 


Find the measure of the directed angle 0 in each of the following figures : 


e —— al 


1 2 3 


ü 
135 








The standard position of the directed angle 


A directed angle is in the standard position if the following two conditions are satisfied : 






1 Its initial side lies on the positive direction of the X-axis. 


Q Its vertex is the origin point of an orthogonal coordinate plane. 


> S0 that : 
° All the following directed angles are in the standard position because they verfiy the two 


conditions : 





e All the following directed angles are not in the standard position because the initial side 


does not lie on OX 










e The directed angle in the opposite figure is not in the standard 


position because its vertex is not the origin point O 


Example |2) 





Which of the following ordered pairs represents a directed angle in its standard position ? 
=й ‘oe | i, = у 
1 (OA » OD) 9 (CA CB) 
ج ج ہے‎ — В, 
3 (OD OF) д (OA » OE) X А 


1 Represents the directed angle 2 AOD in its standard position. 

Q Represents the directed angle Z ACB but not in its standard position because its vertex C 
is not the origin. 

3 Represents the directed angle д DOF but not in its standard position because its initial side 
OD does not lie on Ox 


4 Represents the directed angle £ AOE in its standard position. 





TRY TO SOLVE 
Which of the following ordered pairs represents a directed 


angle in its standard position ? and why ? 





4 (OA > OB) 9 (EA > EF) 
3 (OC OA) 4 (OB OD) 


A Equivalent angles 


e If we notice the directed angles in the standard position in the following figures : 





Fig. (CL) lig. (2) Vig. (3) 


— 
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Trigonometry 


( We notice the following : 














4 The angles in the five figures have the same terminal side OB 
Q The measure of the angle in fig. (1) = 0 > 

The measure of the angle in fig. (2) = 0 + 360° › 
The measure of the angle in fig. (3) = 0 + 2 x 360" : 
The measure of the angle in fig. (4) = — (360° – 0) = 0 – 360° 
The measure of the angle in fig. (5) = – (2 x 360° – 0) = 0—2 x 360° 






From this , we can conclude: 


If û is the measure of a directed angle in the standard position; then the angles whose 
measures are : 

(0 + 360°) » (0 + 2 х 360°) , (9 +3 x 360°) ... ə (Q +n x 360°) » such that n is 

an integer have common terminal side. 


These angles that have common terminal side are called "equivalent angles". 


~ Definition of the equivalent angles | 





Several directed angles in the standard position are said to be equivalent when toy have one 


common terminal side. 


Determine two angles » one with positive measure and the other with negative measure 


having common terminal side for : 





1 100° 9 — 250° 
1 An angle with positive measure = 100° + 360° = 460° Notice that SL 


An angle with negative measure = 100° — 360° = — 260° There are an infinite number 
of other positive and negative 
9 An angle with positive measure =— 250° + 360° = 110° measures of angles having 


An angle with negative measure = — 250° — 360° = – 610° common terminal side. 


t 69 











T 3 | 
Ө 
Determine the smallest positive measure for each of the angles whose measures аге as follows : 

At 62° 9 – 225° 3 530° 4. – 790° 

| 1 The smallest positive measure = — 62° + 360° = 298° 

| 9 The smallest positive measure = — 225° + 360° = 135° 

| 3 The smallest positive measure = 530° — 360° = 170° 

Д. The smallest positive measure = — 790° + 3 х 360° = 290° 
TRY TO SOLVE | 
1 Determine a negative measure for each of : 
(1) 72° (2) 1150° 
9 Determine the smallest positive measure for each of : " 
(1)- 115" (2) 405° = 


PN Angle position in the orthogonal coordinate plane 





We know that the orthogonal coordinate plane is divided into 


four quadrants as in the opposite figure. Second First 
, quadrant | quadrant 





The position of the directed angle is determined by 


Third Fourth 
its terminal side when it is in its standard position. quadrant | quadrant 


770 





| Trigonometry 


[f we draw the directed angle Z АОВ in the standard position of positive measure Ө . then : 


The terminal side OB lies in a quadrant as follows : 


| тарлы. | | К etes Grec ds | 
First Quadrant second quadrant ТТА auadrani Fourh quadrant 
j ы у, y, у 


= 
i 
f 
' 


n 










Z АОВ lies in 







/ AOB liesin | / AOB lies in / АОВ lies in 
the first quadrant the second quadrant the third quadrant the fourth quadrant — 
0° < Ө < 90° | 90? « 0 < 180° 180? « 0 « 270? 270? « Ө « 360° 








Remork 


| If the terminal side lies on one of the two axes: then the angle is called "quadrantal angle". | 





| iel The angles whose measures are 0° , 90° , 180° , 270° » 360° are quadrantal angles. | 
em с: 7 0 DU -——— —— — "———————À— کک‎ Ó( 


м, 


> ШЕР 


Determine the quadrant in which each of the directed angles whose measures are as 








follows lies : 
11 213° 9: 132° | 3j —310? 4 — 12° 
5 270° 6 964? 7 —1070° 


T °° 180° < 213° < 270° г. The angle lies in the third quadrant. 


i * 90° «132^ « 180° г. The angle lies in the second quadrant. 


3 The smallest positive measure = — 310° + 360° = 50° Notice that 9 


“= 0° < 50° < 90° To determine the quadrant 
which the directed angle 

lies in» we have to find the 
smallest positive measure of it. 


7. The angle of measure 50° lies in the first quadrant 
г. The angle of measure – 310? also lies in 


the first quadrant. 








4. The smallest positive measure — — 12? + 360° = 348° 


с 270° > 348° < 360° 
^. The angle of measure 348° lies in the fourth quadrant. 


^. The angle of measure — 12? also lies in the fourth quadrant. 
5 270? is a quadrantal angle. 


6 The smallest positive measure = 964? — 2 x 360° = 244° 
‚`2 180° < 244° < 270° 
^. The angle of measure 244? lies in the third quadrant. 


*. The angle of measure 964° also lies in the third quadrant. 


7 The smallest positive measure = — 1070? + 3 x 360° = 10° 
; * OF < 10° « 90" 
*, The angle of measure 10° lies in the first quadrant. 


+. The angle of measure — 1070? also lies in the first quadrant. 





TRY TO SOLVE 
Determine the quadrant in which each of the directed angles whose measures are as 
follows lies : 


1 67° | 9 -67° 3 220° 
AY — 220° 5 875? 6 – 2020° 


—$ 
































Systems of measuring angle 
(Degree measure - Radian measure) 





À Degree measure system 








It depends on dividing the circle into 360 equal arcs in length; then the central 
angle whose sides pass through the two ends of one of the arcs» its measure 
equals one degree which is symbolized by 1°, and the central angle which 


subtends between its sides 30 arcs of this arcs» its measure equals 30° and so on. 





The unit of measurement of the degree measure 
The degree is the unit of measuring the angle in the degree measure which is divided into 


60 equal parts, each part is called a minute » and it is symbolized by | , also the minute is 





divided into 60 equal parts » each part is called a second and it is symbolized by | 


Ye) F< » 1260 


f 
y 
& 


In this type of measuring angle » the protractor is used as an instrument for measuring angles 


in degrees. 


Remember that = 


Calculator can be used to convert parts of degrees and minutes into minutes and seconds 





and vice versa 
Such as 


+37 3 =37° 2230 т: 00: 22 30 


SHIET 
* 709 37 30 = 702 70 57 o Ee. Û = Û 
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| \ Radian measure system 
| This measure depends on the following geometrical fact : 
In the concentric circles ; the ratio of the length of the arc of any 


central angle; and the length of the radius of its corresponding circle 


equals constant quantity. 


length of A, B, _ length of A, B, length of A, B, 


ie. MA. = MA, MA, = constant quantity 


and this constant is the radian measure of the angle. | 









The radian measure of a central angle in a circle 





_ length of the arc which the central angle subtends 
length of the radius of this circle 








Definition 
If 0'?d is the radian measure of a central angle іп a circle 


of radius length r subtends an arc of length l s then 


grad m ЕД 





and since the radius length of the circle г is constant » then the radian measure of the central 


angle varies directly as the length of the subtended arc. 


The unit of measurement of the radian measure 





The radian angle is the unit of measuring the angle in the radian measure » and we can define 


the radian angle as follows which is denoted by (1"%) and is read as one radian. 


Definition 





The radian angle is a central angle i in a circle subtends a an arc of length 


equals the length of the radius of the circle. 


Notice : Ө" £ s 0 = = {fd 





For example : The measure of the central angle that subtends an are whose length 


equals double the length of the radius of its circle = 2" 


TA 





Trigonometry 






Gg - 


In each of the following circles ; find the required under each figure approximating to 





the nearest tenth : 





Find : the length of AB 
the greater. 





8JU cm. а 
Find : m (Z AMB) in Find : the radius length 
of circle M 


radian measure. 
Solution 





_ 50 


~ 12 
T= 2,1 


oo 


64-9 , (28m cm. 5 r=12cm. 


г. m (2 AMB) in radian measure = 
rad 


uaj ب‎ |= 


r=? , б=57сш. › Ө = 7 
.'. The radius length = paa = = 
2 

=5Лх = 


“= 
Un 





= 10 cm. 


ale 


[ҥе ور‎ 9-2 m ‚ г=8 ст. 


г. The length of AB the greater = Û" х г 
= 3 mx821072314 cm. 


A 





If the length of the radius of a circle is the unit » then the circle is called "the unit circle" 


» where g” =f 
For example : In the unit circle » the central angle that subtends an arc of length 4 JU 


unit length has a radian measure — 4 T= 1.57% 





| | NNI 












| 

| 

| TRY TO SOLVE | | 

1 Find the radian measure of the central angle which subtends an arc of length 15 cm. 
if the radius length of the circle is 10 cm. 


Q Find the length of the arc in a circle of radius length 8 cm. if the measure of the central | 


7л 


angle subtended by it is > z approximating the result to the nearest hundredth. 


3 Find the length of the "dm of the circle in which a central angle of measure at is 


drawn subtending an arc of length 24 cm. to the nearest tenth. 


bN The relation between the radian measure and the degree measure 





Measure of the arc __— Length of this arc 


Y ve known that » in a circle : - = th ——— 
You have kno i Measure of the circle Circumference of the circle 






m (AB) _ Length of AB 
360° 2r 





i.e. | In the opposite figure : 





3 AB LAMB) Length of AB 











= 180° 7 Tr 
rad 
Assuming that : m (Z AMB) equals X° in degrees and equals Ө in radians 
and the length of AB = ( <4 

x? { T" { 
"180 zr "S £f 

rad rad rad o 

| о = 180 

x = А and from it 0 =X X TS ^ Х° = 0 x Um 


* А & 
4 Find the radian measure of the angle whose degree measure is 75° 32 15 approximating 
the result to the nearest thousandth, 


9 Find the degree measure of the angle whose radian measure is 2.38" 


асна" Solu tion J 





1 g^ = хоу 1 E Enrichment information E 
Е 180° | А 
T к ый | There is another unit of measuring angles called (Grad) 
Ө 275 32 15 x gs Ts « 1318 which equals = of the measure of the straight angle. 
9vx"- g^ , 80° If X »0 » y are the measures of three angles 
T respectively in degrees » radian and grade 


rad yet ad 





= 23g x 180° „ 136° 2] 50 x 0 
= » then I 7 mo 


lE ت‎ 





i 
—$—— 





TRY TO SOLVE 
4 Convert the measure of the angle 1 2™ into degrees. 


9 Convert the measure of the angle 72° 30 into radians approximating the result to the 





nearest hundredth. 


Eee 


ie 


| Remarks 


(1) If the "т measure of an angle equals 7t (radii » then its s degree measure 





——— ыны нышынын САА 





— | 
x = 180° .е.| тїп radians is equivalent to 180° in degrees. | 


For For example E Л is equivalent to = х 180° = 108° 


з Qf the degree measure of an angle is known » and it is — to convert it into radían 
measure in terms of JT › then we use the relation : g^ =X" x | s without substituting 
with Л 


For example : • 18° is equivalent to 18° x iar 10 


e 135? is equivalent to 135° x E 





— — eam 


Determine the quadrant in which the directed angle of each of the angles whose 
measures are as follows lies : 


4 2.027 9-73 3 =л 


fin 


To determine the quadrant in which the directed angle lies» we find its degree measure : 
B x0 = 0" 1S. = 2.02 x 10° = 115° 44 15 

. The angle whose measure is riae is equivalent to 115° 44 15 in degrees. 

‘+ The angle of measure 115° 44 15 lies in the second quadrant 


.. The angle of measure 2.02" lies in the second quadrant. 


Bx --739 x 180 - 418? 15 33 
~ The angle of measure — 418° 13 33 is equivalent to 


- 418° 13 33 +2 x 360° = 301° 44 27 


М/у 





The angle of measure 301° 44 27 lies in the fourth quadrant 


г. The angle of measure – 7.3" lies in the fourth quadrant. 


- Rh 1s equivalent to i х 180° = 225° 


~ The angle whose measure is 225° lies in the third quadrant. 


.. The angle whose measure is эл lies in the third quadrant. 





Remark 





It is possible to determine the quadrant in which tbe directed 
i quad. 
angle - whose radian measure is known in terms of JU - lies 
without converting to degrees using the opposite figure : 
For example : 


By using the opposite figure we can determine in which quadrant 





the angle whose measure is i Л in the last example lies where 


5m 3% 
же = 3 





.. The angle whose measure 15 i Л lies in the third quadrant. | 





TRY TO SOLVE 
Complete : 
1 The angle of measure M lies in the +--+ quadrant, 
9 The angle of measure — 0.3 Л lies in the eee quadrant. 
3 The angle of measure 5.7™ lies in the «<... quadrant. 
4 The angle of measure — 6.4" lies in the «+--+» quadrant. 


Find the length of the arc subtended by the central angle whose measure is 152? 26 17 


drawn in a circle of radius length 10.5 cm, approximating the result to the nearest cm. 





— Solution , — — 


.. gred = ° х 








XT sos. Um — 
— 2 ت‎ гас 


rad | 
„{=0 xr=2.6605 x 10.5 = 28 ст. 


\_ 


> 


- m(Z В) in radians = 75° x 


— — CED 
Find each of the radian measure and the degree measure of the central angle subtending 


an arc of length 12.6 cm. in a circle of radius length 7.2 cm. 


rad ( 


N rad 
0 == яне, 14223 


X? = 1.75% x 180 ~ 100° 16 3 


Find the circumference of the circle that has an inscribed angle of measure 30° 


subtending an arc of length 5 cm. 


Solution 
‚+ Measure of the inscribed angle = 30° 


г. Measure of the —— central angle — 60? 


„к _ 5 и т _15 
86 60° x х5 == E йс a =+ (1 (= 7 cm. 
. Circumference of the circle = 2 JU r = 2 Л x= = 30 cm. 


= 2 
Two angles з the sum of their radian measures = im » and the difference between their 


degree measures = 30° » find the measure of each of them in degrees and in radians. 
(х= 3) 


Solution 





|КР m 5 180° og | | 
737 = са 180? assuming the two angles are A ; B such that : m (Z A) >m (Z B) 


7 
m(Z A) m(Z B) = 180°  m(Z A) - m(Z B) = 30° 


By adding : 

о СА А) = 210? 

“m(Z А) = 105" 

“10 (4 В) = 75° 

^ m (4 A) in radians = 105° х 


1 ggrad 





m 
= 1.31" 





1 Т 


In the opposite figure : AB 4 AC are two tangents to 
the circle M whose radius length is 6 cm. If AM = 12 cm. 


9 find the length of the major arc BC to the nearest integer. 


— Ea 
5 AC isa tangent to the circle M MC LAC 
In AAMC: 
© m (Z ACM) =90° ,МС= 7 AM г. m (ZL CAM) = 30° 
2. ш (2 АМС) = 60° 
; : MA bisects Z BMC +. m (£ BMC) = 120° 
-. m (Z BMC) the reflex = 360° – 120° = 240° 


Jt 
180* 


rad 
. | - o JU _ 4л 
„Ө =240 х 1905 = 3 
гай 
, =0 XI 


7. The length of BC the major = E xX 6= 8 T= 25 cm. 





rad 
5°. 0 e x 





TRY TO SOLVE 


Complete : 
1 












Trigonometric functions 





We have studıed before the basic trigonometric ratios of an acute angle and we have 









known that : 
In any right-angled triangle ; S lz 
n any right-angled triangle : "^ | 2 
ie & 
Opposite Adiacent = 
н ба. ж corte == Р 
Hypotenuse Hypotenuse —— 
pm adjacent 
. a. Opposite 
Man Adjacent 


In the opposite figure : 








and if we draw another triangle similar to the previous triangle 
, we find that: 








8cm, 


(Wit) ۱ ٹانری/ت‎ V old - ریاضیات‎ - walsdi ^ 81 





Кы | 


From the previous , we deduce that : " | f 


47 sin Ө › cos Ө » tan Ө in the two triangles are equal. 





ie., The trigonometric ratio of the angle is constant and does not depend on the 
| area of the triangle. 


© sin Ө ¥ sin O » cos Ө z cos (X » tan Ө # tan О in any of the two triangles. 


The trigonometric ratio is changed by the change of the angle which is known 





| by "The trigonometric functions" 


М, The unit circle 





In the orthogonal coordinate system 
‚ the circle of centre at the origin point and 


of radius equals the unit of length is called a unit circle. 









Notice from the previous figure : 
e The unit circle intersects the X-axis at two points which are (1 : 0) »(- 150) 







e The unit circle intersects the y-axis at two points which are (0 » 1) › (0 »- 1) 








Remark 
If the point (X » у) Ethe unit circle : then 







+ X? + y? = 1 from Pythagoras theorem. 


* Xe[-I > 1] ye[-1 ;1] 


۵ The basic trigonometric functions and their гесїргоса!5 
If we draw the directed angle AOB in the standard 
position and its terminal side intersects the unit 

circle at the point B (X » y) and if m (Z AOB) 2 0 


» then 


i 82 \ 


Trigonometry 





The basic trigonometric functions of the angle of measure Ө аге: 





BN 


Cosine of the angle 2 X - coordinate of the point B іе. | ,cosü2 X 
















| 
9 Sine of the angle = y - coordinate of the point B 
3 





-l sing y 
| | - coordinate of the point B 3 — sin 0 
Tangent of the angle = тене ины aid һе " ; where X #0) 
X - coordinate of the point B ái X  cos0 





Notice that Тһе coordinates of the point B (X » у) can be written as (cos Ө » sin Ө) 





The reciprocals of the basic trigonometric functions for the angle of measure 0 are : 





І 
X - coordinate of ће point В 


—- | 
Le. L sec 0 = i = —— 5 where X 40 
X  cos8 


1 The secant of the angle (sec) = 





| 
2 The cosecant of the angle (csc) = y - coordinate of the point B 


i.e.| E RON Е > where у #0 
Y sine 


X - coordinate of the point B 





The cotangent of the angl | Т йш аы es 
Э в Ble (e4 y - coordinate of the point B 











| 1 
ж =——_ = ‚ where y #0 
an 6 


Find all trigonometric functions for an angle of measure 0 which is drawn in the 
standard position and its terminal side intersects the unit circle at the point A in each of 


the following : 


1A(2>4) 9 А(-1 +0) 
3 A(-4,y) , Where y >0 A A(-X +X) where X » 0 





| "E: AW ONE "Eme 

1 соѕ0= = ‚ sin Ө = = , tan Û = = == 3 
‚вес 0= 3 , os 0= + : cot 8 = 7 

9 cosĝ=- 1 > sin 0=0 , tan 0 = =0 


ssecQ=- 1 » сѕсӨ = 5 (undefined) , cot 0= (undefined) 


3 х2+у2=1 А KA) уел 
у2=1-1=4 ya d 
si y>0 ji LA (S T) 
2 cos 0= 4 ‚ ing E i ا ا‎ 
mm smie а اا‎ 
{з B 
As Х?+уг=1 „кы x^] 
0552] х2=1 
х=. N50 
= A) 


"008 O= 7 ? їп@= г> , moet 


„sec 0=-12 : csc 0 =2 » cot0-z-]1 





TRY TO SOLVE 


Find all trigonometric functions of an angle 0 drawn in the standard position whose 


terminal side intersects the unit circle at the point B for each of the following : 
1B (+ 15 

172 
9 B(05»X)»where X <0 
3 B(-y »- y) »where y >0 


84 } 
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Remark 


The equivalent angles have the same trigonometric functions : 


l.e., For all values of n € Z (set of integers) 5 then 


ecos(8-2n7T)2cos0z X 5 sec(0--2n Л) = sec 0 = , Where X #0) 


e sin (O + 2 n JT) = sin Ө =у 


‚ ese (0+2 п Л) = ese O= + where y #0 


e tan (8 + 2 n JT) = tan 9 = x » Where X #0 » cot (O + 2 n TT) = cot Û == » where y #0 


For example : 


e cos 420° = cos (60° + 360°) = cos 60? 


e sec 840° = sec (120° + 2 x 360°) = sec 120° 


e tan (— 1500°) = tan (300° — 5 x 360°) = tan 300° 


A Signs of trigonometric functions 





If Z AOB the directed is in its standard position and its terminal side intersects the unit 


circle at the point B (X у) » and if m (Z АОВ) = Ө ; then 


Р 
| 


First quadrant 





| 0€ jo. 2 


Х> 0 ,у>0 
all the trigonometric 
functions are 


positive. 


Z. AOB lies in one of the quadrants as follows : 






Second quadrant 


X«05y»-0 


sin Ө , csc Ө are 


positive and the 


other functions other functions 


are negative, 


are negative. 


— —— сш -——— шт Be ee e — SS 


X«05y«0 


tan Ө » cot 0 are 
positive and the 





= = 


Third quadrant 





Fourth quadrant 


X»05y«0 
cos Ө »sec Ө are 
positive and the 
other functions 
are negative. 


j 
a 
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• We can summarize the previous results in the figure and in the following table : 


The interval that | signof | signof | signof | 
Quadrant | @belongs to | cos sec | sin »csc | tan »cot 











me | ], Е + | + 
| Second E , n| = + = 
| ; | 7 | mE 
Third | pol _ [* 1 к, 
| | | | 
Fourth | Jzoom | + | - | = 


For example : 
e tan 320? is negative » because : 

The angle of measure 320° lies in the fourth quadrant 270° < 320° < 360° 
e sin 160° is positive • because : 


The angle of measure 160° lies in the second quadrant 90° < 160° < 180° 


Remark 
ا‎ == ES V —— ————————————— e 9 
The trigonometric functions of the equivalent angles have the same sign. | 





Determine the sign of each of the following trigonometric ratios : 


1 sin 970° 9 cos ^: 


_ 900° (87 
3j tan (— 2007) A csc (- 5 л) 

x Solution , ———— — — — — 
1 sin 970? = sin (250? + 2 х 360°) = sin 250° 


э", 180° < 250° < 270° 





.&.| This angle lies in the third quadrant. 


^. Sin 250° is negative. ^. sin 970° is negative. 


86 ! 


—( TRY TO SOLVE 


Trigonometry 


9 COS = cos Е х 180° 


; 5: PEO < ЯО 


) = cos 420° = cos (60° + 360°) = cos 60° 


і.е. | This angle lies in the first quadrant. 


„. COS 60° 15 positive, /. COS B Д is positive. 


3 tan (— 200°) = tan (- 200° + 360°) = tan 160° 
, °. 90° < 160? < 180° 
i.e. | . This angle lies in the second quadrant. 


-. tan 160° is negative. „^. tan (— 200°) is negative. 


4 cse (- Л) = esc (- Ž x 180°) = csc (- 288°) = esc (- 288° + 360°) = сс 72° 
SEF ET 90° 
i.e.| This angle lies in the first quadrant. 


-. csc 72? is positive. 2. 08 (- E л) is positive. 





Determine the sign of each of the following trigonometric ratios : 


1 cos 620° Q sec (– 30°) 3 cot Lm 
1 


If B (x з 1) is the point of intersection of the terminal side of the directed angle of 


measure Ө in its standard position with the unit circle where 90° < Ө < 180° 5 


find the value of each of : cos 0 and tan 0 


Solution 





7 00° € 180° “. B lies in the second quadrant 


: '' for any point (X » y) on the unit circle s we get X = y? = 1 


x24(1) =: 


QA T _ ] _ 
ш] Т = 


Aus 
Se 
1 
I+ 
lS 











>, The point B (x ` ij lies in the second quadrant. 


6 


s] 


У 
ЬЯ | 
— 





= 3 | 
z cos B Amia засы 
х 413 


| If 0 Єх 92 л] »cos Ө = >, » then find all trigonometric functions of 0 


«(tion 
Let m (Z АОВ) = Ө where Ө is in the 4" quadrant and the coordinates of B are (X : y) 


S X-cos0- > ‚у = sin Ө where sin Û < 0 








2 
e Y2 2 . es icin? ө = 
‘X +y =] (>) + sin” Ө = 1 
КИСТЕ ГИН ШИЕ DPF scs 1E | fé =12 
LII I MELLE M tard 
| | oy. dz 
» then we get: tan Ө = ~ = 5? 
_1__ 13 at. 13 айй =. 
eed = oa و‎ ocn с and eot 9 — 12 
TRY TO SOLVE 





If 180° <8 < 270? scos Ө = 2 » then find all trigonometric functions of Ө 





М, The trigonometric ratios of some special angles 


If the unit circle intersects the two coordinate axes at the 


^. © & 
points A >A , А and A as shown in the opposite figure ; 
- S & 
Az(150)Az(051)»Az(-I1 50) and A = (0 5-1) 


» and if the directed angle is in its standard position 





sits measure is Ө and its terminal side intersects the 


unit circle at the point B » then we notice that : 





ee 
— MÀ 


88 \ 


First 120 = 0° or 360° (i.e. 0= 0 or 2 7D) 


Then the point B coincides with point A (1 »0) »then we get : 


cos 0° = cos 360° = | з sec 0° =sec 360° = | 
sin 0° = sin 360° = 0 | csc 0° = csc 360° = - (undefined) 
, tan 0? = tan 360° = 0 » cot 0° 2 cot 360° = 1, (undefined) 


Second | [f 0 = 90? (i.e. 0- 5) 


Then the point B coincides with the point A (0 » 1) » then we get : 


cos 90° = 0 » sec 90° = 5; (undefined) 
sin 90° = | » csc 90° = | 
» tan 90° = à (undefined) » cot 90° =0 


Third ı If 0 = 180° (i.e. 0= 7T) 





Then the point B coincides with the point A (-1 » 0) » then we get : 


cos 180° 2-1 » sec 180° =- 1 
, sin 180° = 0 » csc 180° = m (undefined) 
stan 180° 20 » cot 180° = — (undefined) 


| isi. _ эпо | -— Jb 
Fourth If 0 = 270 (i.e. 0= : ) 


= 
Then the point B coincides with the point A (0 »— 1) » then we get : 


cos 270? =0 y Sec 2708 — 5 (undefined) 
‚5ш 270° = – 1 » csc 270? =- | 
stan 270° = = (undefined) » cot 270° =0 


ee —‏ سم 
Fifth \ I0 =30° (i.e. 0=)‏ 
From the geometry of the figure notice that :‏ 


OB - 1 length unit (because B lies on the unit circle) 


then B (12,1) „50: 


2 2 





(Vif) Л \/ oU - slob, - yalsell fa 





cos 30° = » sec 30° = 


r3|— I 
ze 


‚5ш 30? = = 3 088630" 22 


» cot 30? =3 
| Sixth rre 60° (i.e. 0= ) 


Тай 30° =F 


From the geometry of the figure notice that : 


OB = 1 length unit (because B lies on the unit circle) 


үз 


„then B (4 o) 9 80 : 
cos 60° = » sec 60? = 2 


5 ‚ csc 60° = 2 


» tan 60° =3 


, sin 60° = 


5] 


» cot 60° = 


l 
А 


From the geometry of the figure notice that : 


OB = 1 length unit (because B lies on the unit circle) 


then B uz) » 50: 

cos 45° = " , вес 45°=42 
»sin 45° = 5 » csc 45° =12 
„anis = | , cot45^ =] 


Notice that a 


Length of the opposite side to the 


angle whose measure is 30° = 4 


the length of the hypotenuse 








Noti ce that em 


OC = СВ 
Because А OBC is 
an isosceles triangle. 





Trigonometry 
e We can summarize the previous results in the following table : 


| 





The point of the intersection of | The values of the trigonometric fun | 


the measure nctions | 
Ё the terminal side with the unit A 



































А of Ө | = | circle sin 8 C05 0 tan Ө 
0° or 360? (1 50) () | () 
90° | (0 А |) | 0 undefined 
EEE) M AM E E А.-с | = —— = жна 
180° (-1 50) 0 - | | () | 
270° (0,—1) zi 0 undefined — 
—t! ا‎ | CHEM 
| | 
| 30° Үз 1 i. 13 XA d 
| 1) Г 13 
| in үз 43 1 
60 3 3 1 
® | Bg | я 
| 
‚| E d 
459 | t: a) {5 | 
| 5 
ТШШ 
Find the value of : 


4 sin 30° sin 90? — cos 0° sec 60° + 5 tan 45? + 10 cos? 45° sin 270? — tan 30° sin 180° 





The expression z 4 x i x 1-1x2«5x +10 × (Ex c 0- ×0 
2 


3 
=2-2+5-5-0=0 


Prove that : 

sin” 60° + sin? 45° + sin? 30° = cos? + sin 7. - i tan? t cos TU + cos? t sin л 
— JI — — —— 

The left hand side = (3) + ( Ly + (4) 234 


үз, \2 








The right hand side = cos” 30? sin 90° — i tan? 60? cos 180? + cos? 60° sin 270° 
_ үзү? | ? Da Ca oe oe: 
=() х1- 1х (03) хе0р+(6) xC023 41-275 


-. The two sides are equal. 


Find the value of X which satisfies : X sin а cos* Z = cos* 30° sin Ч 


T 
+ X sin 30° cos? 45° = cos? 30° sin 90° Me de 1 X (2) = 
2 


X= So Xm 


$a | 
eju 


If x € ]0? » 90^[ » find the value of X that satisfies : p 


/ 


sin X sec? 45? = tan? 60? — 2 cos 360° 


‘+ sin X sec” 45° = tan 60° — 2 cos 360? 


n sin xx (2) = (3) -2x1 “2 xsin X= 3-2 =1 


+ sin X= > “X= 30° 


TRY TO SOLVE 


1 Find the value of : 





cos 90° csc 30° + sec’ 45° sin 30? — cos 270° sin 180° 
9 If X C [0* , 90°] , find the value of X which satisfies : 


cos X = sin 30? cos 60? + cos 30? sin 60° 


92 | 


Related angles 





b Jerinition от the related angles 
pE; 


They are two angles the difference between their measures or the sum of their measures 


equals a whole number of right angles. 


mle : The two angles of measures 30° , 210? are two related angles. 


A 


because : 210° – 30°= 180? .е.| two right angles. 


ња 





№ „ The relation between trigonometric functions of related angles 


If the terminal side of the directed angle Z AOB in its standard position intersects the unit 


circle at the point B (X » y) and m (4 АОВ) = Ө such that 0° < Ө < 90° » then : 
Relation between trigonometric functions of related angles of measures Ө , (180? - Ө): 


If B (— X • у) is the image of the point B (X » y) by reflection in the y-axis 
»then m (Z AOB) the directed = (180° — 9) thus : 
(X,Y X х,у) 
sin (180° — 0) = sin Ө » csc (180° – 0) = csc Ө m 
cos (180° – 9) = – соѕӨ » sec (180° – 0) = – sec Ө 
tan (180° – Ө) = — tan 0 ^» сої (180° – Ө) = – cot 0 





' example : • sin 150? = sin (180° — 30°) = sin 30° = 1 


о|— 


ө cos 120° = cos (180° — 60°) = — cos 60° = – 


e cot 135° = cot (180° — 45°) = – cot 45? = – 1 








If B (- X »— y) is the image of the point B (X » y) by reflection in the origin point 
| s then m (Z AOB) the directed = (180? + 9) thus : 
| | sin (180° + Ө) = — sin Ө 
cos (180? + 9) =— cos Ө 
tan (180° + Ө) = tan Ө 


» csc (180° + 0) = — csc Ө 
» sec (180? + 8) 2 — sec Ө 
» cot (180° + 0) = cot Ө 


For example : • sin 225° = sin (180° + 45°) = - sin 45° = 


e sec 210° = sec (180° + 30?) =— sec 30° = E 


e tan 240° = tan (180° + 60°) = tan 60° - 1/3 





Relation between trigonometric functions of related angles of measures 0 


’ (360° : 0) ; 


If B (X »— y) is the image of the point B (X » y) by reflection in the X-axis 
» then m (Z AOB) the directed = (360? — 9) thus : 
sin (360? — 0) = — sin Ө 
cos (360? — 0) = cos Ө 
tan (360° — Ө) = — tan Ө 


‚ csc (360° — 0) = — csc Ө 
‚ sec (360° — Ө) = sec Ө 
s cot (360° — 0) = — cot 0 


For example : • sin 300° = sin (360° — 60") = — sn a}? = -{з 


—— 


ыш 


e tan 315? = tan (360° — 45°) = — tan 45° = – ] 


e sec 330° = sec (360? — 30°) = sec 30° = 2 
( Note 
Me: EXE Er E. ف چ چ چ چ ي س یی‎ 
| The angle of measure (— Ө) is equivalent to the angle of measure (360° — 0) 


From this , we can deduce : , 


The relation between trigonometric functions of related angles of 
measures Ө » (— Ө) as follows : 
sin (— 0) =- sin Ө »  csc(-0)--cesc0 


cos (— Ө) = cos Ө » sec(-0)-2sec 0 
lan (- Ө) = - tan Ө 


gg} 


, | cot (- 0) 2 - cot Ө 











Е. 


Irionornetry 








For example esin (— 45°) = — sin 45° = Su. ө cos (— 60?) = cos 60^ = 5 


2 
e cot (= 30°) = – cot 30° = -43 
4" Relation between trigonometric functions of related angles of measures 0 ; (90° - 0) : 
In the opposite figure : " nC, 
The terminal side of the directed angle of measure 
(90° — 8) m the standard position intersects the unit 


circle at the point B (X ; y) 


From the figure geometry , we find that : 








A CBO = A AOB 
СВ =АО , theny =X i.e. | sin (90° – 0) = cos Ө 






s CO = AB > then X= y ie. cos (90? — Ө) = sin Ө 
, '.' tan (90° - Ө) = 2. d .'. tan (90? – 9) = cot Q 










a у 


p Similarly » it is possible to deduce the relations between the reciprocals of the trigonometric 


functions of the two angles of measures Ө » (90? — 0) as follows : 


sin (90° — 8) 2 cos Q » csc (90° — 9) = sec Ө 
cos (90° — Ө) = sin Ө > Sec (90° – 0) = csc Ө 
tan (90° — 8) = cot 0 з cot (90° — 0) = tan Ө 


For example : e sin 70° = sin (90° — 20°) = cos 20° 
„ sin 40° _ sin (90° – 50°) _ cos 50° _ ] 


cos 50? 7 cos 50? ~ cos 50? 


a tan 10° — cot 80° = tan (90? — 80°) — cot 80° = cot 80° — cot 80° = 0 





Relation between trigonometric functions of related angles of measures 0 , (90° + 0) : 





In the opposite figure : 
The terminal side of the directed angle of measure 
(90° + Ө) in the standard position intersects the unit 


circle at the point B (X , y) 








From the figure geometry , we find that : 












A СОВ =A ABO 
СВ =АО ; theny=X i.e. |_ sin (90° + Ө) = cos Ө 
, OC = AB then X = – y i.e. | cos (90° + 0) =— sin Ө 





>‘, tan (90° + Ө) = 4 = - +. tan (90? + Ө) = — cot Ө 
| X B 


Similarly » it is possible to deduce the relations between the reciprocals of the trigonometric 


functions of the two angles of measures 9 » (90? + 0) as follows : 


sin (90° + Ө) = cos Ө » csc (90° + 0) = sec Ө 
cos (90° +6)=—sin@  » sec (90° + 0) = – сѕс Ө 
(ап (90° + Ө) = сое >» cot (90° + Ө) = – tan Ө 


For example : e sin 120° = sin (90° + 307) = cos 30° = n 
e cos 150° = cos (90° + 60?) = — sin 60° = m d 
ERI 
e cot 135? = cot (90° + 45°) = – tan 45° = – 1 


Relation between trigonometric functions of related angles of measures Ө ; (270° - 6) : 





In the opposite figure : 
The terminal side of the directed angle of measure 
(270° — Ө) in the standard position intersects the unit 


circle at the point B (X . y) 





From the figure geometry , we find that : 















A COB 2 AABO 

x СВ=АО › then y =-Х i.e. L sin (270? — Ө) = — cos Ө 

‚СО = AB , then X=- y i.e. | , cos (270° — 0) = – sin Ө 
Cw E à 

, °. tan (270 Edd I d I “, tan (270° — 8) = cot Ө 


i Trigonometry 
Similarly » It 1s possible to deduce the relations between the reciprocals of the trigonometric 


functions of the two angles of measures Ө , (270° — Ө) as follows : 
sin (270^ - Ө) = — cos Ө : esc (270? — 0) = — sec 0 


cos (270° - Ө) = – sin Ө , sec (270° — Ө) = — esc 0 
tan (270° — Ө) = cot 0 , cot (270? — 0) = tan Ө 


For example : • sin 225° = sin (270° — 45°) = – cos 45° = 


„з. 
12 
* tan 240° = tan (270° — 30°) = cot 30° =3 


e csc 210° = csc (270° — 60°) = — sec 60° = – 2 





Relation between trigonometric functions of related angles of measures Ө › (270° + 0) : 
In the opposite figure : 


The terminal side of the directed angle of measure 
(270° + 8) in the standard position intersects the unit circle 


at the point B (X : у) 





From the figure geometry , we find that : 












A COB = A ABO 


СВ=АО , theny=-X i.e. | sin (270° + Ө) =—cos 0 
;CO-AB » thenX-y i.e. | cos (270° + Ө) = sino 
; tan (270° + Ө) = 2 = =x ^. tan (270° + Ө) = — cot 0 

X 


Similarly » It is possible to deduce the relations between the reciprocals of the trigonometric 


functions of the two angles of measures 8 » (270? + 8) as follows : 


sin (270° +0) 2—cosQ > csc (270° + 0)=-— sec Ө 

cos (270° + Ө) = sin Ө » sec (270? + Ө) = esc Ө 

tan (270° + 8) 2—cot8 » cot (270° + 0) = – tan Ө 

For example : • sin 300? = sin (270° + 30°) = — cos 30° = C 
e sec 330° = sec (270° + 60°) = csc 60° = " 


ө cot 315? = cot (270? + 45°) = tan 45° = – 1 


(Ye) V oft Nou -oka - маја! ^ 97 





We can summarize all the previous relations as follows (where 0 is the measure of an acute angle) 





| ҮЙ We can determine the sign of the 
trigonometric function according to the 
quadrant in which the terminal side of 
the angle in its standard position lies as 


shown in the opposite figure. 


D] The numerical values of the same 
trigonometric function of the angles 
whose measures аге Ө » (180° — Ө) > 
(180° + Ө) » (360° – Ө) »(- 0) are equal 
and differs only in the sign according to 
the quadrant in which the terminal side of 


the angle in its standard position lies. 
For example : 


sin (360°—0) = il 
} 

the angle lies іп 

the 4^ quadrant 











put the 


(— ve) sign 


where sin is (— ve) 








(180° — 0) 
(90° + 0) 


9 


(180° + Ө) 


3" quadrant. tan 
» cot are (+ve) 


sin 


the function 
does not 


change 


E] For the trigonometric functions of angles whose measures are : 


(909 — Ө) » (90° + Ө) » (270? — Ө) and (270° + 8) 







(270° – Ө) » 









(90* — 0) 


(270° + 8) » 
(360° —8)5—0 


4" quadrant. cos » 
sec are (-- ve) 


change the 


angle to Ө 


Change the trigonometric function as follows : Sin cos + cot e» tan. + sec é CSC ; 


taking into account the sign according to the quadrant that the angle lies before 


changing the trigonometric function, 
For example : 


tan (270°—0) = + 
| 


the angle lies in 










the 3 quad. where | 
| sign 
tan 15 (+ ve) 


put the (+ ve) 





cot 
| 


сһапре Ше 


function from 


"tan" to "cot" | 





change the 


angle to Ө 








X 





- . Trigonometry 


"S Finding a trigonometric function of an angle Whose measure is given (©) 





First \ If0* <x < 360° і.е. «Є]0 ,2z[ 


1 We determine the quadrant in which the angle lies 5 then determine the sign of the 


trigonometric function. 
2 We convert the trigonometric function of ос into the same trigonometric function of the 
angle Ө and Ө Є Jo , ay as follows : 
е Put ос in the form (180? — 9) if œ lies in the 2™ quadrant. 
e Put oc in the form (180? + Ө) if c lies in the 3'9 quadrant. 
e Put cc in the form (360? — Ө) if œ lies in the 4 quadrant. 
Second Ifa>360° Le.a>27 
' اي‎ > 
x 1 Put oc in the form of (2 n Jt + Ө) where Ө C JO ,2 7t[ ,n is a positive integer 
p » then the trigonometric function of the angle « is the same of the angle 0 


2 Find the trigonometric function of the angle Ө as in the first. 





Third \ Ifocis(- ve) i.e. oc < 0? 
ب‎ mu 
We follow one of the following two methods : 


b The first method 
Apply the rule of the trigonometric function of the angle whose measure is negative › 
that is : sin (— Ө) = – sin Ө » cos (— Ө) = cos Ө ; tan (— Ө) =— tan Ө and so on › then we find 


the trigonometric function of the angle Q as in the first and the second. 


b The second method 


Add to с an integer number of 2 Л (i.e. add to œ the measures 360° n or 2 Л п where — 


n € Z^) to get a positive angle Ө € ]O » 2 | » then we get the trigonometric function of 


the angle Ө » the result is the same trigonometric function of the negative angle œ 


' 99 








— — eam 


Find the value of each of the following : 


1 sin 240° 9 cos T 3 cos 570° A tan (— 150°) 


| Solution 
1 sin 240° = sin (180° + 60°) = – sin 60° = з 
9 соѕ т = COS (3x180 ^ SAIS) — cos 300° = cos (360? — 60°) = cos 60° = 4 


33 _ | SUY Loss TL. 
or COS 3 cos (27 D) = cos E - 4 


3 cos 570? = cos (360° + 210°) = cos 210° = cos (180? + 30°) =— cos 30° = 
4 tan (— 150?) 2 — tan 150° 2 — tan (180° — 30°) = – (- tan 30°) = tan 30° = "45 
3 


Find the value of each of the following in two different methods : 


1 sin 120* Q cot 135? 3 cos (- 240°) 4 sec BT 


4 sin 120° = sin (180° — 60°) = sin 60° = E 
or sin 120° = sin (90° + 30°) = cos 30° = 13 


9 cot 135° = cot (180° — 45°) =—cot 45° = – | 
or cot 135? = cot (90° + 45?) = – tan 45° = – 


3 cos (— 240°) = cos 240° = cos (180° + 60°) = - cos 60° = = 


or cos (— 240°) = cos 240° = cos (270° – 30°) = - sin 30° = - 


һм |— 


A sec эл = sec (x) = sec 675° = sec (360° + 315°) = sec 315° 
= sec (360° — 45°) = sec 45° =12 


or sec " = sec 315° = sec (270? + 45?) = csc 45° = =\{2 


EE 


Trigonometry 





ЗАР 
Without using the calculator ; find the value of the following : 


2 








cos (— 150°) sin 600° + cos Л sin 330? — sec | 18 | {ап 900° 


é 





— — — — S I 


' cos (- 150°) = cos 150? = cos (180? — 30°) = – cos 30° = — 


Sra 


» sin 600° = sin (360° + 240°) = sin 240° = sin (180° + 60°) 2 — sin 60° = — 


[o] 


) | 
' COS == = cos 120° = cos (180? — 60°) = — cos 60? = 


‚ sin 330° = sin (360? — 30°) = — sin 30° = -4 
-51 





» Sec ( ) ='sec 2h = sec 225° = sec (180° + 45°) = – sec 45° = 42 


» tan 900° = tan (720° + 180°) = tan 180° = zero 


2. The expression = ( AR) (213) + (F F ل‎ (-42 ) (zero) 


= 


+ zero = | 


| 


me 
zi din 


TRY TO SOLVE 





Without using the calculator : 
1 Find the value of : cos 210° sin 510? — sin 330° cos (— 330°) 


О Prove Њаё: sin 600? cos (— 390°) + sin 150° cos (- 240°) = – | 


If the directed angle of measure @ is in the standard position ; and its terminal side 


passes through the point ( 5 х £) , find the following trigonometric functions : 


1 sin (90° – Ө) Q cos (180? + 0) 3 sec (90° + Ө) 


4 csc (270? – Ө) 5 tan (360° — Ө) 6 cot (~ 0) 


t101 | 








one (RE QD а 


^. The point (5, 12.) cunit circle 


4 sin (90° — 9) = cos Ө = 2; | 9 cos (180° + Ө) = - 05 8-7; 

3 sec (90° + Ө) =—сзс 0 - -15 4 csc (270° - 0) == sec @=—"5 
- 12 CUTE c RÀ 

5 tan (360 -8)--tang- = 6 cot (- 0) = – cotO = 12 


If 9 is the measure of an acute positive angle in its standard position and determines the 


point B (2 : y) on the unit circle » find : 
4 tan (90? — Ө) + sec (90° – Ө) 


9 cot (270? + 0) — tan (90? + Ө) – sin (180° + Ө) 


. X? + у? = 1 for any point on the unit circle. 





T tye! у= 8 
DEEP! | Bafa 6 

an (90° — û) + sec (90° Big, as 
4 tan (90° — 9) + sec (90° - 0) = cot 6 + csc Ө = F +т=т=? 


9 cot (270? + 0) - tan (90° + 8) – sin (180° + 0) 

— tan Ө – (– cot 0) - (- sin 0) 
oft 13 
“үт 


4 _ 
TW 


— tan 0 + cot Û + sing = + 
If cos Ө = 3 where û € ]90° , 180°| ; find the value of each of the following : 
1 sin (180? — Ө) 9 sec (360? – Ө) 
3 cos (- 0) 4 tan (0 — 180?) 


102! 





Trigonometry 





— Solution , —— 
Let m (Z АОВ) = Ө » where Ө Є |90° à 180°] 


as shown in the opposite figure and B (X 5 y) 


ж x —@ в 
S Х= со Ө = = 75 = 810 0 » where y 20 





© ×+ =| ] (=) жуг sl 

1 sin (180° – 0) = sin Ө = = О sec (360° – 0) = sec 0 = E 
3 cos (- 0) = cos Ө =-+ 

A tan (Ө — 180°) = tan (Ө — 180? + 360°) = tan (180° + 0) = tan Ө = -3 


/ TRY TO SOLVE i | | 
If the terminal side of the directed angle of measure 0 in its standard position intersects the 


unit circle at the point (x : ii such that 90? < Ө < 180? ; find the value of : 





= 


13 cos (360° — 9) + tan 225? + sec” 300° + 12 tan (270° – Ө) 


" Note 


| We can find the values of the trigonometric functions of an angle directly if we draw the 


angle in its standard position and we draw the right-angled triangle that represents it by 





using the value of the given trigonometric function concerning the signs according to the 


quadrant in which the angle lies as follows : 





In the 1“ In the 25 In the 3" In the 4" 
quadrant quadrant quadrant quadrant 


Gum 


If cos о = x where œ is the smallest positive angle » tan f = - 





» where В is the greatest positive angle where 0° < B s 360° 
Find the value of : cos (180° + о) sin (В — 90°) + sin (360° — о) sin (180° — В) 
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—— — 8688689 ——— —— — 


'" cos о <0 
+ о lies in the 2" or 3 quadrant 
‚ °. œ is the smallest positive angle 


^, G lies in the 2"? quadrant 








,* COS = = 2 (MN)? = (25)? - (7)? = 576 
*. MN = 24 length unit 

> tan B >0 

+, В lies in the 1% or 3 quadrant. 

‚с iis the greatest positive angle. г. D lies in the 34 quadrant. 
sv tan B= 3 + (00) = (3)? + (4)? = 25 


_. ОО = 5 length unit 

+. The expression = cos (180° + œ) sin (B — 90°) + sin (360? — о) sin (180? — В) 
= — cos © sin (270? + B) + (- sin Œ) sin Û 

(— cos 0) (~ cos B) = sin & sin D 


= cos (t cos B — sin & sin D т". 


CUERE TENE E 


54 35^8 05 TR 05 3 
a Ret ЙЕ > 
Remark 


If sin oc = cos В or tan œ = cot Û or csc x = sec p 





= ; — " 





| then ос + В = 90° such that oc › B are the two measures of two acute positive angles. 


For example : If tan 23° = cot « › then 23° + c = 90° іе. oc = 67° | 


———— V É—Á— —— 


If sin (3 Ө + 28°) = cos (2 0 — 13^) » find one value of 0 where 0° < 9 < 90° 





-m 





+ Solution ,— 


. sin (3 0 + 28°) = соѕ (20 – 137) 


30+ 28° +20- 13° = 90° 2504 15° = 90° 
IOS 73° «0215? 
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Notice that < 8 


There are other values for Ө such as 0 = 49? or 0 = 87° that satisf y the equation and to find 
these values we have to generalize the previous remark to get a general solution for this 


kind of equations. 


b, Generalizing the previous remark 


1 If sin = cos В » then sin oc = sin (90° — 5) 
n о = 90° – В ог ос + 90° — В = 180° 
о В = 90° a == 0° 


we can add the multiplies of (360°) to the angle 90° 





9 In the same way › we can deduce the same rules if csc œ = sec B 


3 If tan œ = cot В » then : 


tan ос = tan (90° — f) or tan œ = tan (270° — В) 
2-90 -p + = 270° - В 
210+ В = 90° 2 x+B = 270° 


We can add the multiplies of (360°) to the angles 90° апа 270° 


So » the general solution for any two angles œ » § could be written as follows : 





N The general solution to solve the equations in the form: 


sin c = cos |} or csc c = sec p or tan « = cot D 


1 If sin œ= cos В 





» then oc x [3 = 90° + 360° n +В +2 where n EZ 


Bá 


i.e. L the measure of angle of sine + the measure of angle of cosine = 90° + 360° n 


adl 405 


(Ni: A oaa V old - ریاضات‎ | 


UNI? 





Q If csc о = sec f 
> then oc + § = 90° + 360° n “Le. |. o + 8 = +2 where n CZ 
+ПЛ , Ba(2n+l)> 

3 If tan x= cot В 


, then œ + В = 90° + 180° п iel o + 8 = enn where n € Z 
| Л | 
0 + (20+ 1) 5 , DznJt 


Find the general solution of the equation : 


cos 2 0 = sin 4 0 » then find the values of 6 where Ө c lo “| 





Solution 
-*-cos2Q@=sin40 + 510490 = соѕ2 0 
Л 
x«=49;8=20 402207275 t27Un 
JU s JU 
E either 6 9 = 7- «27m 5; шга 
or28-5- «27m n 0-7 +7 


"WEN КИЕ T ; 
+, The general solution is 15 * 4? or 4 * Vn where n CZ 


ain20:..0- TE Є lo X ore- 260,2) 
anml: dec => ne], Ж огё= + T= 1 CE |0,2] 
atn-2: .. 92.23. ne] 3 


5, The values of Q are Œ , ы i е. , 19? 545° 575° 


[2 


( TRY TO SOLVE = | 


Find the general solution of the equation : sin 3 @ = cos 0 5 then find all the values of Ө 


where Ө c lo , x| which satisfy the equation. 
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Trigonometry 





Find the solution set of each of the following equations : 
ы. where @ € [0 A 


Q 2cos (4-9) +43 =0 where 9 € |0 52 7l 





3 4с05 8-3 = 0 where 0 € |0,27] 
‚ Solution ,— 
1 . 2sin 0-1 =0 г. 511 Ө = i (positive) 
+, 0 lies in the 1“ or 2" quadrant. ` The acute angle whose sine = + is 30° 


9 = 30° or 8 = 180? — 30° = 150? (refused because 6 c lo , XY) 


+. The 5.5 = {30°} 


2 22005 (£ - 9) +3 =0 „ 2uinge-[3 
a = 3 : ا‎ rd th 
SM 0 = = (negative) ~, Ө lies in the 3° or 4^ quadrant. 
‚ `7 the acute angle whose sine = үз is 60° 
< 02 180° + 60° = 240? or Ө = 360? – 60° = 300° 
+, The S.S = {240° ; 300° } 
3 .“ 4cos^ 08-320 di 4 cos’ 0923 
qu — . 
2 GOS gr “, COS =ч, 
-. Either cos Ө = п (positive) + 0 lies in the 1“ or 4" quadrant. 


| РРР 
‚ the acute angle whose cosine = B is 30 


+ @ = 30° or Ө = 360° – 30° = 330" 
or cos Ө = B (negative) - Ө lies in the 2" or 3™ quadrant. 
. 0 = 180° — 30° = 150° or 0 = 180° + 30° =210° 


+, The S.S = {30° › 150° » 210° » 330°} 


‘107 








To represent the function f : f (0) = sin Ө graphically : 
we form the following table for some special values of 0 » where 9 € [0 » 2 Jt] and the 


corresponding values of sin 0 






sin Ө | 0 
Represent all of the points that we get in the table on the coordinate axes and join them 


to get the curve of the function f on the interval [0 » 2 Л] 
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а Trigonometry 


We notice that : The function is periodic and its period is 2 7t (360°) where the curve of 
this function repeats itself on the intervals [0 » 2 IT] » [27,47], [427,6 Л] 
on the intervals [—2 Jt »0| 5 |-4X »—2 T] , [- 6 Tv 5-4 Л] $ а 


The general form of the curve of the sine function is as shown in the following graph : 


>... and also 





From the previous , we can deduce the properties of the sine function f : f (6) = sing: 
1 The domain of the sine function is |— со » oof 


2 • [he maximum value of the function is 1 and it happens when Ө = r3 +2пЛ›лЄй 


• The minimum value of the function is — 1 and it happens when Ө = 28 +21Л,.пЄ7, 
3 The range of the function = [- 1 › 1] 
| 4 The function is periodic and its period is 2 Л (360°) 


Gu 


Graph the function where y = 2 sin Ө » where Ө € [0 » 2 7] : then from the graph find the 
maximum and minimum values of the function : its range and its period. 








Solution 


[ee Pe 
Cats ав кишкей рес. т, 


e The maximum value of 











the function = 2 ; 
the minimum value of 
the function = - 2 

• The range of the function 
=[-2 52] 

* The period of 
the function = 2 Л (360°) 











SRR epee COD SuSE eec RANT LAUNE E BAY aic Dp LE T 
TN Ra TA ag = - mum Е i mi 1 A Tm A + = Y k 3 
= ` 1 x Ah 1 et e i oe. De 1 LES zu л-г зый ж H 
“үа £r ^ b I OW ы RL - [t2 =, ' Gan м 
Y 1 ایا‎ груза 4, TE Eur نے‎ TL NI wr Р E de иел - =k mtd 
Е Jee y a "TELS "i eX =z ИР АА amar E PES Lie a 
a Py Cie Loo d Bor ET LLL = 


Sun aN ү жыз! Ne ; . 
ae he er team _ ee tp ees EE Li nei med 


the graph find : 

4. The maximum and minimum values of the function. 
Q The range of the function. 

3 The period of the function. 


| Second\, cosine function : f : f (9) = cos Ө 


To represent the function f : f (0) = cos Ө graphically » we form the following table for some 


special values of Ө on the interval [0 5 2 Jt] and the corresponding values of cos Ө 


[a ae ae |» ee PE 


—05]-037[ -1 |-o87|-05| o | 05 [087] 1 


Represent all of the points that we get in the table on the coordinate axis and join them 






| 
i 








to get the curve of the function f on the interval [0 5271] 
y 


bi " 
à - а-а а 
LES 
MH H * ш! a: > 
‘ 24-1 | oem Н i 
qud Най ау AS zi 
АЕО Д Саъ я е bibe А 
ИП ird HERE cd] rud ben d 
к A 44 
HARTER H EAE cased rat nit 
Е с -4 КЕР: [ERRORI 
m 





We notice that : 

The function is periodic and its period is 2 Л (360°) where the curve of this function repeats 
itself on the intervals [0 » 2 7t] »[2 70 » 4 X] 5 [4 96 $ 6X] >... and also on the intervals 
[-270 50] »[-471 , - 2t] » [2670 5 -4 X] 5... 





ines аарый» the function f : f (0) = 3 sin 0 > — 0 = [0 ›2 T » then бой 





| | = Triicyonomelry 7 


The general form ol the curve of the cosine function is as shown in the following graph : 





From the previous , we can deduce the properties of the cosine function f : f (0) = cos: __ 
[1 The domain of the cosine function is ]— © э ef | 
9 e The maximum value of the function equals | and it happens when 0 = + 2 n 7t | 

| 


where n G7 | 
e The minimum value of the function equals — 1 and it happens when 0 = TT + 2 7 п 






: where n € Z 





3 The range of the function = [- 1 5 1] 





4 The function is periodic and its period is 2 JU (360°) 


«6, 
Graph the function where у = 3 cos 0 » where § € [0 » 2 7] » and from the graph find the 


maximum and minimum values of the function › its range and its period. 


EE ааа а 














t EET 
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e The maximum value of the function = 3 » the minimum value of the function = — 3 
e The range of the function = [- 3 » 3] 
e The period of the function = 2 JU (360^) 


| TRY TO SOLVE 


Represent graphically the function f : f (0) = 2 cos 0 » where Ө C [0 -2 7t] 
„ then from the graph find : 
4 The maximum and minimum values of the function. 
Q The range of the function. 


3 The period of the function. 





С Note 





2 JU 


Each of the two functions y = a sin b Ө › y = a cos b Ө is periodic » its period is |b| 


and its range is [- a » a] where a is positive. 


Use a graph program on your computer to graph the function where y = 5 sin 3 Ө > 
and from the graph : find : 

e The range of the function. 

e The maximum and minimum values of the function. 

e The period of the function. 


————— —3À ‘Solution, pM 
We will use Ge (2 Gebra Program that we can download for free from the website 
"www.geogebra.org" 
1 Write in the "input" bar the form of the function "y = 5 sin (3 X)" 
9 Press "enter" and the graph will appear as follows : 


: à Ra = B ain(3a] 


f 
fi 
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Irigonomelry 
e The range of the function = [- 5 , 5] 


e The maximum value = 5 5 the minimum value = 5 


e The period of the function = i = LT | .e. | 120° 
Ih à 


Note Itis possible to graph the function y = 5 sin 3 @ (in the previous example) where : 
0° < 0 < 120° without using the computer as follows : 
O° <8 < 120° 
033803360 
Substituting in 3 Ө with some values of special angles : 
0° 530° 460? 490? , 120? 5 ..... , 360° 


We get the values of Ө by dividing by 3 5 which аге: 








Q* 4 10° 520° 530° 540° ;..... 120? 
di оаа oh Ой SU 2л 
which is equivalent to : 0 ›+те, 8 "1g "7718 


Then we form the following table : 





The graph represents one period of the function where y = 5 sin 3 6 which could be repeated 


to get the graph that appears when we represent it by using computer. 
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Lesson 


= Fale 
X we 


Finding the measure of an angle given 
the value of one of its trigonometric ratios 





* We know that if у = sin Ө ; then we can get the value of y if the value of 0 is known. 


For example : If 6 = 30? » then y = sin 30° = : 


e There is another form used to find the value of Ө if the value of y is known which is Ө=їп у 
which means that 0 equals the value of the measure of the angle whose sine is y 


For example : If 0 is the measure of a positive acute angle » апа: 








4 ө zs sin"! > 
і.е. Ө equals the measure of the positive acute angle whose sine = i | b. 
E 
„then @ = 30? » because sin 30° = 4 x. 
9 6-cos! L— 


{2 
I.6. 8 equals the measure of the positive acute angle whose cosine = Е 
2 
| = 


„Шеп 0 2 45? » because cos 45? 2 — 


=] 2 
3 0-tan ] 


е. ө equals the measure of the positive acute angle whose tangent = 1 
» then Ө = 45? » because 45° = | 


Find the value of 0 where 0? « 0 « 360? which satisfies : 


1 Ө = іп”. 2 9 Ө = tan`! 4/3 3 Ө = sec! 42 








Solution 
МИИ {з 3 an | 
Е бај Г as 0) (positive) ~. Ө lies in the 1% or 2" quadrant. 
7. The 1% quadrant : Ө = 60°; the second quadrant : 0 = 180° – 60° = 120° 
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| | Trigonometry 


Q9 9- tan" {з ‚{з> 0 (positive) г. lies in the 1% or 3™ quadrant. 
г. The 1% quadrant : Ө = 60°; the 3' quadrant : 0 = 180° + 60° = 240° 


a. G= sec. 12 кыа d. 
42 


2 
T 1-0 (positive) Notíce that NE. 


(2 


г. Ө lies in the 1 or 4" quadrant. 


^. The 1? quadrant : Ө = 45° 


sec! y = cos" : where y #0 


„ the 4" quadrant : Ө = 360? — 45° = 315° 
TRY TO SOLVE | 
Find 0 where 0? « 0 « 360? which satisfies : 


wos cos” (=) 9 0-csc^! (— 2) 3 0= cot! (—) 


12 үз 





| Note 
! ; k 
The functions : Ө = sin! y Ө = cos! y » 8 = tan! y are known by the inverse functions of 
= the functions : sine » cosine » tangent » so when using the calculator to evaluate the values of 
SHIFT sin” cos. 
key before using the three keys €» , : 





these functions » it's necessary to use 


tan 





, to get the measure of the angle whose sine or cosine or tangent is given. 


— — em 
Find the measure of the positive acute angle Ө which satisfies each of the following : 
1 Ө = sin! 0.6438 2 0 = со! 04517 


— — — Sil —— —— 
1 Using the keys of the calculator in the following succession from the left : 


1 
SHIFT сп 


eo ЄЎ 


‚ then the number 40° 4 32.75 will appear on the display. * 0 = 40° 4 33 





9 Using the keys of the calculator in the following succession from the left : 


SHIFT cos! 
(ET) (joe (ee AS eee) mee) (=e) ا‎ y 
Gcoeooggoo 


» then the number 63° 8 49.9 will appear on the display. ~. 0 = 63° 8 50 
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If 0° < 0 < 360? » find Ө which satisfies each of the following : 


1 c0502 0,8177 9 cot 02 — 8.642] 


Solution 





4 7 cos 8 = 0.8177 > 0 (positive) 
7. Ө lies in the 1“ or 4^ quadrant. 
We find firstly cos! 0.8177 using the keys of the calculator in the following succession 


from the left : 


SHIFT 


EO (Ал. (RENNES mmm | 
СЭЙ @ OUUO OO 


©. cos 1 0.8177 = 35? 8 AT 
-. Тһе 1° quadrant : Ө = 35° 8 41 , the 4" quadrant : 0 = 360° — (35" g AT y= S24" 5] 19 





9 -. cot 08 = — 8.6421 <0 (negative) Й 
+. 0 lies in the 27% or 4^ quadrant. 


We find firstly cot! 8.6421 using the keys of the calculator in the following succession 


from the M : 


SHIFT 
mE (EUER, EE ал 
Go0secogocoo 


cot"! 8.6421 = 6° 36 2 





ч “ч 


+ The 2™ quadrant : Ө = 180° — (6° 36 2) = 173° 23 58 


; the 4! quadrant : 0 = 360° — (6° 36 2) = 353° 23 58 


(TRY TO SOLVE aid 
Find 0 where 0° « 0 « 360° which TT 
1 sin 8 = 0.8 9 cot 0 2 0.4695 3 csc 0 2 - 2.9115 





If the terminal side of the positive directed angle of measure 0 in its standard position 


intersects the unit circle at the point B (- = : ij » find 0 where 0° « 0 « 360° 


^ 
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Trigonometry 





—— ——— S 
-+ The point B B 4 lies i „ nd " 
^ The poin s "c ) les In the 27 quadrant. 


' The directed angle of measure Ө lies in the 2 quadrant, X 





i TE: иы 
‚&йӨ=ў= < "Os 


and use the keys of the calc ulator і in the following succession from left to right 
4. SHIFT si 
| 


to find sin” 5 Q єў C» €» C» 


‘sin! Е = 43° 7 48 


ы 


. B= 180° — (53° 7 48) = 126° 52 12 


A ladder of length 8 m. rests on a vertical wall and a horizontal ground. If the height of 
the ladder on the ground surface equals 6 m. » find in radian the measure of the angle 
of inclination of the ladder on the ground. 


—— — E 
The ladder makes with the vertical wall and the horizontal ground 


a right-angled triangle » let A ABC be right at Z C » m(Z CBA) = 0 











° SIn QO = AC = 6 = 3 © о 
„АШ Өс a tee » where 0? < Ө < 90 Е 
2 = i 
and use the keys of the calculator in - following succession from left to В E: 
right to find si 2: aim qm 
momi" +: сес 
~ * ч 
. 0 = 48° 35 25 ^. gd = 48° 35 25 x T. ae = 0.848" 
. The measure of the inclination angle of the ladder on the ground = 0.848 
i Note 
In the previous example : 
C= sin = » we can get Ө in radian directly using the calculator as follows : 
1 Press > in succession » from left to right to convert the calculator from degree (Deg) 
SHIFT MODE 





system into radian (Rad) system. 


а. 
oo 





м. 
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9 Find Ө in radian directly by pressing in succession from left to right 
SHIFT gin! 


боовоо 


+ 94 ~ 0.848 








TRY TO SOLVE 
Find 0 in radian in each of the following rixhtangied triangles : 


1 A 2 





C 5cm. B 


If sin Ө = > where 90° < 0 < 180? • find Ө to the nearest second » then find the other 


trigonometric functions of the angle of measure 0 


ВИЕ: Е 8 | E al s&s ll = ¥ 
- sin6- 15 . Ө = шп үт = 28 4 2] 
, 90° < 0 < 180° г. Ө lies in the 2 quadrant. 





- 02 1809 —28* 4 2] = 151° 55 39 


'" sin@= 2 ^. let MN = 8 unit length » ON = 17 unit length. 
, then (using Pythagoras theorem) OM = 15 unit length with a negative sign. 
quU S 8 anf MN. 4. 8 
idis TI ar" um 
iilius ED. LT аг КМ... БР oll OM _ — 15 
csc 0 = к= à ‚ sec Û O Ls T is 00 = 
TRY TO SOLVE — | 
Ifsin gû =1 о 270° <0<360° 
1 Find : Ө to the nearest second. 9 Find the value of each of : cos Ө 5 tan Ө s sec 0 


If sin = z where 90° < o < 180° , tan В = where D Є]5 21v Id | 


T 
, sin Ө = sin (180? — о.) cos (B — 180°) cos o 
» find Ө to the nearest minute where 0° < Ө < 90° 


س 
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= 


. (ONY = (5) - Y! = 16 


^. ON = 4 unit length with a negative sign. 





‚> (OQY = (12)? + (5 = 169 г. OQ = 13 unit length. 
^. sin Ө = sin (180° — о) cos (В — 180?) cos œ 
= sin & cos (180? + D) cos ox 


= (sin 0) (- cos D) (cos o) 


Soe SoA. 13 
S "qm § p 


,' 0° <0 < 90° -. 0 lies in the 1“ quadrant. 





Using the calculator , we find that : Ө = 10° 38 


If 5 sin (180° - о) = 3 where 0° <a < 90° • 5 cot (90° + В) - 12 = 0 where 90° < В < 180° 
Find the value of 0 where : cos 0 = cos (90° + о) tan (270° + B) tan (270° — 0) 


; where 8 € |0 52 iT] 


Solution 





‘ 5sin (180? 0) 23 ^ isma=3 
"511 0 = 5 where © lies in the 1% quadrant 

‚ 5 cot (90? + B) = 12 ^. 5 (—tan p) = 12 
^ tan В = = where p lies in the 2" quadrant. 


cos Ө = cos (90° + о) tan (270° + B) tan (270° — ox) 





= (— sin &) x (— cot B) x cot O 


°. cos 0 «0 

г. Ө Ethe 2" quadrant or 0 C the 3? quadrant 

>. Ө = 180° — 70° 32 7, Ө = 180° + 70° 32 
= 109° 28 = 250° 32 


£449 














Similarity 





punit Lessons 


Lesson 1 : Similarity of polygons. 

Lesson 2 : Similarity of triangles. 
` Lesson 3: Follow : Similarity of triangles (Theorem (1) - Theorem (2)). 
в Lesson 4 : The relation between the areas of two similar polygons. 
Lesson 5 : Applications of similarity in the circle. 


cadi os ш. E ota cn. c nami an cai up e ai‏ و د 









Unit Objectives 


By the end of this unit, the student should be able to : 

e Revise what he / she has previously studied in the preparatory stage on similarity. 

e Use the scale factor of similarity to find lengths of sides of similar polygons. 

e Recognize similarity postulate "If two angles of one triangle are congruent to their two 
corresponding angles of another triangle, then the two triangles are similar". 

e Know that : If a line is drawn parallel to one side of a triangle and intersects the other 
two sides or the lines containing them, then the resulting triangle is similar to the “ 
original triangle. | 

e Know that : In any right-angled triangle, the altitude to the hypotenuse separates the 
triangle into two triangles which are similar to each other and to the original triangle. 

e Solve problems and mathematics applications on cases of similarity of two triangles. 

° Recognize and prove the theorem : (If the side lengths of two triangles are in proportion. 
then the two triangles are similar). 

• Recognize and prove the theorem : (If an angle of one triangle is congruent to an angle 
of another triangle and lengths of the sides including those angles are in proportion, 
then the triangles are similar). 

a Use similarity of triangles in indirect measurements. 

o Recognize and prove the theorem : (Ratio of the areas of the surfaces of two similar 
triangles equals the square of the ratio of the lengths of any two corresponding sides of 
the two triangles). 

e Recognize and prove the theorem : (Ratio of the areas of the surfaces of two similar 
polygons equals the square of the ratio of the lengths of any two corresponding sides ot 
the two polygons). 

o Recognize and deduce the relation between intersecting chords in a circle. 

e Recognize and deduce the relation between two secants to a circle from a point outside 1t 

e Recognize the relation between the length of a tangent to a circle and the two parts of 
à secant where the tangent and the secant are drawn from the same point outside the circle 

e Model and solve life applications problems by using similarity of polygons in à circle. 


ee Ie 
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Definition 


Two polygons M, and M, (of same number of sides) are said to be similar if the following 
two conditions satisfied together : 


(1) Their corresponding angles are congruent. 


(2) The lengths of their corresponding sides are proportional. 
P In this case » we shall write : 
The polygon M, ~ the polygon M, 


That means the polygon M, is similar to the polygon M, 


In the opposite figure . if: > 


1 m(ZA)2m(Z X) 
m(ZB)2m(Z Y) 
mil С) = (А. Д) 
‚ т (4 Юр) = м (и L) 


AB. BC _ CD _ DA 


XY YZ Д, LX 
Then the polygon ABCD ~ the polygon X YZL 





Remark Ù | | 
On writing the similar polygons » it is prefer to write them according to the order of their 
corresponding vertices to make it easy to deduce the equal angles in measure and write the 


proportion of corresponding side lengths. 


1123 





For example : 

If the polygon ABCD - the polygon XYZL : then : 

1 m(ZA)=m(ZX) › m(ZB)- m(Z Y) 
m(ZC)2m(ZZ) » m (4 р) = т (41) 


о AB _ BC CD. DA 


xy SZ ZL LX 





Remark L 
If the polygon ABCD ~ the polygon XYZL ; then: 


АВ _ BC _ CD _ DA _ к (similarity ratio or scale factor of similarity) › K > 0 


| AY YZ ZL La 
If the scale factor of similarity of polygon ABCD to polygon XYZL=K 
“. The scale factor of similarity of polygon XYZL to polygon ABCD = z 









Let K be the similarity ratio of polygon M, to polygon M, : 





| eIfK>1 »then polygon M, is an enlargement of polygon M, >» where K is called the 
enlargement ratio. 


s [fü K € I ,then polygon M, is a shrinking to polygon М, › where К is called the 


shrinking ratio. 





e [fK = 1 , then polygon M, is congruent to polygon М» 


In general » you can use the similarity ratio in calculation of the dimensions of similar 


fig Hem 


А Remark 0 
| 
| 


In order that two polygons are similar › the two conditions should be verified together and 















1 verif ying one of them only is is not enough to be similar. 


For exam mole | 


* All rectangles are not similar because although their corresponding 


angles are equal in 
measure (each = | 


at 
90°) » but the lengths of their corresponding sides may be not proportional. 


* Also all rhomb 
А uses аге not similar because although the lengths of their corresponding sides 
are proportiong STA T 4; | 2 
proportional » but their corresponding angles may be different in measure 


MM a 
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^ Remark B 


The congruent polygons are similar but it's not necessary that similar polygons are congruent. | 












E 


If each of two polygons is similar to a third polygon , then iiid are similar. 





Ec 


е. If polygon M, ~ polygon M, » polygon M, ~ polygon M, » then polygon M, ~ polygon М, 
| Remark 0 


All regular polygons of the same number of sides are ЙАТ, 


For example : • All equilateral triangles are similar. • All squares are similar, 


Show which of the following pairs of polygons are similar » showing the reason and if 
they are similar » determine the similarity ratio : 


L | X 





3cm. 
scm 


N 5m. M 


Solution - 
4 The two polygons ABCD › YZLX are similar : 
Because: m (Z В) = т (4 Z) »m(Z C)2m(ZL) »m(Z D) = m(Z X) 


AB _ BC _ CD. DA , 25 5 4 


NM 8 а 
YZ 7L LX XY 3 36 


-.m(ZA)zm(ZY):v7 6 48 


2. The similarity ratio = 2 
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9 The two polygons LMNO : EFGH are not similar : 


Although : m (4 L) = m (А E) sm (ZL M) = m(Z F) s m(Z N) =m (4 б) 


»m(ZO)=m(ZH) (Corresponding angles are congruent) 


ви: LM = MN 


EF 


In the opposite figure : 

If the two polygons ABCD and XYZL are similar » find : 

1 The scale factor of similarity of polygon ABCD to 
polygon XYZL 

9 The lengths of the unknown sides and measures of 


the unknown angles in each of the two polygons. 


FG 


Belin — — — 


"ECT 
Because : < * 3 


`“ The polygon ABCD ~ the polygon XYZL 


. AB_BC_CD_ DA 


"ХҮ ҮЛ 2р ІХ 


АВ =3%21=45 em. 


: AB _ 21 
oa JA 
14 
_14x3 
де == 


, '. The polygon ABCD ~ 


Up. 
18 


3 


| pa 


LX 


=? ст. 


= the scale factor of similarity. 


2. The scale factor of similarity = 


18x21 
"o PE [4 


the polygon XYZL 


z27 cm. 


2.) 


ns dd 


^,mí(ZA)zm(ZX)»miczB)sm(Z Y)sm(Z C)2m(Z Z) 


‚т (4 0) = м (42 L) 


^ т (4 Х) = 70° ,m(Z B) = 65° m(Z 4) = 


Эа” 





ош 


› the sum of measures of the intrior angles of a quadrilateral = 360? 


“m(ZD)=m(ZL) = 360° 


EE 


ШШШ 


—(70° + 65? + 135°) = 90? 


[x3 


"LL gr [ 





(First req.) 


(Second req.) 


Similarity 








^ Remark 


In the previous example • we notice that : 


„= 









‘- The polygon ABCD ~ the polygon XYZL 






‚ АВ. ВС _ Ср _ ОА 
“ХҮ ҮА ZL. LX 





= (he scale factor of similarity 











_AB+BC+CD+DA 


E T 'oportion properties 
XYaYZezLelpx 605 PUO properties) 






_ Perimeter of the polygon ABCD — 123 
`° Perimeter of the polygon XYZL 8.2 





=5= the scale factor of similarity 











ж 


The ratio between the perimeters of two similar polygons = the ratio between | 





Le. 





the lengths of two corresponding sides of them. 





Two similar polygons » the lengths of sides of one of them are 3 cm. »5 cm. » 6 cm. » 


8 cm. + 10 cm. and the perimeter of the other equals 48 cm. Find the lengths of the sides of 


the second polygon. 


—-— чо ы ә I 


C 
С), 
c. 
- 
[Т], 
(Tl, 
>, 


. The perimeter of the polygon ABCDE _ АВ _ В 


— 


'' "The perimeter of the polygon ABCDE АВ "BC CD DE E 


. The perimeter of the polygon ABCDE _ 48 _48 _ 3 
The perimeter of the polygon ABCDE 3+5+6+8 + 10 3 2 
"AR BC CD DE EA 2 
"35 5 6 8 10 2 
АВ 245 cm. ; BC 2 75 cm. , CD =9 em. , DÈ = I2 cm. , ВА = 15 cm. (The req.) 
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TRY TO SOLVE 
In the opposite figure : 


The polygon ABCD ~ the polygon X YZL 
1 Calculate : m (Z X) »the length of XL 
9 Ifthe perimeter of the polygon ABCD 


equals 25.8 cm. » calculate the perimeter 


of the polvgon XYZL 


Ёхатр!е| 4 
ABC is a triangle in which : AB = 4 cm. s BC = 5 cm. АС = 8 cm. 





Find the side lengths of another similar triangle if : 
1 The scale factor of similarity = 2.4 


О The scale factor of similarity = 0.7 


Solution j 


i e 








/ 


4 °. The scale factor of similarity = 2.4 > | 
<. The required triangle is an enlargement for A ABC 
Let A XYZ ~ A ABC 


ХҮ 2X — the scale factor of similarity . 


"AB BC CA 
.XY.YZ.2A -54 
4 5 5 
» XY-4x24296cm.»YZ-5x24- I2cem.: 


7X =8x24= 19.2 cm. 


Q > The scale factor of similarity = 0.7 < 1 
г. The required triangle is a shrinking for ^ ABC 
Let A XYZ ~ A ABC 


5. ХҮ 2 ¥Z Z^ = the scale factor of similarity. 


‘AB BC CA 
, XY YZ ZX ay 
„= à 0.7 


XxXYzedxüT-25Bcm.sYZ23Xx07235:0m.ZXA-8x0.-556m, 
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(The req.) 


(The req.) 





similarity of triangles 





INEST EDITI triangles 


Postulate (A. A. similarity postulate) 


If two angles of one triangle are congruent to their two corresponding angles of another 





triangle » then the two triangles are similar. 


In the opposite figure : 7 
If ZAzZX 

(HY 

s then A ABC ~ А XYZ 





Remarks 


` [1]The two right-angled triangles are similar if the measure of an acute angle in one of 


them equals the measure of an acute angle in the other. 


(2) The two isosceles triangles are similar if the measure of an angle in one of them 


equals the measure of the corresponding angle in the other. 


(3) Any two equilatral triangles are similar. 


(WE?) elut 17 رباضبات - لغات‎ - walsd| 4129 





In the opposite figure : 


ABC is a triangle in which : AC = 2 AB = бст. 


«ВС= 9 ей, „ЕВ = 5 cm. and EO // BC 





4 Prove that : AAEO ~ AABC 
9 Find the length of each of : EO and CO 








ЕО // BC , AB is a transversal <. m (Z АЕО) = m (Z B) "corresponding angles" 
‚с> Z Ais а common angle .. A AEO ~ A ABC (First req.) 
_ AE _ EO _ AO 
" AB BC AC 
‚уу AB-6cm. 2 AB = 12 em. 
» AR=12-5= 7 em. jj i. E B 
l 9 6 
EO - 2X7 251 em Ap SET =al en Б. 4 
- р 4 | 12 2 
CO=6- 4 = 24 cm. (Second req.) 


Зер, _— 
AE and ВС аге two intersecting chords at D in a circle » where D is the midpoint of BC 


Prove that : (BD) = AD x DE 


—— سے 
Const. : Draw AC and BE‏ 


Proof : In AA ADC and ВРЕ: 
«mG. A) = m (Z B) "inscribed angles subtended by CE" 


»m(Z ADC)2 т (4. BIE) "V.O.A" 








2 ЛАРС ~ A BDE ,B5H. DE 
BD DE 
>. BD x DC=AD x DE » but DC = BD "given" 
~. (BD)? = AD x DE (Q.E.D.) 
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similarity 


( TRY TO SOLVE 


In the opposite figure : 





DEO is a triangle »m(ZO)=m(Z DXY) 
s DX = YO = З cm. and DY = 5 cm, 
Find the length of : XE 








If a line is drawn parallel to one side of a triangle and intersects the other two sides or 


the lines containing them , then the resulting triangle is similar to the original triangle. 





In each of the following figures : 





If DE // BC and intersects AB and AC at D and E respectively » then A ABC ~ А ADE 


Gp 





In the opposite figure : 

DE // BC ; AD 233 cm. ; DB = 22 cm. 

s DE = (2 X - 3) ст. and BC = (3 X + 1) cm. 
1 Prove that: A ADE ~ A ABC 

9 Find the value of : X 











.“ DE // BC г. ЛАРЕ ~ A ABC (First req.) 
„ AD. DE , 35. 2x23 , 3. 2-3 
"AB BC "CSS axr] "S 3X«1 
7. 9Х+3=10 Х- 15 X= 18 (Second req.) 
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TRY TO SOLVE 
In the opposite figure : 


CE N BD = {A} , BC // DE ; BC = 5cm. and DE = 25 cm. 





1 Prove that : AABC — ^ ADE 





9 Find the value of : X 













Corollary | 24 
In any right-angled triangle » the altitude to the hypotenuse separates the triangle into two 
triangles which are similar to each other and to the original triangle. 











In the opposite tigure : 
If A ABC is a right-angled triangle at A and AD 1 BC 


„then A DBA ~ A DAC ~ ААВС 
and it is left to the student to prove this corollary by using 


the previous postulate and its remarks. 


LL o 
Remarks on the previous figure : 





(T) From similarity of AA DBA and ABC » we get DE 55 
AB BC 
г. (АВ)? = DB x BC u Le. AB is a mean proportional between DB and BC 
(2) From similarity of AA DAC and ABC , we get DE Ax 
AC BC 
4 (AC) « DCx BC i.e. AC is a mean proportional between DC and BC | 
(3) From similarity of AA DBA and DAC , we get DA oP 
" BC DA 
B (DA) - DB x DC i.e. DA is a mean proportional between DB and DC 
AB _ AD | 


4) From similarity of AA DBA and ABC » we get = = = 
CB CA | 


“Арх CB = АВ х СА 





Á 


l'he previous results are considered as a proof of the Euclidean's theory which we have 


studied in the preparatory stage. 





similarity А 


In the opposite figure : 


ABC is a right-angled triangle at B and BD LAC 





If AD = 4.5 cm. and DC = 8 ст. , 








. С Bem. | D 45 = 
ind the values of : X and y 
Solution 
^ A ABC is right-angled at B » BD L AC 
г. A DBC ~ A BAC ,PBC.DC 
AC BC 
2 
^. (ВС) = AC x DC „В х+4)2 = 12.5 х8 = 100 
3 Х+4= 10 hx 
‘+ A ABC is right-angled at B ; BD L AC 
г. A ABD ~ ABCD TO 
DC DB 
г. (DB) = DC x DA ^. (у – 3)2 = 8 х 4.5 = 36 
^у-3 =6 A ў=9 (The req.) 
TRY TO SOLVE | 
In the opposite figure : | 
A ABC is right-angled at A • AD 1 BC Complete : 
1 BD _ AD Q BD. AD A 
AD => AB. эзе 
3 AB _ AD тене. 28 
AC e СВ СА 
C D B 
sig AB 2 
— = — DA) = erene i an 
5 6 (DA) 
ee X CA 
7 (AC)* = RS РРР 8 AD= CB 
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Ехатріе |5 | 
ABCD is a rectangle » draw DF L AC to cut AC in E ; BCinF 


Prove that : The area of the rectangle ABCD = AE x AC x DE x DF 


': ABCD is a rectangle ~. m (Z ADC) = m (Z BCD) = 90° 
* INAADC : m (Z ADC) = 90° » DE L AC 





г. AADC ~ A AED 
. AD_AC ; i 
s mu +. (АР)? = AE x AC 


5 AD = AE x AC 


, in A DCF: m (Z DCF) = 90° » CE L DF 


. DC _ DF 
+. ADCF ~ A DEC EC BC 
- (DC = DE x DF -. DC = DE x DF 


*. The area of the rectangle ABCD = AD x DC = AE x AC xl DExDF 


= AE x AC x DE x DF (Q.E.D.) 


— T] 
| e The measure of the inscribed angle in a semicircle equals 90° | 


Remember the following relations before solving the exercises : 


| e [n the same circle » the measures of all inscribed angles subtended by the same arc 
|. (or subtended by arcs of equal measures) are equal in measures. 
P The measure of the angle of tangency is equal to the measure of the inscribed angle 
| subtended by the chord of tangency , in the alternate side. | 
e [n a cyclic quadrilateral : 
- Each two opposite angles are supplementary. 
- The measure of the exterior angle at any vertex is equal to the measure of the interior 


angle at the opposite vertex. 
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\ Second case 


5.5.5. similarity theorem 








In AA ABC , DEF: AB BC. СА 
DE EF FD 


A ABC ~ A DEF 2 


» Given 
> R.T.P. 
> Const. | Take X CAB » Where AX = DE 


Draw XY // BC and intersects 





EN F E 
AC at Y 
> Proof | -~ XY // BC г. ЛАВС ~AAXY "corollary « 1 »" 
. AB_ BC CA or Aus " an! 
"ay = XY ҮА | 7" AX = DE construction 
. AB ВС CA | 
"DE “ЖҮ YA M) 
,AB BC СА TCT | 
DE “БЕ FD given (2) 


From (1) » (2) we deduce that : XY = EF » YA= FD 


and A AXY =A DEF "5.5.5. congruency theorem" 
7 A DEF ~ AAXY 

>‘, ДАВС ~AAXY "proved" 

7. A ABC ~ A DEF (Q.E.D.) 
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ЕТТП سوسس‎ 
F. Fe d d pra a " i 
= WT تر‎ „Ў ana н RET 


Remark 
of their corresponding vertices from 











| For writing the two similar triangles in the same order 
of their side lengths » we follow the following : 


the proportionality 
be A,B ang, C and the vertices of the other 
AB 


Let the vertices of one of the two triangles 


triangle be D » E and F and we have the proportion : = EF DE __ 


We search for the vertices of the triangle which are opposite to the sides AC » AB 


and BC respectively which are B » С and A 

and we search for the vertices of the triangle which are oppo 
and DE respectively which are E » D and F › then: 
ABCA~AEDF ог AABC~AFED sete ... 


ЖДД | mbm, B 


In the opposite figure : 


site to the sides DF , ЕЕ 









Prove that: 1 The two coloured triangles аге similar. 


9 BD bisects / ABE : 24%, — —À 
4 SeMtionj———— 
AB „8 uud BC 16.4 , AC.12.3 
#6» ^ HD | 3 DE 9 ? 
‚ АВ BC.AC  . ACAB~ADEB (Q.E.D. 1) 
BE BD DE 
From similarity : m (4 ABC) =m (Z EBD) 
А Вр bisects Z АВЕ (Q.E.D. Z) 
— — am 


AC AE AB CD 
lateral ; EC AC > wl a 
ABCD is a quadrilateral » s where ——- AD BE ind = AB AC 


Prove that: 1 CD // BA 9 AD // BE 


Байон , — —————— 


,, AC _ АЕ y A8. AD (1) 

` AD BE AE BE 

2 AB CD ‚ АС Ср ( 
"AB АС " AE AB 





i AC АР CD 
From (1) » (2) we get: 47 7 BE ^ AB 


5 A DCA ~ A BAE we deduce from the similarity that 
m (Z ACD) = т (Z EAB) and they are alternative angles. 
‚т (Z CAD) = m (Z AEB) and they are alternative angles. 


» CD/ BA (Q.E.D. D 
- AD// BE (Q.E.D. 2) 


~ 
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TRY TO SOLVE 

| [n the opposite figure : E 
XYZL is a quadrilateral sin which : 
XY 230cm. TAS 36cm, «Zl z 16 em. LÍ | 
s LX = 20 cm. and XZ = 24 em. | AE 
Prove that : A NYZ ~A LAZ А 


A Third case 
S.A.S. similarity theorem 


If an angle of one triangle is congruent to an angle of another triangle and lengths of the 









sides including those angles are in propotion » then the triangles are similar. 
ا‎ 


+ Given | Z AzZ Dam S5... Ae 


p \ 

DH DO A A 
+ R.T.P. | A ABC ~A DHO Н. « S. X. 
0 H | 
C ^ B 


+ Const. | Let XC AB such that AX = DH 
and draw XY Il BC and intersects AC qt Y 
x Proof | - XY // BC - AABC~AAXY _ "corollary' (1) 
AB AC 


— — 


* AX “Ay 
IB. AC 
“рн DO 
> AX = DH "construction" 
|. АВ AC 
АХ ро 
г. AY = ро 
^ AAXY =A DHO "S.A.S. congruency theorem" 
~. ЛАХУ ~ A DHO (2) 
From (1) and (2) we get: A АВС ~ А DHO (Q.E.D) 


- "given" 


ABC is a triangle in which ; AB = 6 cm. and BC = Ост. Let D be the midpoint o ГАВ and 
H € BC such that BH = 2 ст. 
Prove that: 1 ADBH~ACBA 

9 ADHC is acyclic quadrilateral. 
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In A DBH and A CBA : 


BH 2 1 BD 3. | 


— 
= — — 


"BA 6 1'BC 9 3 





2, EA = a ‚ `7 £ B is common. 
7. A DBH ~ А СВА (Q.E.D. 1) 
From the similarity of the two triangles › we get that : m (2 DHB) = m (4 A) 
‚ - Z DHB is an exterior angle of the quadrilateral ADHC 
(O.E.D; 2) 


г. The figure ADHC is a cyclic quadrilateral. 


ABCD is a quadrilateral in which : m (2 B) = m (4 ACD) = 90° 


an ср BH 
and H € BC such that : CA" BA 


Prove that: 1 AABH ~AACD 9 m (Z AHD) = 90° 





Solution | 4 





.. CD _ BH 

° CA ВА 

. CD СА = 

"BH ВА 

,"m(Z В) = m (Z ACD) ы 
+ AABH ~ AACD (Q.E.D. 1) 
and hence m (Z AHB) 2 m (Z ADC) 
,'- Z AHB is an exterior angle of AHCD 
*. AHCD is a cyclic quadrilateral. 
г m (4 AHD) = m (Z ACD) "are drawn on AD and on the same side of it" 
+ m (Z AHD) = 90? (Q.E.D. 2) 
CTRYTOSOLVE — 0 0— | 


In the opposite figure : 
IfAD=3cm.;DB=5cm. » 
AE=4 cm.» EC 22cm. » ВС = 12 ст. 





1 Prove that: AADE ~ A ACB a TEN B 
9 Find the length of : DE | 


———Á—  — ت‎ 
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The relation between the areas 
of two similar polygons 





e You know that the ratio between the perimeters of two similar polygons equals the the ratio 
between the lengths of any two corresponding sides of them. 


e In this lesson you will learn the relation between the areas of two similar polygons. 





| The ratio between the areas of the surfaces of two similar triangles equals the square of the 
ratio between the lengths of any two corresponding sides of the two triangles. 


Е 
Ё 





A ABC ~ A DHO 
a (oa) "(26] -(05) 
A 

Draw AL L BC such that : D | 
AL N BC = {L} and DM L HO 
such that DM N HO = IMI 
-- AABC ~ A DHO О M H L В 
"m(ZB)em(Z Н)ам АЗ = SC = СА (1) 
In the two right-angled triangles ABL and DHM : ~ m(Z B)=m(Z Н) 
2 AABL~ADHM ~. АЗ =L (2) 

. The area of AABC _ j BCX AL _ ВС „ AL - 

The area of A DHO i нохрм HO DM 


From (1) » (2) and (3) we get : 


The area of A ABC _ BC | BC ( BC ) =( 


The area of ADHO НО ^ HO \ HO 


C) 


P-(S een: 
+439 


gs 
|o 











If the ratio between the areas of two similar triangles is 7 ‚ the perimeter of the smaller 
triangle is 60 cm. 


Find : The perimeter of the greater triangle. 


Solution 


Let the two similar triangles be A ABC › А XYZ 





AB nV. , AB _ 3 

"a(AXYZ) \XY/ 1 UNY 4 

. The perimeter of A ABC _ АВ _ 3 60 aa 

`° The perimeter of A XYZ XY 4 °° The perimeter of A XYZ 4 

-. The perimeter OoFAXYZ = TT 4 = 80 cm. (The req.) 


ABC is a triangle of area 62.5 cm? Draw XY // BC to intersect AB at X and AC at Y 
FAX :XB—2:3 
Find : The area of the figure XBCY 


| Solution 
In A ABC : -- XY JI BC 
- AAXY ~AABC 
‚ a (A AXY) (ARY 
'" a(AABC) \ AB 





.a(AAXY) „үзү 
i 62.5 d | 


+ а (А АХҮ) = j х 62.5 = 10 cm? 
'. The area of the figure XBCY =a (A ABC) —a (A AXY) 


= 62.5 – 10) = 52.5 em 
«ІШЬ, — — — 


ABC is a triangle in which : AB = AC › D EBC, D BC and H ECB , H ECB 
such that m (Z ВАН) = m (Z D) If the area of A ACD equals 4 times the area of A ABH 
s then prove that : DC = 2 AC 


(The req.) 
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—— — EID. — — — — 

In A ABH and A DCA: 
от (4 BAH) =m (4 D) | 
D н C 


апа m (Z ABH) = m (Z ОСА) '"Supplementaries of two equal angles in measure" 


+. A ABH ~ A DCA , A(AABH) f AP ) 

a (A DCA) \ DC 
(АВ ў | _ AB uL 
1-02) ‘7 DC 2- DC =2 AB 
иа ABS AC + DE = 2 AC 


| — Example 4 
ИКЕ а: с. сам : = m AB 5 
ABC is a triangle inscribed in a circle such that AC ^3 


Draw AD to be a tangent to the circle at A » to intersect BC at D 


Find : the area of A ACD : the area of A ABC 


Solutíon 





In AADC and A BDA: · Z Dis common ө m (4 CAD) = т (Z B) 


^AAADC-ABDA 
The area of AADC _ ( AC у _ 9 
` The area of A BDA BA 25 
The area of AADC 9 


*' The area of A ABC + The area of AADC - 25 
г. 25 (The area of AADC) = 9 (The area of A ABC) + 9 (The area of A ADC) 


„. 16 (The area of AADC) = 9 (The area of A ABC) 


| The area of AADC _ 9 
'" TheareaofAABC 16 


TRY TO SOLVE 


The ratio between the perimeters of two similar triangles is 4 : 5 If the area of 


one is 150 cm? ; find the area of the smaller triangle. 





the greater 





Similarity 


(Q.E.D.) 





(The req.) 
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Remark ü 


| | The ratio of the areas of the surfaces of two similar triangles equals the square of 
the ratio of the lengths of any two corresponding medians of the two triangles. 





In the opposite figure : 
If A ABC ~ A DEF > Lis the midpoint of BC » M is the midpoint of EF 


| 2 
» then E (А ABC) = ( A ) 





Proof : 
AB BC 
| 
| | 2 BL 
, BC=2BL>EF=2EM Bas ККМ E 
,2B. Bh ‚с. ZB=ZE (Because A ABC ~ A DEF) 
DE EM н , 
' „ a(AABL) ( АВ ^ ү AL Y 1 
© SAARC) (ADT (2) 
> * a(ADEF) \ DE ^s | 





a (A ABC) - (А. 


From (1) ‚(2):. : "a(ADEP) ~ 


м. 


| Remark 2 


In the opposite figure : 
| If AABC ~ A DEF , AN bisects Z A and intersects BC at N 
' DZ bisects / D and intersects EF at Z 


| 9 then BE ds АЗЫ) (Ак ү 
 * 7 a(ADEF) \ DZ 








Proot: 
" A ABC ~ A DEF 
» m(Z BAC) =m (Z EDF) 





„ L m (Z BAC) = 1 m (Z EDF) 


-míZ BAN)=m (4 EDZ) 








СЕ B) smi E) “AABN ~ А DEZ 
‚ a(AABN) _/ AB y - ( AN Jj 
'a(ADEZ) \ DE? ~\ DZ (1) | 
|J. 1 (A ABC) "t AB j 
j = 
a (А DEF) DE (2) 





, a (A ABC) “(ty i 


EF) DZ 


| ios E: a (A DEP) - 





Similarity 


Remark Є 
The ratio of the areas of two triangles having a common base equals the ratio of the 
two heights of the two triangles. 





In the opposite figure : 
` BC isa common base of AA ABC 5 DBC 


© a(AABC) _ 7BEXAX _ AX 


'" a(ADBC) Lp » DY 
| a ( ) + BC xD) 


| Notice that : It is not necessary that the two triangles are similar. 


“Remark U 


The ratio of the areas of two triangles having a common height equals the ratio of 
the lengths of two bases of the two triangles. 
In the opposite figure : 


AX is a common height for AA ABC ; ADE 













| 
| | a (A ABC) |BCXAX _ BC 


" a(AADE) | IDE AX DE 





| Notice that : It is not necessary that the two triangles are similar. 


p СЕхатріе| 5, 





ABC is an inscribed triangle іп a circle where AC > AB » D C BC , where AD = AB › 
draw AN a tangent to the circle at A and cuts CB at N 


Prove that : BN : DC = (ANY : (СА)? 





Solution 
| 
| a(AABN) 2PN*A* вм (m 
` a(ACDA) +DC x AX DC 
, ° AB = AD г. m (4 ABD) = т (4 ADB) 


.. m (LZ ABN) = m (Z ADC) 





,v ANisa tangent. 
-. m (Z BAN) =m (4 C) (drawn on AB) 


. a(^ABN) _ (AN) 


7. AABN ~ А CDA "ADA (CA 





*. From (1) and (2) : . BN: DC = (ANY : (СА)? (Q.E.D.) 
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Fact M" 
Апу two similar polygons can be divided into the same number of triangles » each is similar 
to its corresponding one. 








In the opposite figure : 

If the two polygons ABCDE and 
ABCDE are similar and from two 
corresponding vertices say C 

and С we draw CA ¿CE , CA 
and CE , then each polygon will 





be divided into three triangles 
such that : A ABC ~ A ABC , A ACE А АСЕ and A ECD ~ A ECD 






Remarks 
* The previous fact is correct whatever the number of sides of the two similar polygons | 

(having always the same number of sides) | | P 
• If the number of sides of a polygon is n sides » then the number of the triangles that | 


| the polygon is divided by drawing the diagonals from one of its vertices = (n — 2) triangles | 


Theorem \ 4% 
The ratio between the areas of the surfaces of two similar polygons equals the square of 
the ratio between the lengths of any two corresponding sides of the polygons. 


€ 


b Given | The polygon ABCDE ~ the polygon ABCDE 


D 
epee AB | E ааа 
a (the polygon ABCDE) AB | \ 
| ‚| 
к SL 


From A «A › 





b R.T.P. 


y Const. 








drawAC , AD ; AC, AD ht 


\ H 





» Proof | : The polygon ABCDE ~ The polygon ABCDE 


^. They are divided into the same number of triangles each is similar 


"i 


to its corresponding one "lact" 
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Similarity 











— 


. A(A ABC) _/ BC Y. a(A ACD) 2 т \2 
"ABO ge) "ines (se) RD = (DE) 





NUN UN т ч м 3 моз м ^on 
a(AACD) ‘CD’ a(AADE) ‘DE 
ВС Ср рв АВ, .. 
cT drom similar polygons" 
BC CD DE AB 


. A(AABC) a(AACD) _ a(AADE) _ AB Í 
a(AABC) a(AACD) a(AADE) ‘AB 
; ы 2 
From proportion properties : A (A ABC) + a (A ACD) + a (A ADE) SR * a(A лы +a(A Bur E) = ( AB ) 
a (A ABC) +a (A ACD) +a (A АРВ) ` AB ' 


, a (the polygon ABCDE) _ ( ET (Q.E.D.) 
a (the polygon ABCDE) AB 


The ratio between the perimeters of two similar polygons is 3 : 2 


If the sum of their areas is 195 cm? » then find the area of each. 


— | Solution - - 
-- The ratio between the perimeters is 3 : 2 
“ The ratio between the lengths of two corresponding sides is 3:2 


+ The ratio between their areas is 9 : 4 


Let the area of the first polygon be 9 X and the area of the second polygon be 4 X 
9 +4 = 195 » ТАЖ = 199 
A xmi 


2 
- The area of the first polygon = 15 x 9 = 135 cm: 


2 The req.) 
, the area of the second polygon = 15 х 4 = 60 ст: ( q 


Prove that : 


If we construct on the sides of a right-angled triangle » three similar polygons such that the three 


ted on the 
sides of the triangle correspond to each other » then the area of the polygon constructed о 


hypotenuse equals the sum of the areas of the two other polygons. 


4145 لماص - 


(AA: P) ۱ تانوی//رت‎ V لغات‎ - oll, 





VNI? 














Solution 
-- The polygon L ~ the polygon M 
. TheareaofL -(2By- (АВ) (1) 
' TheareaofM \BC/ (во) 
| ‚2 The polygon N ~ the polygon M 
| . TheareaofN _ (4c) - (ACJ (2) 
' The area of M BC (вс) 


3 2 
= TheareaofL , theareaofN _ (AB) (АС) 
Adding (1) and (2): 7. The area of M T the area of M — (BOF d (ВС) 








2 2 "mS 
. The area of L + the area ofN _ (АВ) + (AO _ (BO „| "Pythagoras" 
The area of M (BC) (BC)? 


+ The area of L + the area of N = the area of M (Q.E.D.) 


Gp 


ABCD , ABCD are two similar polygons : their diagonals intersect at М › № respectively. 





a (the polygon ABCD) _ (BM 


Prove that : ae EG 
a (the polygon ABCD) (BN) 


Solution 





‘+ The two polygons are similar 
+ A ABC ~ A ABC and we deduce that : m (Z 1) = m (Z 2) 


ъы ы 


. AABD ~ A ABD and we deduce that : m (Z 3) = m (Z 4) 


+ AABM ~ AABN 





_ а (ће polygon ABCD) _ (AB). (BM) — 
a (the polygon ABCD) (AB) (BN)? (QBD. 





= — — 


(TRY TO SOLVE 








ABCD , ABCD are two similar polygons » X is the midpoint of BC ; Y is the midpoint of BC | 


Prove that : а (the polygon ABCD) = (XD)? 


a (the polygon ABCD) (Үр): 
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i In the opposite figure : 







AB , CD are two intersecting chords at H 
| We notice that : A AHC — A DHB 
because : m (Z A) 2 m (Z D) (two inscribed angles subtended 


by the same arc CB) m (4 АНС) =m (ZL DHB) (V.O.A) 





From similarity , we deduce that : 


2 In the opposite figure : 


BCDH is a quadrilateral » HB (1 DC = {A} 
We notice that : A ADH ~ A ABC 









because : m (2 ABC) = m (Z D) (properties of cyclic quadrilateral) 
s Z Ais a common angle. 






From similarity , we deduce that : 


а known pi, 


If the two lines containing the 
two chords AB > CD of a circle 
Intersect at the point E 


7. AD x AC = AH x AB 


s then EA x EB = EC x ED 


т> 
аай: 










тж» 
ЯГ 
. 4. 
I LS. 
uc 

г 
5 


“= 1 TES 
par; 


3 
ёту 


pue. 
c 
= 
=. 
Br 


| 


- 
= 


ү - 
Гама ге oll 
ытта 


Shur 
Жук; 
Fa art "m eu 
p i 
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Example| 1 | i 
AB and CD are two intersecting chords at H in a circle. If AH = 5 cm. » HB 22cm. » 


CD = 5.5 cm. » calculate the length of each of : CH »HD 


Solution 





Let CH = X em. 
7. HD = (5.5 - X) cm. 


s- АВ , CD are two intersecting chords at H 








“ HAx HB = HC x HD 53x22X(x35-29 
à$255X-x^ ^n ET 11.8 IBsU 
* (2X3) (X-4)=0 = or X=4 
-. CH=4cm. »HD=1.5 cm. (The req.) 
TRY TO SOLVE 
In the opposite figure : 
ABNCD={H} 


s AH 23cm. s HB = $ cm. 
| , CH = (X4 1) cem. HD = (X - 1) em. 
| Find the value of : X 





Gp 





In the opposite figure : 


АВП Ср = ЇН! » HB=2cm. 
HD. od. 


HC 2 
Find the length of : HC 


‚АВ 2 7 cm. 1 





| — (ot on к — 


سس 


HAD | 

Mie ^ HD=k » HC=2k where k #0 
‚> AB()CD={H} “. HD x HC 2 HB x HA 

г. Кх2К=2х9= 18, 22 18 

АК =9 


7 К=3 ог -3 (refused) 
5 HG22x320cm. 
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(The req.) 


TRY TOSOLVE _ 


In the opposite figure : 
YXNZL = IM}: МХ =4ст. 
i ML= 5 ст. $ 4 = 7 cm. 

Find the length of : XY 


In the opposite figure : 


ABisa tangent to the circle at B 
We notice that: A ABC ~ A ADB 
This is because : m (Z ABC) = m (Z D) 


(tangency and inscribed angles subtended by BC) 





Ее Remember that ~ 
‚ / Ais а common angle | 


| From similarity we deduce that : AB is a mean proportion 


of AC »AD 
АВ _ AC 5 (АВ)? = AC x AD TRE 


| AD” AB 


Corollary 1 


P" 





If E is a point outside the circle EA is a tangent 


to the circle at A » EC intersects it at D » C » then 


(ЕА)? = ED x EC 





Example| 3 | 
M is a point outside the circle › MC is a tangent to the circle at C : MA is a secant intersects 
‘tat A and B » where МА > MB If MC = 10 cm. » AB = 15 ст. 
Find the length of : MB 


Solution 








Let MB = X cm. * МА = (Х + 15) ст. 

,': MC is a tangent to the circle » MA is a secant to it т 

г. (MC) = МВ x MA  (1007= X (Х + 15) 

х ба Таеже... 0920 .. (X—5) (X420) 20 

nX-5 ~, MB = 5 cm. (The req.) 
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TRY TO SOLVE 
In the opposite figure : 
AD is a secant to the circle at C » D 


,ABisa tangent to the circle at B 
Find the length of : CD 









If the two lines containing the two segments AB and CD intersect at the point E 
(A B C » D and E are distinct points) and EA х EB - EC x ED » 
then the points A » B : and D lie ona ciele, or" р 








In the opposite figures : C 
If EA x EB - EC x ED | 
‚ then the points А.В: Сапа D 
lie on the same circle. À 





ABC is a triangle in which : AC 2 9 cm. » BC = 12 cm. Let D E AC > where AD = 5 cm. 
Let E EBC , where £C =3 
Prove that : The figure ABED is a cyclic quadrilateral. 








4 Solution | 
‘--CD=AC-AD=9-5=4cm. fe A 
5 CDxCA4x9230 : 
к BBeSOS ~ BC=4CE 
MES UI l BC = | 12=3 C B 12cm. aum 
dcc ae m^ = 3 cn. 
NOBRxCBz3x12235 + CDx CAZ CEx CB 
. The figure ABED is a cyclic quadrilateral. (Q.E.D) 


( TRY TO SOLVE 





D 11.8 cm. C342 cm 


Fig. (4) 


| Similarity 


Corollary | 2 


— а 


If (EA? = EB х EC 


i 


» then EA is a tangent segment to the 
circle which passes througth the points 


A + B and C 











CAID 


Two intersecting circles at A and B ,» let C Є BA and СЄ AB , let CD be a tangent to one of the 
two circles at D and CO intersects the other circle at H and O such that CO » CH 


Prove that : CD isa tangent to the circle passing through D » H and O 


Solution 





CB and CO intersect one of the two circles 
^, САхСВ = CH x CO (1) 
, °. CDisa tangent to the other circle and CB intersects it. 


^. (CD? = CA x CB | (2) 


Pd 





From (1) and (2) » we get : (Ср)? = CH x CO 
“. Ср isa tangent to the circle passing through D » H and O (Q.E.D.) 


TRY TO SOLVE 
In the opposite figure : 





ABC is a right-angled triangle at B 
sAB=4cm. »BC=3cm. »CD=1.8cm. 


Prove that : 





BC isa tangent to the circle passing through the points A » B and D с на A 


A 
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The Triangle Proportionality Theorems 





? Unit Lessons 


Lesson 1 : Parallel lines and proportional parts. 
Lesson 2 : Talis' theorem. 

; Lesson 3: Angle bisector and proportional parts. 

4 Lesson 4: Follow: Angle bisector and proportional parts (Converse of theorem 3). 
Lesson 5 : Applications of proportionality in the circle. 





' Unit Objectives 


By the end of this unit, the student should be able to : 

ə Recognize and prove the theorem "If a line is drawn parallel to one side of a triangle 
and intersects the other two sides , then it divides them into segments whose lengths 
are proportional" and its corollary and its converse. 

: © Recognize and prove TALIS’ general theorem and its special cases. 
Р- 2 e Solve problems and mathematical applications on Talis’ general theorem and Talis’ 
: special theorem. 

e Recognize and prove the theorem "The bisector of the interior (or exterior) angle 
of a triangle at any vertex divides the opposite base ..." and its converse. 

e Solve applications about finding the length of each of the interior and the exterior 
bisectors of an angle of a triangle. 

e Recognize the fact "The bisectors of angles of a triangle are concurrent’. 

e Find the power of a point with respect to a circle. 


* о Deduce the measures of angles resulting from the intersection of chords and the 





tangents in a circle. 





ў n 
Fai 
rT б xl i ! 


Preface 





Before we study unit 4 (the triangle proportionality theorems) 
[t is useful and necessary to review the concepts of proportion and some of its properties 


which will be used in our study in this unit. 


A" ا‎ m m 
easbscsdseof >... are proportional Dome ы 
: > : is а _ b "Ur ы. 
easbsc sd >... are in continued proportion 1 ar at em 
. 2. _. p 
and in this case b is called the middle proportion for a and c » where b = a с аш, 


Also »c is called the middle proportion for b and d where сг = bd 


e If e — ° ,where a sc are called the antecedents and b » d are called the consequents : then : 








d 

Ó1axdzbxc 

b _ 4 (the reciprocal of ratios are e ual) 

б p 

Я 
3 4 b ( The antecedent of 1% ratio Тһе consequent of 1“ ratio | 

Ss at зы Se DL pM 

c а * The antecedent of 2" ratio The consequent of 2"* ratio 

antecedent + consequent | antecedent + consequent And |... 
g 5+ b_c+d ae of 1“ ratio = picts tne of 2" ratio 

b d consequent consequent 

з antecedent + consequent st antecedent + consequent pand 

5 a+b cru == öf sitio РО SOE ipod ratio ) 
ü C antecedent antecedent 
a C В 
é[j.-——— m uu 

b d f 
then : 

SEE sum of antecedents i | 
1 ZETE = one of the ratios | — —,—— — — — = one of the ratios ) 

boe dae f +... sum of consequent 


g ka + me + пе _ one of the ratios 
kb + md + nl 


» Where k » m +n are non zero real numbers 
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TERES A S ABA 


Parallel lines ana R ии parts 





If a line is drawn parallel to one side of a triangle and intersects the other two sides › then it 


divides them into segments whose lengths are proportional. 


» Given | ABC is a triangle ; DE // BC 


Ар _ AE 
> В.Т.Р. DB EFC 


7 "Proof | - DE// BC 


- AABC ~ ЛАРЕ "similarity postulate" 





AB. AC (1) 
AD AE 


> then = 
9 DEAB REAC 
" AB = AD + DB , AC = AE + EC (2) 


.AD4*DB AE+EC 
From (1) 3 (2) we get : AD “АЕ 


„ЭВ. 4 BU 
han "um 
DB. EC 
AD AE 


AD _ AE (Q.E.D.) 
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From the properties of the proportion » we get : DB EC 








Remark 


| From the previous figure : 


,.AD. АЕ "Theorem" 

“De EC heorem 

M AD + DB = ALLE ( review the proportion properties ) 
8 АВ = AC 

DB. EC 


In each of the following figures : DE // BC Find the value of X 


1 ^ 9 


ыт 





Bw B 
j dis 27cm. —————» A (X+5 Jem. D nr 
~ Solution l 
DE/RC « AD LAE 
1 DE // B ^ DB = EC 
е, i-t + X= ГОИ. 
DE . АВ. AC „Ж мыш). 
9 DE // BC ^ DB EC 5E T 
.х°=9 е X 36m. 
.. TE / RO . AE. AD . 12. X+ 
2 + DES BC "EC ^ DB ^ a 3 


X745X= 36 


(X49) (X-4) =0 
/ TRY TO SOLVE 
In each of the following figures : 


DE // BC » find the numerical value of X 





10cm, " 
| | A Dem 
A 














 X*45X%-36=0 


^n X2-9 (refused) or X 24 cem, 














The triangle proportionality theorems 


| 






If a straight line is drawn outside the triangle ABC parallel to one side of its sides » say BC 


intersecting AB and AC at D and E respectively » as shown in the figures » then AB _ AC 





BD CE 





From the properties of the proportion 
‚ we can deduce that : 


AD. AE , AD. AE 


— 


AB AC BD CE 





Example| 2) 
In the opposite figure : 


AD // EB// FC » ACN DF={G} 
DE = 7 cm. s EG = 3 cm. 





‚СС 26cm. : AG = 16 cm. 


Find the length of each of : GF and GB 





+ AD ГЕС „А6 6ے‎ 

; L8 0 | _ 6x10 _ 47 

S = HUBS = 3.75 cm. 

EB. s | _3х16 дор The | 
i bli ^ GB ТО 48cm. (The req.) 
( TRY TO SOLVE 

In the opposite figure : 

DE // BC , DC N BE = {А} 

„AE =3 cm. 

„АВ = бст. 

and AD = 2 cm. 





Find the length of AC 








If a straight line intersects two sides of a triangle and divides them into segments whose 


lengths are proportional » then it is parallel to the third side of the triangle. 


In the opposite figure : 
ABC is a triangle » DE intersects ABatD 


, AC at E and AD _ AE , then АР + DB = AE + EC 





DB EC AD AE 
( antecedent + consequent _ antecedent + consequent ) 
ani. MS a 
antecedent antecedent 
AB _ AC - - 
SQL EI - £ А 15 common. 
AD AE * 


7. A ABC ~ A ADE 
-. Z В = / ADE and they are corresponding angles. 
-. DE // BC 











Remark 
TWEEN م‎ 


If a straight line (say DE) is drawn outside the triangle ABC › intersecting AB and AC at 


D and E respectively 


if AD _ AE ; tien DE // BC 
and if Б EC then DE // BC 


In the opposite figures : 


jp AD = AE ; then DE // BC 











— GND- 
In the opposite figure : 

If DE // BF » AD= 2 DB» AEz 45cm.» FC 2 14cm. 

Prove that : DF // BC 








sim AD — 


[co 
ae 
ww 

> 
ч, 
„д 


N 
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The triangle proportionality theorem. РА 


سے ت 














- DE // BF » AD _ AE . 3 45 
DB EF “A RF 
ax Ae n ; 
„Е = : =6cm. АГ =45 + 0 = 10.5 ст L^ AF 10.5 3 
: FC H 4 
‚ AF _ AD n rear ip ae 
“ta = pp ^. DF // BC (QED) 
,TRYTOSOLVE __ 





In the opposite figure ; 
DC N BE = {Ab sAD=2 cem. AE = 3 em. 
: AB = 9 em. and AC = 6 cm. 





Determine whether DE // BC and why ? 





In the opposite figure : 

ABCD is a quadrilateral ;» Y EBD , YX is drawn 

such that YX // DA intersecting ABat X 

‚ YZ is drawn such that YZ ll DC intersecting BC at Z 
Prove that : XZ // AC 





SEU ATA , BX _ BY 
InAABD: ~*~ XY // AD ^ BA" BD (1) 
In ABCD: = YZ I CD ^ BC BD ( 


From (1) » (2) : 2 EX = ра 


5IuAABC: XZ// AC 






“TRY TO SOLVE 
In the opposite figure : 
ABCD is a quadrilateral » its diagonals AC and BD are drawn 








Y 5С. д 





35cm. 
D 


, X EAB such that AX = 3 cm. › XB 2 42 cm. + Y EAD 
such that AY = 2.5 cm. » YD = 3.5 ст. 

; draw XZ // BC to intersect ACatZ C 
Prove that : 1 XY // BD 9 YZ // Ср 





Given several coplanar parallel lines and two transversals ; then the lengths of the 


corresponding segments on the transversals are proportional. 





In the above two figures : 


| - BC CD AC 
If L, // L, // L, // L, and M » M are two transversals » then т = ТА = eB = ДО 














In the following the proof of the theorem 





b Given L, // L, ТАРА L, and M 5 M are lwo transversals to them 
» R.T.P. | AB: BC: CD- AB: BC: CD 
» Const. | Draw AF // M and intersects L;at E 


Ly at F » BY // M and intersects Lat X 5L, at Y 





» Proof | - AA // EB ; AE// AB 


г. ABBA is a parallelogram » then AE = AB 


f 





Similarly : EF = BC » ВХ = BÛ »XY=C 


160 ! 





The triangle proportionality theorems 














In А АСЕ: 
.- BE // CE ‚ AB _ AE 
> BE // CF "Bc Bp 
AB AB AB. BC remissi 
, then 22 ^de aC á SH =i (exchange the means) (1) 
BC... BC BC CD 





Similarly A BDY : . 


ý (exchange the mean: 2‏ = = چو 
ср G5 BC CD : Ms (2)‏ 


| From (1) » (2) we get : 





| AB _ BC _ CD 
AB BC CD 
` AB: BC : CD а AB: BC: CD (Q.E.D.) 





мо | AC аё 
) CB CB 












For example : 

In the opposite figure : 

If AE // BF // CX // DY 

such that AB = 24 cm. » ВС = 16cm. 
s ЕХ =20em. s XY 235 cm. 








> then EF = Ex 7 XY EF 20 
aco 20х24 _ 16х35 
» then ЕЕ = E 30cm. • Ср = E = = 8С 


єттї, : 





In the opposite figure : 

L, // L, // L, // L} and 

M , M are two transversals. 

Use the lengths shown to 

calculate the length of each of XY and CD 














Solution - | 
oT. if ТРИ _ AB _ CD _ AC 
. L, // LS // L,// L; and M „М are two transversals. Sigg ЛЫР ЧҮ 
„ДА CD_14+21_35 S c LA A3 = 12cm. (First req.) 
AY 24 3 3 3.5 
»>CD= 22:25 —28cm. (Second req.) 


— 


(Y 6) ١ تانوی/ت‎ V 


yalxdl 161‏ - ریاضیات - لفات 





Gump 





In the opposite figure : 
If AE // BF // CZ // DN 
Find the numerical value of each of X and y 


(lengths are measured in centimetres) 








Solution 
.ı AE // BE // CZ // DN and AB , EF are two transversals 
, AB _ BC. CD ‚_Х 2y-5 6 
"EF FZ ZN *X+3 y 8 
2,8 X=6 (X+4+3) .8X=6X+ 18 х K=9 
:6yz8(2y-5) ~ бу= 16у – 40 д у=4 





(The req.) 





TRY TO SOLVE 


In the opposite figure : 


ABC ina triangle , » MK 
AC // DE // EY B3cm.X 
AD=9cm.;XB=3cm. »sBY=2cm.,EY=4cm. 

Find : CE and DX 





cases 





bN Two special 
4 Ifthe two lines M and M intersect at 


the point A and BB // СС 





then — AB AB 

AC САС _ 

and conversely coe QE ; then BB // CC 
C AC 


9 Talis’ special theorem : 
If the lengths of the segments on the transversal are equal 5 then the lengths 
of the segments on any other transversal will be also equal. 
In the opposite figure : 

If Li HLH L, M L, | 


M and M are two transversals to them 


hc 


and if AB = BC = CD , then AB = BC sD 
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The triangle proportionality theorems 





In the opposite figure : 
AD // BE // FC and АС, DF are two 


transversals intersecting at G 





Use the shown lengths to calculate 


the length of each of GF ,СА 


.ı AD // BE // FC and АС » DF are two transversals intersecting at G 








. GE GE OD «БЕ. 3 10 
"GC GB GA "6 24 GA 
s OF = we = 750m, (First req.) „GA = 225 10 = 8 ст. (Second req.) 
; Example| 4) 
i ll | 
In the opposite figure : ч 


AD // ВЕ // CF , DE = EF = FM › find the value of each of X and y 
(lengths are measured in centimetres) 


Е My. Coca Воз" 
-AD//IBE/CF.DE-EF-FM  ..AB-BC-CM  .X?-2-X«4 


&xX*-X-620 £0 -2)0X-3)50 2.X=-Jorx=3 
AAD BC-22cm „at X —2 3: ВС = Tem. 

‚> BC СМ г аВС=2ст.: ,2y-2-22 4 у=2 

sat ВС = тст. 3 2y- 27 = yd (The req.) 


TRY TO SOLVE 
In the opposite figure : 

If XK = 6 cm. 

Complete : ҮК =з cm. 





Lesson 





Theorem Nd N 


The bisector of the interior or exterior angle of a triangle at any vertex divides the opposite 
| base of the triangle internally or externally into two parts : the ratio of their lengths is equal 
| to the ratio of the lengths of the other two sides of the triangle. 










Figure (2) 
> Given | ABC is a triangle › AD bisects Z BAC internally in figure (1) 


and externally in figure (2) 


BD _ AB 


> R.T.P, БС AC 


| 


» Const. | Draw CE // AD and intersects BA at E 


- Proof | ·· AD bisects Z BAC 5412842 
£122 4 (alternate angles) , Z 3 = Z 2 (corresponding angles) 
54 1 2 £3224 . AES AC (1) 
» CE/ AD . BD. AB (2) 
DC AE 
| From (1) › (2): BD _ AB (Q.E.D.) 


"DEC AC 
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The Iriangle proportionality Iheorems 7 


Examplé 


ABC is a triangle in which AB = 4 cm. : BC = 5 cm. » CA = бст. 5 draw AD to bisect the 
angle A and intersects BC at D 
Find the length of each of : BD » DC 








AU isscts ‚ BD _ BA н 
AD bisects Z А i aie E: 
Bot uu , BD .2 m А 
"DC 6 2 "* S BD 4 / 2 

^ 3 BD =10-2 BD ^5 Вр = 10 ў БЕГ. 
С D В 
:; BDz2cm. » DCz25-2z23cm. (The req.) ~ Sem -= 





Gump 


ABC is a triangle in which AB = 6 cm. » BC = 5 cm. , CA = 9 cm. » draw AE to bisect the 
exterior angle Z A and intersects BC at E 


Find the length of each of : BE ,EC 


© AB < AC 5 AE bisects the exterior angle at A 








AA 
. ECTE EBC , ВЕ _ ВА BR. 6..2 T 
X BESCB EE BC sz Atq Um A VS 
E PEL =4 .„. 3 BE = 10 + 2 BE C 5cm. B E 
5 ВЕ = 10em. BC = 10+5 = 15 cm. (The req.) 


ABC is a triangle » X is the midpoint of BC , XD bisects Z AXB and intersects AB at D > 
XE bisects Z AXC and intersects AC at E. Prove that : DE // BC 














—4 Solution 

In AAXB : '- XD bisects Z АХВ 

„ AD „ААХ (1) 
СОВ XB 

| Yao E SS , АБ AS 2 
sin ААХС: '' XE bisects Z AXC ^ic XC (2) 
From (1) » (2) and noticing that : XB = XC 

. AD _ AE ! . DE // BC 
A s s. In AABC: DE // BC (Q.E.D.) 














Gump 


In the opposite figure : A 





ABC is a triangle » AD bisects Z A and intersects BC at D » where 
BD = 12 cm. » DC = 18 cm. » if the perimeter of A ABC = 80 cm. 


Find the length of each of: AC > AB C lem D 12cm. В 


ese = T ee . AB_ BD "o 2 
In A ABC : ` AD bisects ZA АСЛИ 1873 


‚ ^ The perimeter of A ABC = 80 cm. » BC = 12 + 18 = 30 cm. 


+ AB + АС = 80 – 30 = 50 cm. 


AB _ 2 . AB+AC_2+ 
та 3 “TG 3 3 (from the properties of the proportion) 
ЭО _3х 50 _ 
40> 3 AC = z 30 cm. p" 
z AB = 50- 30 = 20 cm. (The req.) 


TRY TO SOLVE - 





In the opposite figure : 

ABCD is a quadrilateral in which : AB = 8 cm. 

‚Ар = 12 ст. › AE bisects Z А and intersects BD at E 
, EF // BC and intersects DC at F , if DF=6cm. ; 
then find the length of : DC 





Important Remarks 


(1) In the opposite fipure : 


If AD , AE are the bisectors of the angle À and 









the exterior angle of A ABC at A respectively 


, then BD = AB , BE -AB . BD _ BE 


DC AC ЕС АС DC” EC 
г. The base BC is divided internal! y at D s externally at E by the same ratio (АВ: AC) 


and we notice that : the two bisectors AD and AE are perpendicular. 


خض 


i.e. |, m (4 DAE) = 90° 








The triangle proportionality theorems 





(2) If AD bisects Z BAC and intersects BC at D » then D takes one of the following : | 





A | A | А | 

C | i — | 
If AB > A If AB = AC | IFAB «AC | 
s then BD» DC » then BD = DC Е then BD < DC | 
D is nearer to ie. D is equidistant ie. L D is nearer to | 


C than to B from each of B and C B than to C 





ee -— 
(3) If AE bisects the exterior angle of A ABC at A » where EG BC sthen E takes one 


of the following : | 
| 


N 
ha | -5 A rd | 
“yA | | AC 
pee С B C B || 6 p. 
If AB > AC If AB = AC |. IfAB«AC | 
„then BE> EC —s then AE/ BC оеп BE < EC 
ie.|| ECBC l |. ie. ECCB 





Gp 





ABC is a triangle in which AB = 8 cm. s AC = 6 cm. » BC = 7 cm. › draw AD to bisect 


Z A and intersect BC at D » draw AE to bisect the exterior angle A and intersect BC at E 


Find the length of : DE 








In A ABC: 
+ AD bisects ZA > AE bisects the exterior angle A 
, BD, BE _ BA .BD.BBE. 8.4 (р) 
"DC CE АС “DC CB 6 3 
. BD+DC_4+ (from the properties of the proportion) 
DC P. 
„ ВС? "um -« DC 23c 
pe^ 3 “рс = 3 s DE =3 cm. 
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From (1) : '. va = i ij BEC = Ln (from the properties of the proportion) 
„Ж „1 Л ud 
` CH 3 "СЕ 3 
5 CE 221 em. 7 DE=DC+CE=3+21 = 24 cm. (The req.) 
TRY TO SOLVE y 
In the opposite figure : E A 
— Bou 4 75 
AX bisects / BAC › AY bisects 2 CAE 
„AB 27 cm. ;AC=3 cm. »BC=S5cm. Y 26. ИИВ. 
Find the length of : XY 


Finding the lengths of the interior and the exterior bisectors of an angle of a triangle 


mm 


If AD bisects Z A in A ABC internally and intersects BCatD 


, then AD =ABxAC-BDxDC 








» Given | ABC is a triangle » AD bisects / BAC internally 
; ADM BC= 1D} 
> R.T.P. AD = AB x AC - BD x DC 


» Const. | Draw a circle passes through the vertices of A ABC 





and intersects AD at E • draw BE 


b Proof | зз m(Z CAD) = m (4 EAB) (given) 
m (Z E)«m(Z C) (inscribed angles subtended by AB) 


+. A ACD ~ ААВВ » then AC = AD 
ACD ~ A AEB > then AE "AR 


^ AD x AE=AB x AC uu 
Remember that х 





^ AD x (AD + DE) = AB x AC 


AD x DE=BD'* DC 


г, (AD = AB x AC - AD x DE 
г. (AD = AB x AC - BD x DC 


^. AD = АВ x AC- BDx DC (Q.E.D .) 


_ The triangle proportionality theorems 





ABC is a triangle in which : AB = 15 cm. » AC 29 em, , AD bisects Z BAC and intersects BC 
at D sif DC 26 cm. 
Find the length of : AD 





A 
т aes . BD_ BA N 
„ AD bisects Z BAC DE mE ! EN 
BB LS ; = 19356 i^ 
"6 9 ^» BD = 10 C бет. D B 
~. ADZTABx AC - BDx DC = 15x9-10x6 2475 = 54/3 cm. (The req.) 
' Remark 


In the opposite figure : 
Е АЕ bisects / BAC externally and intersects BC at E 


„then AE =‘ BE x EC- AB x AC 





> 


In the opposite figure : 
ABC is a triangle in which AB = 8 cm. 
: BC 2 7 cm. » AC 26cm. » AD bisects Z A externally. 





Find the value of each of : X > y B 7em. C (Y«2xm D 


‚ BD. BA 8 _ 4 








+ AD bisects Z А externally “Gn ACT 673 
, DPI „ & ml ome: 

` y*2 3 y+2 3 

„3у +27 = 4у +8 Aem I9 


-. DC 221 em. » Вр = 28 cm. 


;: AD = TBD x CD- BA x AC -/28x21-8x6 - A540 = 6415 cm. 
‚е 615 (The req.) 


TRY TO SOLVE 
ABC is a triangle in which : AB = 27 cm. » AC = 15 ст. 
intersect BC at D » if BD = 18 cm. 

Find the length of : AD 






, draw AD to bisect Z A and 
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(XY: 6) Y ofl V old - ریاضیات‎ 











averse of theorem N93 N 


| In the opposite two figures : 


e If D C BC (Fig. 1) 


BD _ BA 
such that : DC —UAC C D B 


; then AD bisects / BAC 











o If DC BC . D BC (Fig. 2) 


BD BA 
pc AG 


, then AD bisects the exterior angle of A ABC at A 


such that : 


In the opposite figure : 
ABCD is a quadrilateral in which AB = 7.5 em. 
„ВС =5ст., CD 24cm. » AD = бст. 





А DE bisects Z ADC and intersects AC at E 


Prove that : BE bisects Z ABC B T5 ci A 





In AACD : +: DE bisects Z ADC ,28B.ABD.B.2 
a po 4 2 
AB 75.3 ‚ AE _ AB 
' BC З 2 “с BC 


` In A ABC : BE bisects Z ABC (Q.E.D) 


EEME 








Ihe triangle proporlionality Iheererry:; P, 


————@ШШӘ, 
ABC is an isosceles triangle in which AB = AC 5D € ВС 5 where BC = CD ; draw the 
bisector of the angle ABC to intersect AC at E s draw EF // BC and intersects AD at F 
Prove that : CF bisects Z ACD 


M ———, Solution ,— — — — — — 
In A ABC: 7 BE bisects Z ABC 





^ AE _ AB , but AB = AC , BC 2 CD (given) TA | 
EC BC Z^ | 
, АЕ AC | PY , 
Fa EC = CD ( ) |) ( 
In A ACD : 
mecum ene АЕ AF | 
- MS _ АГ 2 
PEBHCD ñ EC FD (2) 
"- гъ AF WAC 
From (1) » (2): ~. FD = Ср 
-~ In AACD : СЕ bisects Z ACD (QED 


С ШЕ 





In the opposite figure : 
ABC is a right-angled triangle at A » AD L BC 
„АВ = 6cm. AC 28cm. » AE 2 22 cm. 








3 
Prove that : CE bisects / ACD 
Solution 
' A ABC is right-angled at A ^. (ВС) = (АВ) + (АС)? = 36 + 64 = 100 
^ Bos Ium. 
‚> AD.L BC г. ADAC ~ A ABC 
, DCE AC , I5 „б. | ا‎ 
ACT BD Mo UU ^ DC = 6.4 cm. 
AB AD 
" А ОВА ~ Lea ы 
, A ABC CE CA 
quB. uL A | o Bas | EN o жый ж 
“10 ^8 (i AD=H48 em, +. DE=48 24 = 245 cm. 
22 
„АС ELE АЕ. “т. & 
CD 64 4 "ED 22 4 
. AC _ AE | Ко ; 
Оер ЕП „„ CE bisects Z ACD (Q.E.D.) 
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TRY TO SOLVE .- 


-————— 


ABCD is a quadrilateral in which AB = 20 cm. » AD = бст. DC 29cm. EC AB 
such that AE = 8 cm. + draw EX // BC to intersect AC at X 
Prove that : DX bisects Z ADC 


Fact 


The bisectors of angles of a triangle are concurrent. 


In the opposite figure : 
AM , ВМ and CM are concurrent 
at the point M 


In the opposite figure : 

ABC is a triangle in which AB = бст. » AC = 4 cm. 

, BC = 8 cm. › BM bisects Z ABC ; AM bisects Z BAC 
Find the length of : AD 





ү АМ bisects Z BAC . BM bisects Z ABC 


г. M is the point of concurrence of the bisectors of angles of A ABC 
'. CM bisects 4 ACB 


E: In A ABC : 2? = АС. ic l 





DB CB 2 
Q AD -al ; _ 
LAD 2 AALS GAD 
S5 SADSS 2 AD=2 em. (The req.) 
——— 
_TRYTOSOLVE _ 


In the opposite figure : Е 
ABC is a triangle in which AB = 5 ст. 
‚АС = 5 cm. »BC=6cm. 

: AD bisects Z BAC , CE bisects Z ACB 
Vind the length of : AF 





Co D | B 





Вер 


=. 
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Lesson 


Applications of proportionality in the circle 


Power of a point with respect to a circle 


Definition 





Power of the point A with respect to the circle M in which the length of its radius is г, is 


the real number P,, (A) where Py (A) = ( AM)? — 2 


For example : 

In the opposite figure : 

If A is a point outside 

the circle M whose radius length equals 5 cm. 
» Where MA = 7 cm. 

„then Pq (A) 2 74 - 55 224 


Note Û 


— - سا 





We can expect the position of point A with respect to the circle M if : 
e Pu (A) >0 > then A lies outside the circle. 
“Р (A) 20 s then A lies on the circle. 


Рм (A) <0 > then A lies inside the circle. 





———————— ШЕШШ, ——————— 
If M is a circle of diameter length 12 cm. » A is a point lies on its plane » determine the 
position of point A with respect to the circle M in each of the following cases » then calculate 
its distance from the centre of the circle : 


1 P4 (A) = 13 2 P4 (A) = Zero 3 P4 (A) 2-11 


“103 


= 
pee ae ae Ra 






jae à 4 
"ESSE. 
"Sr Me Р 
=n 4 = - l 


ж 25 ы шош 


-" Length of circle diameter = 12 ст. ~. r2 6 ст. 


1 Py (А) = 13>0 +, A lies outside the circle 

, Р. (А) = (MA -r° .. 13 = (MAY - 36 

". МА = 7 ст. 
2 Р, (A) = Zero 7. A lies on the circle ^. МА = 6 сп. 
3 vB (A= —]1 <0 г. А lies inside the circle 

„ v Py (A) = (MAY -r° 5 -1M = (MAY ~ 36 

^ МА = 5 ст. 


( TRY TO SOLVE | 
| 


Determine the position of each of the points A » B and C with respect to the circle M | 
whose radius length is 5 cm. if : 
1 Py, (A)= 11 2 P,, (B) = Zero 3 Py, (С) 7-16 P 


Then calculate the distance of each point from the circle centre M 








Note 


[f the point A lies outside the circle M 





| ,then P,, (A) = (АМ)? -r° 
= (AM - r) (AM +г) 





= AB x AC = (AD) 


^. length of the tangent drawn from A to circle M =f Р (А) 





M — M ш — ——HMÓ— 


For example : In the opposite figure : 
If point A lies outside the circle M whose 


radius length is 6 cm. » AD is a tangent to the circle at D C 





I AB 24 cm. » we can find Pu (A) 


with one of the following methods : 
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The triangle proportionality theorems J 
‚ Using the definition : P (A) = (АМ) - r” = (10)? — (6) = 64 


e Using the previous note : P,, (A) = AB x AC = 4 x 16 = 64 


From the previous » we can get : AD where AD =\ PACA) =" 64 = 8 cm. 


Notice that Sie 


In the opposite figure : 


If point A lies outside the circle › AC intersects the circle at B » C 


then Р,,(А)= AB x AC 





And this can be concluded from the previous note » where : 


PA (A) = (AD)? s where AD is à tangent to the circle M at D 


;': (AD)? 2 AB x AC . Py (A) 2 AB x AC 





Note B — 

[f point A lies inside the circle M ; then : 
P4 (А) = (AM) -r 

= (AM - r) (AM +r) 

= – (г- АМ) (AM +r) 2- AB x AC 





E 


For example : In the opposite figure : | 
[Г point A lies inside the circle M whose radius length is 7 cm. ÁN 


C B 
and lies at a distance of 4 cm. from the circle centre у 


> then P,, (A) =—AB x AC =-3 x 1] =- 33 


Notice that E 

In the opposite figure : 

If BC is a chord in the circle M , A C BC 
» then Py (A) =—AB x AC 








And this could be concluded from the previous note as follows : 


Pų (A) 2» -AD x AE (where DE is a diameter) 
>‘ AD xX AE=AB x AC Py (A) = -AB x AC 





Summary of the previous as follows : 


If A lies outside circle M » then : | If A lies inside circle M : then : 








| P (A) =-AB x AC 2 -AB x AC 





| Py, (A) = AB x AC = AB x AC = (АР)? 


Cam —— 








A circle of centre M and its radius length is 3 cm. » А is a point at a distance of 7 cm. 


from its centre » from A a straight line is drawn to intersect the circle at C » D » where C CAD 
„if CA = 5 ст. »calculate the length of the chord CD 
' P4 (A) = (AM) - r* 249 - 9 = 40 | 


‚> Py (A) = AC x AD 





“ 40 = 5 x AD 
^. AD = 8 cm. 
^CD2ZAD-ACz28-5z3cm. (The req.) 


A circle M of radius length 7 cm. » A is a point at a distance of 5 em. from its centre. 
The chord BC passes through point A » where AB = 3 AC 
Calculate : 1 The length of the chord BC 


9 The distance between BC and the centre of the circle. 





RI 


Ihe triangle proportionality theorems Fi 





И‏ سس سس ی سی 


Py (A) = (AMY -r° = 25 - 49 =-24 pe 
(S P (A) =-AB x AC 4-242-AB ХАС a N А 
24 2 AB x AC M 
‚АВ = ЗАС г. 24 = 3 AC x AC 

8 = (AC) AG -18 = 212 ст. 

АВ = ЗАС АВ = 6[2 cm. 

7 ВС= АС + АВ = 812 cm. (First req.) 


; let the distance between the chord BC and the centre of the circle be MD 
> Where MD L BC 

, MD LBC .. D is the midpoint of BC 
.PQ(D)-(DMy-rzz-BDxDC ~ (DM) -49 =- 42x 42 


P" | DM =17 - DM =417 «4.1 cm (Second req.) 


Р 
ж 
TRY TO SOLVE 


The circle M has radius length 20 cm. » A is a point at a distance 16 cm. 
from the centre of the circle » the chord ВС is drawn where A C BC , AB =2 АС 


Calculate : 1 The length of the chord BC 


9 The distance between the chord BC and the centre of the circle. 


ڪڪ 
Important Note‏ 
The set of points which have the same power with respect to two distinct circles is‏ 
called the principle axis of the two circles.‏ . 


If Py (A) = Py (A) » then A lies on the principle axis of the two circles М and N 


(YT: PY Sofas \/ ou) - olst, - yalo i 177 








For example : 


If P, (A) = Py (A) » Pu (B) = Py (B) 


„then AB is the principle axis of the two circles M and N 


Example | 4. 
Two circles M and N are intersecting at А and B »C EBA CE BA , draw CD to intersect 
the circle M at D and E » where CD = 9 cm. » DE = 7 cm. » draw CF to touch 
the circle N at F 
1 Prove that : C lies on the principle axis of the two circles M and N 


9 If AB = 10 cm. » find the length of each of : AC » CF 


-- A lies on the circle M › A lies on the circle N 
^ Py (A) =Px (A) = zero » 


Similarly : Ру; (B) = Py (B) = zero 





г. AB is the principle axis for the two circles M and N 


sC CAR 
2, C lies on the principle axis of the two circles M and N (First req.) 


»* Py (C) = CD x CE =9 x 16 = 144 


» Py, (C) = CA x CB '. 144 = CA (CA + 10) 
+, 144 = (СА)? + 10 СА - (CA)? + 10 СА – 144=0 
^. (CA- 8) (СА + 18) = 0 i CA=8 em. 


, C lies on the principle axis of the two circles M апа N 
Ру (С)=Ру (С) +P, (С) = (CF) 
Ur (CF) = 144 “CF = Lem (Second req.) 
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The triangle proportionality theorems 









A Secant , tangent and measures of angles 


as am == Ч = 8 оз we аа „_ 
Gas Шалык Та а e з 
= "т T иш 
"EE ^om m — „ш „аы ш ш шш = pe т SEE ак ла „ав „шш сс: qs oe ie a йй D ШЕ ЖАШ = 
Es ت‎ ce ae ыш ©" = гч 
"m 
ے‎ жиш ЕТА 
m 
à 
r 
i 
| 
I 


1 The measure of an angle formed by two chords that intersect inside a circle is ` 








equal to half the sum of the measures of the intercepted arcs. 
In the opposite figure : 

| AB „ CD are two secants to the circle » where 

| ABN CD = {E} ; then 


m (Z AEC) = Lim (AC) +m (BD)] 





| For example If m (AC )250^.m (BD) = 1707F 
| ^. m (Z AEC) = 1(50* + 170°) = 110° 
О The measure of an angle formed by two secants drawn from a point outside a circle | 
is equal to half the positive difference of the measures of the intercepted arcs. 
> : In the opposite figure : 
AB , CD are two secants to the circle » where 


АВ N CD = {E} » then 





m (Z E) = [m (AC) - m (8D)] | 


| For example If m (AC) = 120° »m (BD) = 50° 


same cm =ош AA 
za m ж жа md d m we ШЕ шша m m ЧЕ Ыз t pcs -— BRIT 
еа mdn dae qj DD D OR Irae tru e WM eem oo s е ug rib D nem Pet ii 5 ca 
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Gp. 


In each of the following figures » find the value of X : 


9 a 








Solution 





1 X= 4 (40° + 100°) = 70° 
О >> measure of circle = 360? «m (AC) +m (DB) = 70° + 140° = 210° 


5 m (AD) + m (BC) = 360° — 210° = 150° X= 4 x 150° = 75° 


7) 
m · -£ + 80°) = 110° ~. X+ 80° = 220° X= 140° 
4 X= 4(130° — 50°) = 40° 
5 · de (X= 55°) = 42° X= 55° = 849 ^ X= 139° 
6 "1 (150° — X) = 35° +. 150° — X= 70° +. X= 80° 


TRY TO SOLVE 





Find the value of X in each of the following i 


О 
LOC) 








| — The triangle 
а — ө e  À GÀ Е —————Ó RR ا‎ ка 


proporlionalily Iheorems b. 





"The measure of an angle formed by à secant and a tangent or two langents drawn from 
a point outside a circle is equal to hall the positive difference of the measures of the 


| 
| intercepted arcs. 


\ First case Intersection of a secant and a tangent to a circle 





ş Given | ABisa tangent to the circle M at B ; AD f the circle M = iC 5D] 

>R.T.P. | m(ZA)= alm (BD) -m (BC)| 

> Const. | Draw ВС, BD 

> Proof | ·- Z BCD is an exterior angle of A ABC 
^ mi BCD) =m(ZA)+m(Z ABC) 
- m(ZA)2m(Z BCD)-m(Z ABC) 





„с^ Z BCD is an inscribed angle. 
-.m(Z BCD) = lm (BD) 

"^ Z ABC is a tangency angle. 
^0 (4 АВС) = jm (BC) 


.m(ZA)z =m (BD) — +m (BC) 


1 
2 
= > [m (BD) —m (BC) (Q.E.D.) 
Second case 





Intersection of two tangents to a circle 





» Given 


AB , AC are two tangents to the circle M at B and C 
» R.T.P. m (Z A) = d. [m (ВХС) - m (8C)] 
» Const. | Draw BC 


» Proof 


7 £ BCD is an exterior angle of A ABC 
^m(ZBCD)zm(Z A) + т (4 B) 
^m(ZA)-m(Z BCD =m (ZB) 





s ' Z BCD is a tangency angle. „ш BED) = Lm (BXC) 
V 2 B is а tangency angle. .m(ZB)= jm ( BC) 
(4. А) = z M (ВХС) – +m (BC) 
= l[m (ВХС) - m (8C)] (Q.E.D.) 
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Gump 





In the opposite figure : 
If AB is a tangent to the circle M at B » m (Z A) = 30° 
, AM is a secant to the circle at C and D »m (BD) a3 2" 


Find the values of : X 


ttti —Ó 


га АВ is a tangent to the circle M > AD is a secant to it. 

~m(ZA)= [т (BD) - m (BC)] n X [m (BD) - m (BC)] = 30° 
».m(BD)—m (BC) = 60° — 

,'- CD is a diameter in the circle M г. m (BD) +m (BC) = 180° 
Adding (1) • (2) we get that : 2 m (BD) = 240° | 


+, m(BD)= 120° 


.m(BD)=3X° ANO ax 
In the opposite figure : 3 


If AB and AC are two tan gents to the circle M at B > С 
respectively » m (Z À) 2 y (3 X» 10) 
, m (BC) minor = 140° » m (BC) major = (3 X + 10)? 


Find the values of : X and y 


-+ The measure of the circle = 360° 
e: y (BC) minor + m (BC) major = 360° 
140° + (3 X 4 10)? = 360° Sax Бр = 360° 
5, Зе = ZIV n & = 10° 
«m (BC) major = (3 x 70° + 10°) = 220° 
Es AB and AC are (wo tan gusta to circle M 
~m(ZLA)= + [m (BC) major = m (BC) minor | 
у= [220° - 140°] = 40° 
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(2) 


(The req.) 





(The req.) 





Ihe triangle proportionality theorern: - 


( TRY TO SOLVE 








— == TŘ 


Using the givens in the figure , find the value of the symbol used in measurement :- 
С А 


а] 
170 








—— 4 
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By a group of supervisors 


This book includes new problems 
measuring higher levels of thinking 
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› Unit Exercises | 


Pre-requirements on unit one. 


Exercise 1 


Exercise 2 ° 


Exercise 3 : 


Exercise 4: 


^ + 
Exercise 5 


Exercise 6 : 


: An introduction in complex numbers. 


Determining the types of roots of a quadratic equation. 
Relation between the two roots of the second degree equation 
and the coefficients of its terms. 

Forming the quadratic equation whose two roots are known. 


: Sign of a function. 


Quadratic inequalities in one variable. 


| At the end of the unit : 
+ © Life applications on unit one. 
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irements on unit one 


= \ LU] From the school book E 





1 (1) Each of the following graphs illustrates a quadratic function. Find the solution set 
in R of the equation f (X) = 0 in each figure : 


(1) 





UJ Choose the correct answer from those given : 


( 1 ) If the curve of the quadratic function f cuts the X-axis at the two points (2 » 0) ; 


(— 3 $0) »then the solution set of f (X) = 0 in Ris eee% 

(а) {20} 0) 4-3,0] (c) {-3 »2} (à (e ,-3)] 
( 2 ) The solution set of the equation : X А ШЇ ЇЇ eee 

lk e1? (b) 10! (c) {051} (d) Ø 
(З) (ж = X?» bX^*c » X = 21s a root of ће equation : f (X) = 0 > 

then f (2) = ee 

(a) 2 (b) - 2 (c) 4 (d) zero 
(4) If X23 isa root of the equation : X*+mX =3 sthenm=- ; 

(a)- 1 (b) -2 (c) 2 (d) 1 


Mir 
' xu mi 





at m 
ке [з 
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( 5 ) If one of the roots of the equation : X^ — 16 = 0 is 4 » then the other root is «++... 


|. 0 ым м — —— Algebra relations and fuühctions- p a 
( 5) If the curve : y = X (a Х) » which of the following statements could be right ? 





(a) - 4 (b) 4 (c) 8 (d) zero (D The curve intersects the X-axis at two points (O » 0) » (a » 0) 
| = í à а а 
EJ ш Find algebraically the solution set of each of the following equations in IR : (2) The curve vertex 1s ( a*a ) 
(1)X*-1=0 (2) х2+9-0 (3) The axis of symmetry of the curve is: X = а 
(3)X**3X20 (4)X*-6X4920 (а) CD › © only (b) CD » Q only 
(c) ©) » (8) only (d) АП] the previous 


4 Find in R the solution set of each of the following equations by using the general 


6 site fieure represents the curve 
formula approximating the result to the nearest tenth : ( 6) The oppo 5 p 


у=аХ^+ЬХ+с 











(1}.X%*-6X%+1 =0 (2) Х2+3 Х+5=0 So alere s PRA 

T qe ich of t wing is true * 
(3)£02X?*-3x-420 (4) CO 3 X- 65 =0 We O AE LOGO 

(8)X— 9.23 ' ai ©су Уз (2a»05c»0 (b) à» 0»c«0 
LE 0-2 X923 —— (с)а<0 ›с>0 (9 а<0 ,с<0 


5 Find in R the solution set of each of the following equations algebraically , then check 


( 7 ) In the opposite figure : 
the answer graphically : 


If the volume of the cuboid = 40 cm? 














) n : — ; = | ы pu ч the dip [-2; 4) СТОРОНИ Әй. 
( i ; -X1 +2= (Draw graphically in the interval [- 1 5 4]) (a) 7 (b) 6 (c) 5 (d) 4 
(3) 5+3=0 (Draw graphically in the interval [- 3 5 3]) 
(4)-2Xx?-4X41-0 | ( 8 ) In the opposite figure : - | A 
l —— | If the area of the rectangle = 78 cm? E 
ш Цц = sum of the whole consecutive number FAF * „+ n) is given by the relation | , then the perimeter of the rectangle = . em. i 
"e (1 +n) » how many whole consecutive numbers starting from the number 1 and their (a) 78 (b) 58 "E Шеш, D 
sum equals : | (с) 38 | (а) 19 
(1)78 (2)171 (3)253 (4 ) 465 ; ; 
e !(GÓJ!"Y!— — (9) A rectangle piece of land whose dimensions 6 » 9 metres. It's needed to double its area 
7 Choose the correct answer from the given ones : by increasing each dimension by the same length » then the increased length = === m. 
( 1 ) The necessary condition which makes the equation a X? + b X + c = 0 quadratic (a) 3 (b) 5 (c) / (d) 9 
jus cops: i 
(a) a> Û (b) a < 0 (c)az 0 (d)ax0 5,b#0 8 Find the value of a which makes X = 2 is one of the roots of the equation : 
2 2 = « *5orl-"Qu5 9 
(2)If(y-4) 236 , у<0,Шепу+4= 9—9 | X“-2aX+2 (a7 —6) =0 1+ 5 or1-35 
(a) —2 (b) 2 (c) 10 (d) 14 | 


Oirrco-ax?«bxec › /(0=-3 


| | » find the value of each of a » b and c if the roots of the equation f (X) = 0 are З and -4 
(а) т = – 3 (b) m is an even number | 





( 3) If X = 4 is one of the roots of the equation : X? + m X 24 › then ------:: Т 


ЛЕТИЕ. Е 5 


| (c) (1 — m) is a perfect square (d) (a) › (c) are both right | 
| ( 4 ) The common root of the two quadratic equations : X ?^ 3X 4220 and | 
à X^ 8562 el) fg eene | 


(ay Ж=2 (b) X21 (c) X2—2 (@ х= 1 


Ponar aia emg r aE (Gola) ma 9 
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mU ENSE 


An introduction 
in complex numbers 


Exercise 


СП) From the school book M yourself | 


(11) Put each of the following in the simplest form : 


(1) 521 ( 2) i? (3)£01i€ 
(4) Mi * (5)1^9 (6); ™ 
1 ] inn і 
m (8) 55 Par 





F) If n is an integer , write each of the following in the simplest form : 
(1)1* (wo (3)i1!*? (4) 18-3 





EJ Simplify each of the following : 


(1)4-15 (2)42x-8 


(4) KM 31(-21) (5) LJ C41) (- 6 


(3) а 1-18 x4-12 


(6)ED -2)? COD? 





Г) Find the result of each of the following in the simplest form : 
(1) EM (3+21) + (2—51) (2) 00 (12-5 117) (7-81) 
(3)2-(1-21) + (4—51) (1-31) (4) EQ Q«1-9) 3-41) 
(5) Ш (4-31) (443i) (6) (2=5 i) 
(7)8-20^-(G +21) (8)(141)4 
(9) (1«3-1)*- (1 ату (10) @ (1-1) ® 


UD 17) Oe Sir 4d 9) 





E] Put each of the following in the form (a + b i) where a and b are real numbers : 


4—5i 26 — m | 


Г чажы ۰ c ТЕ тоо 











Algebra , relations and functions 





pup 23-63 G2) Q-i WE E 
ат a 3 + i „аи =: 
1 сву. 131921221" (9) 213 * 4-8 


B —— —— 
ei is l-514 91°37" 43-18 


(Э Solve each of the following equations in the set of complex numbers : 


(1)3X^4- 1220 (2)4 X? + 100 = 75 





(3) Х2-4Х+5=0 (4) 2х2+6Х+5=0 


ED Find the values of X and y that satisfy each of the following equations : 
(1)Х+у1=(3+21)+ (2-1) (2) X%+yi=- 0-377 
(3335X-23yi-(5-2D* (4)Ш (2Х-3)+(Зу+1)1=7+101 
(550 (2Х-у)+(Х—-2у)1=5+1 (6)3X+Xi-2y+yi=5 
(7) x?-y? «(X * y)i24i 





8 Find the values of X and y that satisfy each of the following equations : 


6-41 


10. Х / я : 
Mg гелт ул (4357 X+Y1 


(2+1) (2-1 





li xs 2 > y= ا‎ » prove that : X and y are two conjugate numbers. 
— 1 : 





O Ifa + bi= 577 , prove that : a” + b* = 1 





D Choose the correct answer from those given : 


( 1 ) The conjugate of the number (3 i — 4) is eese» 





(a) 31 + 4 (b) 31—4 (c) 31+4 (d) 31-4 
( 2 ) The additive inverse of the complex number (4 — 7 1) is «+ 

(a) 4 + 71 (b)— 4 + 7 1 (с) - 4—71 (9) 4-71 
(3) 1+4i¢ Pi eem 

(а) 41 1 (b) - 1 (c) 1 (d) 5 
(4)1f12+3ai=4b-—271 sthena+b=---- 

(a)- 9 (b) 12 (c) - 6 (d) 6 
( 5 ) The conjugate of the number ( 8) is =e 

(a) 81 (b) — 8 i (c) - 8 (d) 8 


M | 





e 


( 6 ) Which of the following is an imaginary number ? 


UH (b) Y5 (c)¥-5 (d) i? 
(735i AT as 

(a) 9 i (b) — 9 i (c) i (а) —1 
(8)1£1 +i (1-1) 2 X yi then X + y 2... 

(a) 4 (b) 3 (c) 2 (d) 1 
( 9) If X » y are real numbers and Х+уі= і +3 1-4 then X4 y = s 

(a) 3 (b) 5 (с)3+21 (а) 51 





© Discover the error 


12 LL] Find the simplest form of the expression : (2 + 3i)? (2—3 1) 


\\ Ahmed’s answer Karim's answer }— 


(2+3 1) (2+3 1) (2-31) 
= (2+3 1) (4912) 

= (2+3 1) (4+9) 
equ eS 


(243i) (2-31) 
= (44017) —_8 1) 
=(4=9) 2-3) 
= 5 0-37) 

=— 10+ 15i 





Which of the two answers is correct ? Why ? 





13 Choose the correct answer from those given : 
(1) IfL 5 M are the roots of a quadratic equations : X^ + 1 = 0 5 then L2018 + М20!8 = ........ si 


(a) -2i (b)2 i (c) – 2 (d) 2018 
(2) (1 + 1)2020 5 .......... 

(а) (1 - 1(0 (Ы) 21010 (с) 21010} (d) 12020 
ра у ы » then (X » y) = ог. 

1+1. 

(а) (0 > 1) (b) (- 1 +0) (c) (0 »— 1) (d) (1 $0) 
( 4 ) The conjugate of the number PET а. НИ 

(а) 2 + i (b) 2 - i (c) Er (d) AM 


( 5 ) Which of the following considering factorization of the expression : X? + 4 ? 
(а) (X — 2) (X + 2) (b) (X + 2)? 
(c) (X - 21)? (d) (X 21) (X 4 2 i) 





| vey | = Algebra , relations and functions ,  - 
کے‎ А 


( 6 ) To find the real value of X » y » it is sufficient to have с. 
(а) (X+2)+4yi=3-4ionly (b (2 Х+у) + 51=7 + 5 і only. 
(с) (a) » (b) together. (d) Nothing of the previous. 


(a) 2 (b) 4 (c) 8 (d) 12 
(8)Ifa sb »с dare four positive consecutive integers : i^ + Ded qi eeu 

(a) zero (b) — 1 (c) 1 (d) i 
(UY qd qf ges 

(a) 1 (b) -1 (c) zero (dja: tester 
(10) (1-1) (1-12 (1-2) (L4 15 2... +1100) зше 

(a) 2 (b) | (c) zero (d) Nothing of the previous 
(11) Ifi" = i" »then which of the following is always correct ? 

Ф т=п 


(2) (m + n) is an even number 
(3) (n — m) is multiple of 4 


(а) @D only | (b) CD »@) only. 
(с) Q »@) only. (d) AII the previous. 
(12) If a < b «0 «c where a » b »c are real numbers and b(c-a) + ab = д+ 31 
s then be = oes 
(a) 3 (b) - 3 (c) 2 (4) – 5 


(13) Which of the following is true ? 
(a)2+3i<3+4i 
(c)1+i>-—1-i 


(D 3-4 i< 2 —- 3 | 
(d) Nothing of the previous. 





14 If 7i= (X + 3 i) (у - i) – 9 » find the values of the two real numbers X and y which satisfy 
the previous equation. 


———— c E ZC 


Dır x= у= and 2X-y=a+ bi „ prove that: 9a? + b = 1 





Mo E | Algebra, relations and functions e — 
а 























(5) A Х2-3Х+2+—_=0 «4» 
(6) X*+ (2k +3) X + k 20 =e 
(7) aa) Хаф 1) X + (2k +1) = 0 ; then find the two roots. «051510r4 5-3 5-3» 
(8 MEEHX^-2kXt-T7TE-6X 9290 » then find the two roots. «О 3 »3Зог1 4 4» 
Ф E] Find the value of k in each of the following cases : 
[s (1) CH If the two roots of the equation : X? + 4 X + k = 0 are real and different. 
Ф Determining the types of а piis 
LL] : + + | | 2 — | = | 
roots ofa qua dratic equation ( 2 ) Ш If the two roots of the equation : k X ^ 8 X + 16 = 0 are complex m cz | 
yourself | ( 3) If the equation : X ^ =k + 2 has two real and different roots. «k € |-2 5 [» 
1 Determine the type of the two roots of each of the following equations : 6 Find the values of the real number m that make the equation : 
(1) X^ -2X+5=0 (2)X*-11 X4 1020 | (m- 1) X^—2 m X + m = 0 has no real roots. «пЄ |- ~» O[ » 
(3) X^-10 X 425-0 4)49 X? 14 7 А | ш 
" ы | і ли. | 1 Without solving any of the following equations , show which of them has two rational 
(5)ED -X" +5 X-30 =0 (6)2x*-7xX=0 | roots and which of them doesn't have rational roots ; then check your answer by 
| | solving the equation : 
EJ Determine the type of the two roots of each of the following equations : | (1)2x?-3x-2-0 (2) x24 5x 5-0 
(1) E X(x-2)-5 (2) EA 6 X= 19 x - 15 P^ | mE 
| | (3)2(X*3)- X(X-1)29 
(3) EH (X— 11) X(x—-6)20 — MÀ | : - 
(55x 9 à | 8 If a and b are rational numbers ; prove that the two roots of the equation : 
+ = = -—— | 
| X UE dx "d | aX*+bX+b—a=Oare rational. 
X X ! | i l 
7 Е... 28 + — = 3 | Los im — -n b | : x ! 
id X+1 X-1 (8) LI (X- D (X - 7) 22 (x - 3) (x - 4) | C) Ca If Land M are two rational numbers ; then prove that the two roots of the equation : 


| 
س‎ a = _——____.__— | s 
3 Prove that : The two roots of the equation: 2 X^—3 X - 22 0 are complex and not real , | нас FILM) іа my ыы р аа | | 


then use the general formula to find those two roots. (1) Prove that the two roots of the equation : 


X* +k X+ k = 1 are always rational where К EQ 


11 If a and b are two rational numbers » prove that the two roots of the equation : 


C If the two roots of each of the following quadratic equations are equal , then find the 


value of k : 
(1)3X?-6X+k=0 aja X? — 2a? X + a — b = 0 are rational numbers. 
(2) IB X" k vie -— (А Find the interval to which a belongs that makes the two roots of the equation : 
— TP" " (a + 2) X* + (2 a+ 3) Х+а- 1 = 0 real numbers. «ae[- 12 , e» 
E ox "erc cR WV io ج‎ 
(475 X? 49 pop 35D ‚зо (E) Prove that for all the real values of a except zero the equation : 
-— (a? 4- 1) Х2_2а5 xa^ = 0 has no real roots. 


М2 oo m EN | 15] 











(I) Prove that for all real values of a and b > the roots of the equation : 
(X — a) (X — b) 2 5 are real. 





(E) Prove that for all real values of a except (a = 2) the equation : 


(a- 1) X? -a X + 1 = 0 has two real and different roots. 





that measure high standard levels of thinking 





) Problems 


16 Choose the correct answer from those given : 
( 1 ) The two roots of the equation x9 жуа IUE ы зыла 
(b) not real. 





Exercise 


(a) real and rational. 
(c) real and equal. (d) real and irrational. 
(2)Ifax*+bxX+c=0 » aCIR*, bER , cERand (b^ — 4 a c) is non-positive : 


then the two roots of the equation are 


н - m m 5X X mA 


— 


(b) not real. 
(d) real and different. 
( 3 ) If the roots of the equation a X? +b = 0 are real and different then <... 
(a) ab > 0 (Б) а= 0 (c) ab « 0 (d)a-0»b»0 
(4)If a »b »care real numbers »a+b+c=0 ,a#c » then the two roots of the equation 
(b + c— a) X* + (c + a—b) X + (a + b—c) =O are ere 


(a) equal. 


(c) complex and conjugate to each other. 


(a) real and equal. (b) real different and rational. | 


(c) real different and irrational. (d) not real. 

( 5) In which of the following quadratic equations the roots are conjugate complex ? 
(a) X?^-4X-520 Уз x?44s x-1-0 
(с) x?-342 x 44-0 (3 x? - 7 X+ 5 =0 


( 6 ) If the roots of the equation X^ — 232 X + а = 0 are conjugate complex 


> then a Cc ......... 
0 [+2 2] (b) J= 52] 





Ш If a » b and c are real numbers , then prove that the two roots of the equation : 


х?+2аХ+а2- 024 c? are real. 





(Û Prove that the two roots of the equation : 


l | 1 | 
Pug Та dfe always not real if a CIR* » XÆ 10 s-a} 


t MEME EE. 








Relation between the two roots of the second 
degree equation and the coefficients of its terms 





{ From the school book [3 yourself 





E) Without solving the equation ; find the sum and the product of the two roots of each 


of the following equations : 
(2) Х2-5 Х+6=0 
(4)2x*-7x-620 


(1) X 143x—1020 
(3)ED4X?-4X-35-0 








(5)3x"—4-20 (6)X^-3X20 | 

(7) CQ 3 Xx*=23 Х- 30 (8)(4X+1)(X4+6)=(X-2)3X-4) 
Жур. 3 3X+2  ÁX-«1 

p yc UM Fo han ж 


(11) (а— 142-6 X-12a432590 


(12) (a+ b) X^ + (a? b?) X + à? + 2 ab - t?-0 





(2) Choose the correct answer from the given ones : 


( L) The product of the two roots of the equation: 3 +2 X — n x*=0 equals зз 


(a) —* (b) 12 (c) — 12 (a) 3 
( 2) The equation : b X? +c X+a=0 › the product of its two roots equals <<... 
be OF: G OF 
( 3) The sum of the two roots of the equation :5 X^ 3201s +++. 
ay -3 3 
(a) E (b) x (c) zero (d) 3 
(4) If L ; (3 — L) are the two roots of the equation: X -a X- 8-20 , ћепа= oss 
(a) 3 (b) —3 (c) 8 (d) —8 





(Y ie) ٹانوی/ ت‎ V/ (Gale) -ریاضیات -لغات‎ маје) 17 
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(5 ) Hi If one of the two roots of the equation : a X^ —3 X +2 = 0 is the multiplicative 


inverse of the other » then a =... 
1 L 
(a) = (b) 5 
( 6 ) LH If one of the two roots of the equation : X^ — (b—3) X + 5 = 0 is the additive 
inverse of the other root » then b = .......... 
(а) – 5 (b) – 3 (с) З (d) 5 


( 7) In the equation : a X^ +b X +c =0 , if the sum of the two roots = the product of 


(c) 2 (d) 3 


the two roots » then b = =. 


(a) a (b)—a (с) c (d) —c 

( 8 ) If the product of the two roots of the equation : (k 2) X * 6412-0153 Н 
then К = .......... 
(a) zero (b) 4 (c) 6 (d) 38 


( 9 ) If one root of the equation : 3 X^ — (k +2) X + k2 + 2 k =0 is the multiplicative 
inverse of the other » then k = -......... 
(a) — 3 or | (b) - 3 or - 1 (c) 3 or 1 (d) 3 or 1 
EJ cu If the product of the two roots of the equation : 3 X^ + 10 X —c =0 is ES » find the value 


eqs РЕ ad xxu 


of c » then solve the equation in the set of complex numbers. 5 





4 LL If the sum of the two roots of the equation : 2 X? +b X- 5 =0 is > » find the value of b 


» then solve the equation in the set of complex numbers. «bz35,X- = or X= 1 » 





Э Find the other root of the equation » then find the value of a in each of the following 
where a ЄВ: 


( 1) EB If X 2— 1 is one of the two roots of the equation : X? 2 Х+а=0 «35-3» 
(2)1fX- i is one of the two roots of the equation : 2 X^. X432 «3375» 
(3) If (1 + i) is one of the two roots of the equation : x°-2X%+a=0 lof ss 
(4) If (2 + 1) is one of the two roots of the equation : X^ +a X + 520 «2—-is-4» 





ГУ © Find the values of a 5 b in each of the following equations ; if : 


(1)2 „5 аге {һе two roots of the equation: X^ + a X + b =0 ka=—7sb=10» 


( 2) —3 ,7 are the two roots of the equation : a X^—b X—21-20 «az1»b-24» 


(3)-1, 3 are the two roots of the equation ER wa bz) CA2=29b=—3» 


2 
(4 ) 13 i ‚431 are the two roots of the equation : X? +a X + b = 0 


4a=0 sbh= 35 


(rre NE 








"шин Emu 





1 Find the value of k in each of the following which makes : 
( 1) CO One of the roots of the equation : X + (k - 1) X — 3 =0 is the additive inverse of 


«l» 


the other roots. 
( 2) One of the roots of the equation : (k — 2) X^ + (k 3) X-4 =0 is the multiplicative 


inverse of the other root. OS 


(3) One of the roots of the equation : 4 k X^-7Xc-k^-4-20isthe multiplicative 


a?» 


inverse of the other. 
( 4 ) One of the roots of the equation : 2 X^ + k? 2 5 X + 2 is the multiplicative inverse of 


the other root. «25 





8 Find the value of c » if one of the two roots of the equation : X*^—3 X--c 20 is double the 


«2» 


other root. 


C Find the value of k » if one of the two roots of the equation : X^ +k X 98 = 0 is double 
ex 7 > 





the additive inverse of the other. 





10 Find the value of n which makes one of the two roots of the equation: X^ -5 X+n=0 





exceeds the other root by 1 «6» 
i) Find the value of a which makes one of the two roots of the equation : X^—a X + 21 20 
exceeds double the other root by one. «—9.5 or 10» 


17 In the equation (a — 2) X? + (a – 3) X— 4 = 0 ;» find the value of a if : 
( 1 ) The sum of its roots equals 3 


T 33» 


( 2 ) The product of its roots equals — 4 





13 In the equation (k — 4) X? — (3 — k) X—-3 = 0 ; find the value of k if : 
( 1 ) The sum of its two roots equals 5 
(2) The product of its two roots equals — 3 


( 3 ) One of its two roots equals the additive inverse of the other root. 


35:351» 





( 4 ) One of its two roots equals the multiplicative inverse of the other root.  « 22 





14 Find the value of k which makes one of the two roots of the equation : 


2x. (k — 1) X+ (^ +2 k — 3) = 0 double the other root. «—-3.5o0rl» 
MÀ LL d 
15 Find the value of a which makes one of the two roots of the equation : 


« 10 or 2 5 » 


iB -—— ———————— 


2 | | 
X"—aX-2a-—4- 0 four times the other root. 


Algebra , relations and functions gg  — 





16 If the sum of the two roots of the equation : (a — 2) X? — a X + b^ = 0 equals 3 and the 


product of the roots is 5 » find the value of each of a 5b «3 5x5» 


m Find the value of c which makes one of the two roots of the equation : X ?_6X+c=0 equals 


the square of the other root. «— 27 or8» 


18 If one of the two roots of the equation : 8 X? — 30 X + c = 0 equals the square of the other 


root » find the value of c «27 or — 125 » 


19 Find the value of a which makes one of the two roots of the equation : 4 X^—a X- 3 =0 


exceeds the additive inverse of the other root by 1 «4» 


20 Find the value of a which makes one of the two roots of the equation : 2 X^-aX4320 


exceeds the multiplicative inverse of the other root by | «7» 


21 Find the value of c » if one of the two roots of the equation : X^—10 X * c 20 is less by2 


than the square of the other root. «— 56 or 21 » 


22 If the ratio between the two roots of the equation : a X? + b X +c = 0 as the ratio 2:3 ; 
prove that : 25 ac = 6 b? 


(E) If the two roots of the equation : 8 X^ — b X + 3 = O are positive and the ratio between 
them is 2 : 3 » find the value of b «10» 


24 If the sum of the two roots of the equation : (a + 1) ipali à^4120 equals the 


product of its roots » find the value of a «0or-3» 


25 Find the satisfying condition such that one of the two roots of the equation 
ax*+bxX+c=0: 
( 1 ) Is double the other root. 


«9ас= 26 :4ac 2 2 9 а? » 


(2 ) Exceeds the other root by 3 


26 Find the value of a which makes the sum of the two roots of the equation : 
X*—(ta44) X + 3 a =0 equals the product of the two roots of the equation : 


2X*~FaX+a’*=0 «4or—2» 


ف 


e 


2) If the product of the two roots of the equation : X ^ +4 X +k =2 is 12 ; find the value of k 





Algebra , relations and functions . 1 


Discover the error 








\ Mona's answer | A Noura's answer 


Т Product of the two roots = 12 | ж Xt Vek =? 
+ E = 49 AX 4+4X4k—-2=0 
'- Product of the two roots = 12 
s, k2- 12 xk-2219 n k=l4 








28 Choose the correct answer from those given : 
( 1 ) If (2 i) is one root of the equation : x? +aX+b=0 


where coefficients of its terms are real numbers • then all of the following are true 


2 ر 
(a) the other root is (— 2 1)‏ 


(c) product of the two roots 2 — 4 


(b) sum of the two roots = zero 

(d) discriminant of the equation < 0 

( 2 ) To evaluate the real values of b › c in the equation : X^ +b X+c =0 » itis sufficient to 
(a) real roots sum = 6 only. (b) one of the roots = (3 +1) only. 

(c) (a) » (b) together. 


(3 ) If the opposite figure Represents the curve of the function 


(d) nothing of the previous. 


f:fO=ax?+bX4+e „then 3® = enne 
(a) 3 (b) 5 
(c) 7 (d) 10 
( 4 ) The product of the roots of the equations : 
ax*+bX+c=0 » ЪХ?+сХ+а=0 » cX*+aX+b=0 equals -c 
(a) abc (b) – 1 (c) 1 (d) zero 
(5) If X, sX, are the roots of the equation : a X^ b Х+с= 0 and X, «0« X, 


»|X,|> X, |» which of the following statements could be true ? 


(a) a«0 (b) bc >0 (c)bc <0 (d)X,+X,>0 








29 Find the value of a which makes the two roots of the equation : 


3 X^ —(2a— 1) X + (a — 4) = 0 are different in sign. «aE]- >» 4|» 


EN و و و و و و و و و و و و و و و‎ e) 


аиын Algebra, relations and functions 4. — 


(5) If L and M are the two roots of the equation : X 2.27 E 
then find the numerical value of each of the following expressions : 


(1)12 M +ML (2+ 
| i 1 . 97 ] 
(3)(L-2)(M -2) (4) (re )(M*) «3551-511» 


حح جخ ل ي س 


C) If L and M are the two roots of the equation : X 2..4X-2205whereL2 M 


Forming the quadratic equation Ба (1)12+М* | ЛФМ (зул «M 
whose two roots are known (4)12-41.+7 (5)2M?-8M +15 «12 322 $40 55 » 11» 


\ (13 From the school book | | quai 
СА From the school book В yourself | E) If L and M are the two roots of the equation : X^ - 3 X— 5 = 0 » then find the equation 


| whose roots аге: L - 4 and M — 4 «X^45X-—1 20» 


ie ‘ 2390; x Be | a : * 
EL 7. 12 Juana] | | . find the numerical value of each of the following expressions : 








ED Choose the correct answer from those given : 





( 1 ) The quadratic equations whose roots sum - 1 and their product — 3 15 -------- s | 
(3 If L and M are the two roots of the equation : X^ — 5 X +3 = 0 »then find the equation 

















(a) N*—3X- 9520 bé^:xXx432z20 | 
(Б) | whose roots are : 2 L and 2 M « X* 2 10 X 4 1220» 
(c) X2-X+3=0 (d) X* + X-3 =0 | | 
| — £a NETT om M - 
( 2) The quadratic equation whose roots are 3 9 — 5 is 7 1 If L and M are the two roots of the equation : 2 X^ — 5 X-7=0 > then find шр equation 
2 P whose roots are : | - Land 1 - M uu X43 - 1020» 
(a) X^4-2X-1520 (b x^-2X-1520 | 
(c) X^-2 X - 1520 (d) X^-2X-4 1520 | If L and M are the two roots of the equation : X 2_3 X+ 1 =0 then form the equation 
| | F ( 4 = 
( 3) I£L » L? are the roots of the equation : 2 X° +b X + 54 = 0 > thenb = ---...... whose roots are : L + M and LM «кеткен» 
| BE و‎ 
(a) - 12 (b) – 24 (c) 27 (d) 56 Г} If L and M are the two roots of the equation : X^ —3 X — 4 = 0 » then find the equation 
2 1 : 
(4)If m (qq are the roots of the equation: a X^ + b X + 1220 , then a = <... zT | whose roots are : EN. L “Ad 07439 X= 1 S00 
(a) 3 (b) 5 (c) 6 (d) 9 | | > 
10) If L and M are the two roots of the equation : 2 X^ —3 X — 6 = 0 » then form the 
2 Form the quadratic equation whose two roots are : | equation whose roots аге: a and ~ «16X*-6X-3=0» 
1 —2 e | | 
(1) EH (^ (2)7 571 (3)-7,0 Gi) If L and M are the roots of the equation: 2 X*— 5 X + 120 » then find the equation 
A з | | T 
(4) HM 5 (5) -24 (6)E25*3,-2*3a i whose roots are : 212 and 2 M? | «2X^-21X4220» 
(7) 7+ 25 ‚7 — 25 (8) —51»51 (9) 1-3191 +31 | 12 LO Find the quadratic equation in which each of the two roots exceeds one of the two 
(10) tà 3-21/2i,3 42 2i (11) ш = 2 (12) ا‎ 2-4 | roots of the equation: X^—7 X-9 = 0 «X*—9 X— 120» 
13 abe ab? 
(13)a-b ›а+Ь و و‎ 13 Form the quadratic equation in which each of its two roots equals half of its corresponding 


a-b a^ + ab + b? 
root of the equation : 4x^— 12 X47 = 0) «16 X^—24 Х+7= 0» 


ш о о о С g) 








1 
e 





{Т} Find the quadratic equation in which each of its two roots equals the square of the 


corresponding root of the equation : X*43X-520 « X*-19 X + 25 =0» 


(E) EO If L and M are the two roots of the equation : 2 X 5.0895 0, 


then form the quadratic equations whose two roots are : Js ol 


M L à&2X*413X42205 


16 If L and M are the two roots of the equation : X * +5 Х+6= 0 » find the equation whose 


roots are: L- M and M-L iX 1205 


1 If L and M are the two roots of the equation : X 2_2 X-4=0 5 find the equation whose 
roots are : —- and L «16 X^—12 X120» 
L M 


18 If L and M are the two roots of the equation : 3 X^ — 5 X+2=0 , form the equation 


L^ M? — 
whose roots are: — and Em « 18 X*—35 X4 IZ = 0» 


M 


(E) If L and M are the two roots of the equation : 10 X? + 12 X— 1 =0 » form the equation 


whose roots are : 2 L + 0, ,2M +- a5 0° ~48 X—3220» 


20 If L and M are the two roots of the equation : X? -3 X 5 = 0 » find the equation whose 


roots are : L? M and M^L « X* + 15 X- 12520» 


21 If L and M are the two roots of the equation : X^ — 3 X + 5 = 0 » find the equation whose 


roots аге: 6 L7 + М? «5. y 6n» 


22 If L and M are the two roots of the equation : X 2_3 X-1 =0 , where L>M › form the 


equation whose roots are: 3 L-2 М 2 L— 3M «х? 5413 x4 79 20» 


FE) If L + 2 and M + 2 are the two roots of the equation : X^— 11 X + 3 =0 > find the equation 


whose roots are : L M а 209 5 Se 


24 If L+ 3 and M + 3 are the two roots of the equation : X*-5 X+ 11 =0 » form the 


equation whose roots are : L? M and M^ L XES Х+ 125 = 0» 


25 If -- , x are the two roots of the equation : X^ — 3 X + 1 = 0 » form the equation whose 


roots are: LM-7»L -M + 3 «x*—3620» 


26 If L and M are the two roots of the equation : X ? .2 X—5 = 0 »form the equation whose 


roots are: L^ +M. > М +1. «X^—16 X4 58 2 0» 


[п o a 








| | | і 
aii З and са are the two roots of ће equation : X^ — 12 X + 9 = 0 › form the equation 
L | 


x*—92X c1 
OOS are: — 9x Р as Disc 
whose r Ө 
| ; 2 Кы ы і! 
28 If the difference between the two roots of the equation: 6 X^ —7 X+ 1 =c ıs ra 
find the value of c МЕ 


ا 
(I: If the difference between the two roots of the equation : 3 X^ —2 X + с = 0 equals the‏ 
difference between the two roots of the equation : 2 X 2 6X4320‏ 
prove that : 9 c^ + 48 c – 232 = 0‏ ‚ 
С‏ 
CQ If the difference between the two roots of the equation : X* + k X + 2 k =0 equals twice‏ )30 
the product of the two roots of the equation : X7 + 3 X + k =0 » then find the value of k‏ 
б‏ | 
«О or —»‏ 
3 


31 If L and M are ће two roots of the equation : 4 x2-6X+a=O0andL?+M’=7LM » 
find the value of a a s 


32 If L and M are the two roots of the equation : x?—8 X+c=0 and L + М? = 40 ; find the 
numerical value of c » then form the equation whose roots are : L MIM LLM 


«62125 X^—108 X4 115220» 





33 If L and M are the two roots of the equation : X 2 A4X-—520 where L>M ; then form 
the equation whose roots are : L— 7 › 2 М? + | (X* “Kb 






۰ ) D LES C0 ШШ 









34 LO If L+ 1 and M + 1 are the roots of the equation : X*+ 5 X + 3 =0 > then find the 
quadratic equation whose roots are : L and M 


B (L4 1)+(M+1)=-5 
.L+M+2=-5 
* L+M=-7 
s YL4 DOM +10) = 3 
"LM-«(L-N)4123 
"LM-74-123 
IND EO 
z The equation is: X*+7X+9=0 





X Amira's answer 
sLeSM--5 

Мез 

(+10) + (М + 1) 

=1.+М+2=-5 +2 = -– 3 
(+10) (М + 1) 

= M+ (L+ M) + | 

ped 31-1 

7. The equation is : x43 9 4T 



























Which of the two answers is correct ? Why ? 
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Algebra, relations and functions 4, 1 


( 8 ) If the curve of the function f where f (20 — a X* +b Х + с intersects X-axis at X =L 
,X2M where| L-M|» 1 > then ·--------: 
(a) f Gat DSfÓUJ5T(0-31 (b) f (L- 1)» f (D) > f (L4 1) 
С >J et> TL- (d) f (L-- 1)xf (L-1) «0 

( 9 ) £L » M are the roots of the equation : X^ — (tan 0) X — 1 = 0 and 12 + M =3 





Problems \ that measure high standard levels of thinking 


= 
a 


35 Choose the correct answer from those given : 


( 1 ) The quadratic equation whose roots аге the dimensions of a rectangle of area 15 cm? 


and its perimeter 26 cm. 15 =-=- 


(a) X*-26X+15=0 (b) X* + 26 X—15=0 
) where 0° < Ө < 90° » then Ө = e. 

(c) X^—13 X- 15-20 (d) X^—13 X4 1520 " 

: : (a) X (5t (с) © (d) 

(2)1Ifa^-3a-120 › b“+3b+1 =0 where a »b are real different numbers 12 6 4 
a b _ ааа ڪڪ‎ eee 

due a i MEM EY} If L and M are the two roots of the equation : a X^ - 2b Х+с= 0 »a0 LM and 
(a) 2 (b) 7 (a) —5 (d) 11 


L—M = 2 »prove that : 
( 3 ) КІ, M are the roots of the quadratic equation : (X а) (X — b) =k » then the 








"S b 
jii 52 =f Ž 2 ies Le 
quadratic equation whose roots are a and b is = FAP cada +e) ر‎ a 
(a) (X - L) (X т) =0 (b) (X - L) (X - n +k =0 37 If the difference between the two roots of the equation : a X *+bX+c=0 » where 
(c) (X - L) (X-m) =k (d) X*-(L+m)X+k=0 a z 0 equals twice the sum of their multiplicative inverses 


( 4 ) To form the quadratic equation whose roots 4 L » 4 M where L » M are real numbers ‚ prove that : c? (b^ – 4 ac) = 4 a^ b^ 


it is sufficient to have ---------- 


(a) L + M = 5 only. (b) (L + M + 4)? T (LM - 3)? = zero only. 


= сан n 


(с) (a) » (b) together. (d) nothing of the previous. 

( 5 ) Omar and Khaled are trying to solve a quadratic equation Omar miswrite the absolute 
term of the equation and he got the roots of the equation 3 » 4 » while Khaled 
miswrite the coefficient of X in the equation so he got the roots of the equation 2 »3 
then the right roots of the equation are -------::. 

(а) 2.4 (b) —2 »-4 (c) 1 6 (d)—15-6 

( 6 ) If the roots of the quadratic equation : X? + b X + с = 0 are two consecutive odd 
numbers » then b^ — 4 c = .......... 

(a) — 1 (b) 2 (c) 3 (d) 4 

( 7 ) If the roots of the quadratic equation : X^ — b X + c = 0 are two different inte gers and 
b „с are prime numbers which of the following statements could be right ? 


(D The difference between the equation roots is odd. 


(2) b^ — c is a prime number (2 b + c is a prime number 


(a) CD only (b) CD »@) only. (с) Q s@) only. (d) All the previous. 








| | АЕРЫ NESE ARE ORC BYVAL ee а Algebra, relations and functions , _ 
8 Choose the correct answer from those given : 


( 1 ) The function f : f (X) = — 4 is negative in the interval «+--+ 

















()]-e»4[ (b> + 4 4l (с)]-,=[ —— (@]-2›2[ 
( 2) The function f : f (X) = 5 X—3 is positive at ее 
(а) X» 2 (b) X« 2 (c) X» 2 () X «2 
0) ( 3) If f(X) = X + 2 where x €E|-4 ,3[ » then f is positive at X E... 
б а)]-9=›—2[ (®]-2›=[ (0]-4.»-2| — @]-2›,3[ 
© (4) The function f : f (X) = c has a sign ==- always. 
in Sign of a function Vs (a) positive (b) negative (c) X (d) c 
x Test (5)1f (х) =3 X » then the sign of the function f is negative in the interval +e 
Sa youre @bos3f — 01e (Jol —— 51-3 sf 
EB Investigate the signs of the functions which are defined by the following rules : китеше | f (X) = X^ -9 is negative V X E= 
(1)f 092-1 | _ (2){й/бо=2? (300 fO0=2x (а) R-[-3 » 3] Mem ()]--»-9[ ^ d Jo 5-3 
(4) Cf (X)=-3X | (5) f()=5X-7 (6)f CO = -lx (7) The function f : f (X) = X + 1 are positive for X € ==- 
$F (a) ]0 >» | (b) ]1 | (c) ]- oo » Ц (d) IR 
2 Determine the sign of each of the functions which are defined by the following rules ; ( 8) The function f : f Q9 = X^—6X-49is positive in the interval == 
then represent your answer on the number line : | (a) ]0 s o| (b) ]- » 3[ (OI- {31 (d) IR — 105 
CS ERE гое) Des) (2) ER f 002 QX-3y | (9 ) The function f : f CQ =a X? + b X + c has one sign in R at --------- 
(3)f0922X^45x-7 (4) f (9 =X? -4X+3 | uu а вй e M 
(5) Q f O02 X*-8X-416 (OF OSX XES | (5 425-0 Б.д ай 
(7) (0) =4х-7-х* (8) 00=9-4х? | (10) If the function f : f Q0 =a X^ +b X + c and a < 0 and the two roots of f (X) = 0 
| (89)ED f Q0 -2.X* | are 2 »— 5 , then the function f is positive in ---------- 
EJ Draw the curve of the function f : f CO =2 X? -8 in [- 2.» 2] @){-5:2}  (mR-]-5»2[  (o]l-5»2l (d) |= » — 5] 
From the graph » determine the sign of f in IR : (11) To investigate the sign of the function f its sufficient if we know ===- 
4 Draw the curve of the function f : f O0 =2 X-3X+4in 1,24] (a) the curve of the function f parallel to X-axis only. 
From the graph » determine the sign of f in R | (b) the curve of the function f lies completely below X-axis only. 
Б Dine the curvecof the function f OY =— KÊ +8 X- 1$1п [1 эЛ] Коше mh, (c) (а) and (b) together. (d) nothing of the previous. 
| determine the sign of f in JR and the solution of the equation f (X) 20 «13,5!» | (12) If f (X) Za X + b and X = Lis the root of the function f (X) = 0 
(3 га Draw the curve of the function 7: 7 (0) = X?-9intheintea[-3.4] ——— бип PUn Doc Ur Ee 
From the graph » determine the sign of f in that interval. | MR E о) 1-15 «5 [- 5 * 5] 
"— | | (13) Which of the following functions is positive for all values of X ER 
a e ws soon 
| | ши | (Of: FOO- 49 (d) All the previous. 


а EES | І 29 











(14) The function f : f (X) = 12 + 4 X — X^ is not negative in the interval e- 


(а) |- 2 »6[ (b) [- 2 56] ()R-]-25.6[ (@|-~,=[ 
(15) The function f : f (X) = — (X — 1) (X + 2) is positive in the interval --------.-. 
(а) ]1 »2[ (b) [-1 42] w I-8 .1[ (d) ]- ee 5 oof 


(16) The opposite figure represents a first degree function in X 


First : The function is positive in 
the interval ++... 


(a) [2 » oof (b) ]1 = i 

(с)]-,2[ = @) J2 sf 

Second : The function is negative in 
the interval eee 


(а) ]-* 52] (6) 1-2,2] 
(с) ]- e» › 2[ (d) |2 =] 
(17) LO The opposite figure represents a second degree function f in X 


First: f (X) = Оа X Gee 


(a) 8 (b) N 

(c) [- 1 » 3] (d) {35-1} 

Second: f (X)>Oat XC... 

(a) |- 1 »3[ (b) [- 1 « 3] 

(с) :R- |- 1 53] (d) R 

Third: f (X) <Оахє........... 

(a) |- 1 »3[ (b) [- 1 53] (c)R-[-1.3] (R 





7 Investigate the sign of each of the following functions : 
(1) f:[-156] —~R where f 0023- X 
(2) f:[-258] ——»R where f 002 X?-—5 x—6 





(T) Investigate the sign of each of the functions which are defined by the following two rules : 


X+ 1 Ж: ] 
anres 

A cd X»--1 

3X+6 at Xz-2 
олоон) 

—3X-6 at X«-2 


| 30 











Algebra , relations and functions gۉ‎ 


4f. Determine the sign of each of the functions represented by the following figures : 


(1) (2) 


y 





12 Determine the sign of each of the two functions: f: f (002 X-3 » g:g (= x*—5x—6 


and when the two functions are positive together. 





O If f, (X)=X-3 › f400025 +4 X-X? «determine the sign of each of f, » f, on the 


number line and determine the intervals at which the two functions are negative together. 





(itf x)= х5 X+ 6 and g OO -2X^—5 X- 18 »state the two functions f » g when 


they are positive together or negative together. 





(9 t1 Prove that for all the values of k ER the two roots of the equation : 


2X?^—kX-4k-3 = 0 аге real and different. 





E : 
o Discover the error 





Quuifoo-xe1»goo-1-x? 


» determine the interval at which the two functions are positive together. 


\\ Yousef's answer Amira's answer 


X=- 1 makes f (X) = 0 xX =— 1 makes f (X) = 0 
f (0 is positive in the interval |- 1 › |. f (X) is positive in the interval |- 1 » =[ 
»>X=+1 »makes р (X) = 0 „р (X) is »>X=+1 »itmakes g (X) 20 


| positive in the interval ]- 1 » 1| > thus 










о (X) is positive in the interval |- 1 » Ц 


the two functions are positive together thus the two functions are positive 
together in the interval 


i]- 15e [1]- 15 1[ 2 ]- 1 ‚1 


in the interval 


]- 1 see U ]- 1 s 1[ 8 ]- 1 ә 


Which of the two answers is correct ? Represent each of the two functions graphically and 





check the correct answer. 


| % | 





=, Problems ^, that measure high standard levels of thinking 





7 Study the sign of each of the following two functions : 
(A) f:f(ye-2X?. 2312 X—1 
(2)f:f(H=X+ (K+) 2X4+3)-4(K4 1) +1 
18 Each of the following figures shows the graphical representation of a second degree 


function in one variable. Study the sign of each function in R » then find the rule of 


each function : 


Exercise 





in one variable 


N Ц From the school book B yourself 


G) Find in R the solution set of each of the following inequalities : 





(ПУШ x" .2x-8»0 | ffx ragan (3)X^-S X-6«0 
(4) x?—x—2«0 (5)4-3X-X"x0 (6)5X— X^—6«0 
(PD x^—1 «0 (8)4—-Xx?«0 (9) 217+ X^—4X«0 
(002 Ха 026550 (ПД X°-4X%+420 | (135X-X*—-9«0 
(13) X^—8x-4- 16«0 (14) - X^—10 Х- 25 20 ! (10 L12X- X? «0 





2 Find in R the solution set of each of the following inequalities : 


(1) 0) X^ x9 (2) X?» 16 

(3) xXx^45Xx«-4 (4) EI 5 X?4 12 Xa 44 

(5) 013 х2<11х+4 (6)ED х226х-9 
u)3-2Xzx* (B)7XAMIS«2x" 

(2) EJ X^ 5x1 5 -x^—7«2 

(11) (X -2) 29 (12) EB (X -2Y < 5 

(13) EO X (X -2) 3x0 (14) (X-- 27 + (X + 1) (X—4)«0 
(15) LO (x + 3? «10—3 (X + 3) | (16)€05-2x<x? 





E Determine the sign of the function f:f (0= X*—5 X + 6 and from that find in R the 
solution set of the inequality : f (X) <0 


О Determine the sign of the function f : f (X) = 2 X? +7 X — 15 and from that find in R the 
solution set of the inequality : 2 X ^ RT xe 18 


(o e) ثانوى/ ت‎ \/ (Gals) al-al- ж О) 33 | 








Unit 
One 


the graph find in ЁК: 


(3 ) The solution set of the inequality f (X) > 0 


1 Choose the correct answer : 
( 1 ) The solution set of the inequality : 
(X— 2) (X—- 5) <O in Ris ee 


( 6 ) If the opposite figure represents the function 
curve f: f 002 X^—2 X —3 sthen the solution 
set of the inequality ~~~ S90 m ds 
(a) |- 1 ›3[ 
(c) ]3 5 | 





(° Discover the error 








(ii) Determine the sign of the function f : f (X) = Х ? 44 
» then find in JR the solution set of the inequality : f (X) < zero | 


( 1 ) The solution set of the equality f (X) 20 (2) The solution set of the inequality f (X) x0 





(b) ]- » 2| 
(d) ]- ee »— 1] U [3 >= 


es B €! 





6 Draw the graph of the function f : f OO = – X?4-2X243in the interval [-2 54] , from 


(a) 12,5} (b) ]2 » SI (с) [2 5] (d) R- [2,5] 
( 2 ) The solution set of the inequality : X (X — 1) > 0 in IR is + | 

(a) 401} (b) Jo » 1| (c) [0 51] (d) IR — [0 > 1] | 
( 3) The solution set of the inequality : - X (X + 2) > 0 in R is eese | 

(а) {05-2} (b) [- 2 »0] (с) |-2 50] (a) [2.21 | 
( 4 ) The solution set of the inequality : X*+9>0 in Ris------ | 

(а) © (b) R (с) ]- 3 » 3| (d) R-|-3 53] | 
( 5) The solution set of the inequality : X^ 1 < O in Ris e=- 

(a) Ø (b) R (c) [- 1 » 1] (d) i&- |- 1 » 1| | 





f c3 Find in R the solution set of the inequality : (X + 1)? «4 2 X- 1) 


' Yousef's answer 


QUE. TÜ95ed р? 

v X+1 <2 (2 X—1) by taking 
the square root to both sides 

.—4X+X+2+1 <0 

3 Х+3 0 


e The equation related to the 


| inequality is: - 3 X + 3 = 0 


(x4 DBD <4(2X-1) 
534492 X 1-16 X*—163X4 4 
“15 х2 18 Х+3>0 


^. The equation related to the inequality 


is3(5 X-1)(X-1) 20 


“. The solution set = {1 4 il 











| ə Algebra, relations and functions gg _ 











e The S.S. is {1} 
e By investigating the sign of f where 
f(X)=-3X+3 







fOg9215X*—18 X43 


2. The solution set = IR — |+ 51] 





*. The solution set = 1 , col 





Which of the two answers is correct ? 





C) Find in R the solution set of the inequality : X ^2 X120 


\\ Eslam's answer 






's answer 








\\ Basem 


' The related equation to the inequality is 
Kat Xkel=) a =0 
^. The S.S.= {1} 
e Investigating the sign of the function 
f where f 02 X^-2 X41 





ARIS 4-1 290 
^, The S.S.= 11} 











füi)eX?-2X*1 


10 Choose the correct answer from those given : 


(1)IfFf(Q=X?-7X+12 » XER , then all the following are true except =- 


(a) solution set of the equation f (X) = 0 is {3 »4} 

(b) solution set of the inequality f (X) > 0 is R—[3 » 4] 
(c) solution set of the inequality f (X) <0 is |3 » 4| 

(d) f (X) is positive in the interval R — |3 » 4| 


( 2) The sum of integers belong to the solution set of the inequality 
(X—2) 3 X- D x0. 


(a) – 1 (b) 1 (c) 2 (d) 3 
(3 ) The solution set of the inequality (X + 3y «4 (x + D in Ris eevee 


ej-—u[ wr- [5,1] @ж- [22,1] 


| * By investigating the sign of f where 


‘ The related equation to the inequality is 


* Investigating the sign of the function f : 


35 


Unit 
One 








(4)IFL M are the roots of the equation : a X* +b X +c =0 wherea>0>L<M > then 
the solution set of the inequality a X BNE CO IR is eee . 


(a)|-o»L[ — (5]L:MI (c) ЈМ 5 ef (d) R - [L : M] 


( 5) If the discriminant of the equation : a X? + b X +c = 0 is negative » then the solution 
set of the inequality a X 24bX+c<0 where a < Û in BR iS + 


(a) R (b) © (c) IR* (а) Е 

( 6 ) £L + M are the two roots of the equation : 2 X^*«ik-2)X-3-20and—1«L«Ma 
then ---------. 
(a)—1«k«O  (b)k»6 (c)k«-1 (d)—-1«k«6 


( 7 ) If each one of the two roots of a quadratic equation : X^ -2k X + k* + k-5-0 is 
less than 5 , then k € ·-------: 


(a) [4 55] (b) [4 » -f (c) ]- = ›4] (9) R- [4 5] 
( 8) If the two roots of the quadratic equation : X^—k X+ 1 =0 are not real » then ·--------. 
(ak cz (D)-2«k«2 (c) К> 2 (d)k«-2 


( 9 ) If the solution set of the inequality : X ? AsX-ckis[-2 53] then k = оз. 
(a) — 6 (b) | (j2 (d) 10 
(10) If the solution set of the inequality : X^— 10 < b X is ]-2 ; 5| s then b = --------: 
(a) — 10 (b) -2 (c) 3 (d) 5 
(11) If one of the roots of the equation : x?-bxX4+3=0 belongs to the interval li 52 
> then b & 
(a) ]1 »2[ (b) ]- e »3[ (c) |35 4] 
(12) If S, is the solution set of the inequality : X= ¥~ De and S, is the solution set of 
the inequality :x*+X—2<0 , then $ N S, = --------: 
(a) Ø (b) [-2 « 2] (бу [-1 +1] (yR—|- 1 s4[ 
(13) If L » M are the roots of the equation : a X?+aX+a+2=Oand2€|L>M[ 
y then a € eveen 
| =: 2 
(a) [1 52] (о) ]  :o[ @ |2, | 
(14) If the two roots of the quadratic equation : 4 X ^ — 2 X + m = 0 belong to the interval 
1-1 s I зей 
| 


(b - 6< < $ 


(4) R- |35,4] | 


(b) IR* 


()-24éms . (@)-6<m<-2 


(а) 0< т< 2 4 





[O Find the S.S. of the inequality : 10 > X^ +2 X- 5 > 3 in Ж 


| 36 | | 





Life Applications on Unit One 


CO From the school book (9 





a A missile is launched vertically upwards with speed 
п = 24.5 m /sec. Calculate the time "t" in seconds elapsed 
such that the missile reaches a height 5 = 29.4 m. » given 
that the relation between the height "S" and the time "t" is 
as follows: S=ut-49t? 





2 A diver starts jumping from a platform of height 10 metres 
above water surface. If the height of the diver above water 
surface “S” metres is determined by the relation : 

§ =—4.9t*+3.5t+ 10 » where "t" is the time in seconds. 


After how many seconds the diver will reach the water surface ? 





* 5 SCC. > 
7 


3 LL] The dimensions of a rectangular piece of land are 6 and 9 metres » it is required to 
double its area by increasing each of its dimensions with the same magnitude. Find the 


additional magnitude. « 3 metres » 


4 A golf player strikes the ball to a certain place ; the 


who utn 


following relation represents the height “у” in feet : 
yz-16t?.- 80 t+ 20 where “t” is the time by sec. 


(1) After how many seconds it will reach the ground surface ? 





( 2) Does the ball reach a height 130 feet ? 


a 5.24 sec. » 





Bu Population of Egypt in 2013 is estimated by the relation: Z 2 n^ 1.2 n € 91 » 
Where (n) is the number of years and (Z) is the population in millions : 
( 1) What is the population in 2013 ? 
( 2 ) Estimate the population in 2023 
( 3 ) Estimate the number of years at which the population will be 334 million. 


« 9] million » 203 million » 15 years t.e. in 2028 » 


س 























Unit ч 
х 


[J C2 Find the total electric current intensity passing through two resistances connected in 


| Опе, 


CE (O If the electric current intensity passing in two resistances connected on parallel in 


і 


EJ CI The production of a gold mine from 1990 to 2010 estimated in determined ounce was 


parallel in a closed circuit » if the current intensity in the first resistance is (4 — 2 i) 
m . .. (643 i | ' 
ampere and the second resistance is (=) ampere (given that the total current intensity 
l 
equals the sum of the two current intensities which passes through the two resistances). 


« (7 — 2 i) ampere » 








a closed circuit equals 6 + 4 i ampere » and the current intensity passing in one of them 


" Е, 17 ^ в s . в E 
equals 3.5 then find the current intensity passing in the other resistance. 


« (2 + 3 1) ampere » 
determined by the function f : f (n) = 12 n^ — 96 n + 480 where ‘n’ is the number of years 
and f (n) is the production of gold. 


( 1 ) Investigate the sign of the production function f 


( 2 ) Find the production of the gold mine (in thousand ounce) in each of the two years 
[990 — 2005 


( 3 ) In which year , the production of the gold was 2016 thousand ounce ? 


« 480 thousands ounces » 1740 thousands ounces » 2006 » 
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> Unit Exercises 
| Exercise7 : Directed angle. 
Exercise 8 : Systems of measuring angle (Degree measure - radian measure). 
Exercise 9 : Trigonometric functions. 
Exercise 10 : Related angles. 
Exercise 11 : Graphing trigonometric functions. 
Exercise 12 : Finding the measure of an angle given the value of one of its 
trigonometric ratios. 


№ d. oh EE. mai A sat 
At the end of the unit : 


L 


i * Life applications on unit two. 








| р” m. $n НАНЕТИ æ Trigonometry gg 
2 (13 Which one of the following ordered pairs expresses a directed angle in its 


standard position ? Explain your answer. 











| | (1)(СА,СБ) (2)(ОА›ОЕ) 

No uo тн POM o 2M (3) (OE ,0Х) (4) (OA .0G) 
Ф | РА, E... | EN 
E (5) (OB >0G ) (6)(OA OB) 
о 
D DN E - ] | | 
in Di rected angle 2n 7] Which of the following directed angles is in its standard position ? 

" Explain your answer. 
\ ELI] From the school book E yoursel 1 

E Choose the correct answer from those given : (2) (3) LJ 


( 1 ) The ordered pair ( ОВ, ОС) represents the directed angle ·--------- 
(a) 4 OBC (b) 4 BOC (c) 4 BCO (d) Z OCB 
( 2 ) It is said that the directed angles in the standard positions are equivalent if they 


have the ваше. 





(a) initial side. (b) terminal side. (с) vertex. (d) rotation direction. 

( 3) If is the smallest positive measure of a directed angle » then its negative measure | x 5 X 
СИИИ | 
(а) – Ө (b) 6 — 180° (c) 8 — 360° (d) 360? — 0 " 


( 4 ) If the directed angle is in standard position » which of the following is correct ? 
(D its vertex is the origin. 


(2 its initial side coincides the positive X-axis. 





(3) its measure is positive. 





(a) CD only (b) CD »@ only (c) CD »@ only (d) All the previous 4 Find the measure of the directed angle Ө in each of the following : 
( 5 ) If 0 is the directed angle measure in standard position » n €Z » then the angles whose | (1) EO (2) (3) 


measures (Ө + n x 360?) are called e- 
(a) equivalent. (b) quadrantal. (c) supplementary (d) adjacent 


( 6 ) The quadrantal angle measure is multiple of angle зе 





(a) 360? (b) 180* (c) 90* (d) 60? 





was] 41 |‏ -ریاضیات ш‏ (تمارین) ۱۶ ٹانوی/ ت (Vi)‏ 











(4) (5) (6) 





5 LLI Show by drawing ; each of the following angles in the standard position : 





(1)32* (2 ) 140? (3) – 80° (4)- 110? (5)— 315° 
(3 Determine the quadrant in which each of the following angles lies : 

( 1) LE] 24° ( 2) 01 215° (3)—50* (4) -210? 

(5) 150° 14 ( 6) 89° 59 (7) -180° ( 8) 269° 59 60 














6) Determine the smallest positive measure for each of the angles whose measures are as 


follows › then determine the quadrant in which each angle lies : 
( 1) Ш —56? ( 2 ) 600° | 
(5) MA 415° 





(3) E 15^ ( 4 ) 940° 


( 6) 870° (7) 1120? 15 ( 8)—590? 18 





8 Determine one of the negative measures for each of the angles of the following measures : 
( 1) 83? | ( 2) 136? | ( 3 ) 90? 
( 4 ) 264? ( 5 ) 964° ( 6 ) 1070? 
| —£^^A^A^—^——-—4—»—————— el Ж 


9 LL} Find two angles ; one of them with positive measure and the other with negative 


measure having common terminal side for each of the following angles : 


(1) 40? t2) LXP (3) – 125° ( 4 ) - 240? (5)— 180? 





10 Choose the right answer : 


( 1) CJ The angle whose measure is 60° in the standard position is equivalent to the angle 


of measure ©... 


(a) 120° (b) 240? (c) 300? (d) 420? 

( 2) Ш The angle of measure 585? is equivalent to the angle in the standard position of 
measure TTTITIT 
(a) 45° (b) 135? (c) 225° (d) 315? 


DÀ о قق‎ 





Trigonometry gg 


( 3) The angle whose measure is 950? is equivalent to the angle in the standard position of 


measure «e . 
(a) 130° (b) — 130° (с) 235° (d) — 230° 

( 4 ) All the following angles are equivalent to 75? in the standard position except + 
(a) — 285° (b) — 645° (c) 285° (d) 435° 

( 5) The quadrant in which the angle of measure 1670° lies is the +++- 
(a) first. (b) second. (c) third. (d) fourth. 

( 6) The angle whose measure is (— 135°) lies in the +++- quadrant. 
(a) first (b) second (c) third (d) fourth 

( 7) £13 The angle whose measure is (— 850°) lies in the +--+ quadrant. 
(a) first (b) second (c) third (d) fourth 

( 8 ) All the following are measures of angles lying in the second quadrant except eee. 
(a) — 240? (b) 100° (c) — 120? (d) 860° 

(9) The angle of measure 45° + (4 n + 1) x 90? lies in the «+» quadrant (n € Z) 
(a) first (b) second (c) third (d) fourth 


(10) If A and B are the measures of two equivalent angles » then — A and — B are eese 


(a) supplementary. (b) equivalent. 


(c) complementary. (d) of sum — 360° 


PEN 


COgmmmm 
(2 Discover the error 





ti LU! Write the positive measure of the smallest angle and another angle with negative 
measure sharing with the terminal side for the angle whose measure is (- 135°) : 

\ Ziad's answer 

The smallest angle with positive 

measure = —135° + 360? = 225? 


Karim’s answer 


The smallest angle with positive 
measure = —135? + 180° = 45° 
An angle with negative measure 
SE WS — 180" =—3 15° 


An angle with negative measure 
| =— 135° — 360° = —495? 





Which of the two answers is correct ? 


ا 














Problems that measure high standard levels of thinking 


12 Choose the correct answer from those given : 


( 1) IF A , В are two measures of equivalent angles » then which of the following 


represents the measures of equivalent angles » where C GZ? 
(a) (A + С), (B +C) (b) (A - C) »(B - C) 
(c) (CA) » (CB) (d) All the previous 
( 2) If A » — A are measures of two equivalent angles » then one of the values of A is «++... 
(a) 150° (b) 90* (c) 180? (d) 270* 
( 3) IF£(3 X— 5)° is the smallest positive measure » (3 y — 5)? is the greatest negative 
measure of equivalent angles » then X — y = .......... 
(a) 360° (b) 180° (c) 120? (d) 90° 
( 4 ) If (0 + 20)? , (20 — 8 Ө)° are the positive and negative measures of a directed angle 
respectively » then the smallest positive value of Ө is ==- 
(a) 20? (b) 10? (c) 30° (d) 40? 
( 5 ) If the terminal side of angle 60? in standard position rotates two and quarter 
revolutions anticlockwise then the terminal side represents the angle зс 
(a) 60? (b) 120? (c) 150? (d) 240? 
( 6 ) If the terminal side of an angle of measure 30? in standard position rotates three and 
half revolutions clockwise » then the terminal side will be in the ee - quadrant. 
(a) first (b) second (c) third (d) fourth 
( 7 ) If the terminal side of an a in standard position passes through the point (— | 50) 
(a) first quadrant. (b) second quadrant. 


(c) third quadrant. (d) otherwise. 





| Пп LO The opposite figure represents the 
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Systems of measuring angle 
(Degree measure - Radian measure) 


LI From the school book fa yourself 


f] Find in terms of 7t the radian measure of each of the angles whose measures are as follows : 


(1) 135° 


( 2) 90? (3) Ш 300? (4) 235° 
(5) 210° (6) 112° 30 (7) 52 390° | (8) EM 780° 








fJ Find the radian measure of each of the angles whose degree measures are as follows 
approximating the result to three decimal places : 


(1) 58° (2) E 56.6? (3) 37° 15 


м — 


(4) 115° 38 6 (5) 257° 54 (6) EQ 160° 50 48 


_ س 


E Find the degree measure (in degrees » minutes and seconds) of each of the angles 
whose radian measures are as follows : 


(1) % (2)£20.72 m (3) 010.49" 





(4)- 1.677 E (6)£1- 3474 





measures of some special angles » some of 
them is written in radian outside the circle 
» and the other is written in degrees inside 
the circle. Write the corresponding measure 


of each angle in the opposite figure 





^ 
j 

ri 

d 

i 

4 ; 


5 Determine the degree measure and the radian measure for the central angle that 
subtends an arc of length (b in a circle of radius (r) in each of the following cases : 


(1) {= 12 ст. rz 10 em. (2) {= 14cm. »г= 7 ст. 








3){-2лет. sr=6cm. (4) {= 15.72 cm. st = 9.17 em. 


Find the length of the radius of the circle in which a central angle (0) is drawn 
— an arc of length (D) in each of the following cases : 


(10-2775 f= 5 om, (2)0=0.767™ , l = 38.35 cm. 





(3б = к ‚ {— 24.325 ст. (4)0=78° 36 26 ,(2 4392 cm. 


7 Find to the nearest one decimal place of a centimetre the length of an arc in a circle of 
radius length (r) subtending a central angle of measure (0) in each of the following cases : 
(1)r2125cm.»0- 1.6" (2) г= 20 ст. ,0 = 2.43'% 


(3)г=7.5 ст. ›0=67° 40 (4) = 15cm. ,0 = 104° 58 6 





Choose the right answer : 
25 Л 











( 1 ) The angle of measure lies in the з quadrant. 
(a) first (b) second (c) third (d) fourth 

( 2 ) LL! The angle of measure z A lies in the eese- quadrant. 
(a) first (b) second (c) third (d) fourth 

(3 ) LL) The angle of measure = = lies in the «+--+ quadrant. 
(a) first (b) second (c) third (d) fourth 

( 4 ) If the degree measure of an angle is 43° 12 , then its radian measure is = 
(a) 0.24 (b) 0.24 1 (с) 0.28"4 (d) 0.28 л 

( 5) The degree measure of the angle of measure zi l8 nm 
(a) 540? (b) 820* (c) 150° (d) 480° 

( 6 ) The sum of the measures of the angles of the quadrilateral in radian equals сз: 
(a) 27 (b) Л (c) m (d) 3 X 


( 7 ) LH If the sum of measures of the interior angles of a regular polygon equals 
180? (n — 2) where n is the number of its sides » then the measure of the interior angle 
in аш of a regular pentagon equals --- 


(а) 2 (0) E ors (a) 27 

(8)Ina ани of diameter length 12 cm. » ће T - of the arc subtended by a central 
angle of measure 60° equals ---------- em. 
(a) 5 Jt (b) 4 7L (c) 3 Л (d) 2 JU 


C 





Trigonometry 





( 9) EM The measure of the central angle in a circle of radius length 15 cm. and opposite 
to an arc of length 5 Jt cm. equals -----· T 
(a) 30° (b) 60° (c) 90° (d) 180° 

(10) If the measure of one of the angles of a triangle is 75° and the measure of another 
p 15 , then the radian measure of the third angle equals сз i 
E (b) 7 уе o 


| 
(11) е string length of a simple pendulum is 14 cm. swings in an m.. of measure 10 JU › 





then its arcs length = === cm. 
(a) 4.6 (b) 4.4 (c) 4.2 (d) 4.8 
(12) B is a cyclic i NN т (4 А) = nf s then т (LZ C) = eeren 
(a) == T (b) $ s (c) £X 3 (d) > 
yn In A opposite irura 
To find the length of AB 


its sufficient to ре 
(a) A AMB is an equilateral triangle of perimeter 30 cm. only. 
(b) The circle circumference = 10 Л cm only. 
(c) (a) » (b) together. 
(d) nothing of the previous. 
(14) The radian measure of a regular heptagon exterior angle equals =- 
(a) چ‎ 7 (b > T (o) $ 7 (d) $ m 
(15) In the opposite figure : 
If AB › AC are two tangent 
to the circle M and m (Z A) =, JU 


and the circle circumference = 96 cm. 





» then the smaller arc length BC = + C 
(a) 20 ر‎ (c) 28 (d) 20 7t 


(16) The angle whose measure 30° + 180° (2 n + 1) where п EZ , its radian measure 
is equivalent to Re 
Tt 7 к 
(а) 6 (b) JU (c) Є JU (d) 3 JU 
(17) If the length of an arc in a circle equals = of its circumference » then the measure of 
the central angle subtending this arc in degrees equals сс 


(a) 30° (b) 67° 30 (c) 135° (d) 43° approximately. 





4T 





(18) In the circle whose radius length is the unit length » the measure of the central angle 


in radian is sessu 
(a) i its arc length. (b) T its arc length. 


(c) the length of the arc. (d) double its arc length. 


ED Find the circumference of a circle which has an arc of length 12 cm. subtended by 


an inscribed angle of measure 45? «48cm.» | 


> п A А " 
10 Find in radian and degrees the measure of a central angle subtending an arc of length three 


times the length of the radius of its circle. «3™ , 171° 53 14» 





11 If the measure of a central angle in a circle equals 105° and it is subtending an arc of length 


ee cm. » find the length of the diameter of the circle. « 8 cm. » 
ee 


(Ina triangle » the measure of one of its angles is 60° » and the measure of another angle is y; 


«9; JU 75°53 
nmo 0 „= 


rad 
13 In a quadrilateral » the measure of one of its angles is 11 » the measure of another angle 


Find the radian measure and the degree measure of the third angle. 


IS iim and the measure of a third angle is 45? 


11 rad 





Find the degree measure and the radian measure of the fourth angle ( = 2) «70° » 


14 Two angles » the sum of their measures equals 70° 5 and the difference between them equals 2 


«53° 4179 122. m, 17 ems 


» find the measure of each angle in degrees and in radian. i56 ne 





15 Two supplementary angles » the difference between their measures is 5 Find the measures 


of the two angles in radian and in degrees. « - з > 9 120? 960° » 





(9 2 Tn the opposite figure : 
If the area of the right-angled triangle MAB at M = 32 cm? 


» find the perimeter of the shaded area to the nearest hundredth. 





« 28.57 cm.» 





17) XY is a diameter in circle M its length is 18 cm.» the chord YZ is drawn such that 


m (4 XYZ) = 10°. Determine the length of the minor arc XZ approximating the result to 


the nearest two decimal places. « 3.14 cm. » 


48 0 о ооо 


18) СП In the opposite figure : 


» | 


Trigonometry gg 


AB » AC are two tangents to the circle M › 





m (Z САВ) = 60° › AB = 12 cm. 
Find to the nearest integer the length of the greater arc BC 


ч 






oe 


« 29 cm.» 





ABC is a right-angled triangle at C drawn inside a circle » if AB = 24 cm. » BC = 12 cm. 
, find the lengths of the three arcs into which the circle is divided by the vertices of this 


triangle approximating the result to the nearest one decimel place. 
« 12.6 cm. » 25.1 cm. » 37.7 сш.» 





20 A circle of radius length 7.5 cm. passing through the vertices of the triangle ABC : if 
m (Z BAC) = 60? » m (Z ABC) = 54° » find the lengths of the three arcs into which the 
circle is divided by the vertices of this triangle. 


that measure high standard levels of thinking 


« 15.7 cm. 314.1 cm. » 17.3 cm. » 


1) Problems 


F) Choose the correct answer from those given : 
( 1 ) If an arc opposite to central angle of measure 72° was cut from a circle whose radius 
length 14 cm. and bent to form a circle » then the radius length of the resulted 





circle = +--+ ст. 

(a) 1.4 (b) 2.8 (c) 5.6 (d) 7 
( 2) In the opposite figure : 

Circle whose centre M +» the radius length 10 cm. 

» if the length of AB Є |5 ,6[ » then the value 


А 
of X could be --.-.---- 
(a) 90° (b) 60° (c) 28° (d) 34° 
( 3 ) If the ratio between measures of angles of a quadrilateral is 5 : 4 : 9 : 6 » then the 
measure of the smallest angle = rad 
@ 2 ШЕ T. E 
( 4 ) The positive measure of an angle that formed between the hour hand and the minute 
rad 


hand at exactly half past two equals эзе 
IU pe Э 7л эл 
Sem ©ту Ta (07; 
( 5) If the arc length opposite to central angle of measure 60° in a circle equals the arc 
length opposite to central angle of measure 80° in another circle » then the ratio 
between the two radii of the two circles is ·---------- 


(a) 2 (b) £ (c) 33. (d) < 


(ие) (تمارین) /\ ٹانوی/ ت‎ аша, жаза] 49 








( 6 ) A cylinder rotates 45 revolutions per minute around its axis » then the measure of the 
angle at which a point on the lateral surface rotates in one second equals ---·....:. 


( + (b) 1 «7 @2л 


( 7 ) (The measure of the circle) 
value for n is з 


rad 5 n where n is a positive integer » then the greatest 


(a) 3 (b) 5 (c) 6 (d) 8 

( 8 ) The distance covered by the tip of the minute hand whose length 8 cm. from 6 am till 
quarter past three pm equals + cm. 
(a) 592 7 (b) 148 7; (c) x л, (d) 22 л 


( 9 ) In the opposite figure : 
When the greater gear revolves one revolution 
then the smaller gear revolves 3 revolutions. 


If the smaller gear revolves one revolution in 





the direction of the arrow shown on the figure 


» then the measure of the central angle of revolving the greater gear is -=e rad 
JU -210 2 IU 
(8) = (b) —3— (c) —=— (927 


(10) In the opposite figure : 
Two circles M and N ; their radii length are 21 сш.» 
7 cm. respectively. If a circle N rotated a complete revolution 
from a point A to point B »then m (Z AMB) = 


(а) + (b) =" 





(с) 27 (d) 7 
(11) In the opposite figure : 

ABCDEF is a regular hexagon of 

side length 4 cm. inscribed in a circle M 


» then the length of AB sase - cm. 
(a) л (b = 1 





(c) 2 IU 
Й LO A straight line makes an angle of radian measure Ж with the positive direction of the 


X-axis in the standard position in the unit circle. Find the equation of the straight line. 


«у=үз Х» | 





23 In the opposite figure : j 
A quarter circle » BCMD is a rectangle which is drawn D B 


inside it » where CD = 10 cm. 
Find the length of arc : ABE 


( 50 5 Е 


M СЕЎ 
« 5 JU cm. » 


Ee iN 








Exercise 


PUE 7. РЧ 


Тісопотеїгіс їипсіїопѕ 





\ £L] From the school book В yourself 
E Choose the correct answer from those given : 5 
( 1) If 0 is ће measure of an angle in the standard position » its terminal side 
intersects the unit circle at the point 48 , i) , then sin Ө = е. 
{з 


@ 4 (b) = 


ww Û d 2 
€ те OTs 


(2) If sin Ө = "n ‚ where Ө is the measure of a positive acute angle › 


then the measure of angle Ө = --------- 


(a) 30° (b) 60° (c) 45° (d) 90° 
(3) EQ If sin Ө = -1 » cos Ө 2 0 » then the measure of angle Ө = ---------: 

(a) 7 (b) X (o) = (d) 2 7 
(4) LO If csc 0 = 2 » where 0 is a positive acute angle » then the measure 

of angle 0 = ........- 

(a) 15* (b) 30* (c) 45? (d) 60° 
(5)If tan Ө = 1 » where Ө is a positive acute angle » then the measure 

of angle Ө =... 

(a) 60° (b) 30° (c) 45° (d) 90° 


(6) @ If cos 0 = 8 ‚ where Ө is a positive acute angle » then sin Û = +--+ 


| 3 
(a) + (b) ^ (c) T (d) 5 
о ق فق‎ — — — 5) 






(7) cot? 30° — sec? 60? + csc^ 45? = = 









(a) 1 (b) O (c) —1 (d) 2 
(8 )If sin O = = , cos Ө = n » then angle of measure Ө lies in the ©- quadrant. 
(a) first (b) second (c) third (d) fourth 
12 
( 9 ) sin (- a 12 x) = ume 
(а) sin m (Ы) sin 72° (c) sin 288° (d) sin La 
(10) sin 0? + cos 0° + tan 0° = ·--------: 
(a) 0 (b) 1 (py (d) 3 
(11)2 sin 45° = «+ 


ү? 





(a) sin 90° (b) = (с) 2 (d) 2 
3 
(12) EH If cos 0 = 4 s sin Ө =— gi then the measure of angle Ө = oses» 
2л 5л 5л ушл 
(а) 3 (b) r (c) : (d) z 


(13) If the terminal side of an angle in standard position intersects the unit circle of point 
A which lies in the fourth quadrant where the X-coordinate of A equals 2 
s then A = eee. 


2 A. 12 NES. 
OAR) Ola) OCB) ahr 
(14) If ABC is a اب‎ angled triangle at B » m (д A) = 2m (Z C) 

» then sec A + CSC C = e 


(a) 2 (b) 4 (c) 6 (d) 8 








Я Determine the signs of the following trigonometric functions : 








( 1 ) cos 350° ( 2) tan 100° ( 3 ) sec 265? 
5 7L зл л 
( 4 )sin — 1 7 (6 ) сог 
( 7 ) гап 410° ( 8 )csc 1200? ( 9)cos (-165?) 


(10) cot ——— 32 Л 


3 (11) cot (= -27) 


: (12) sec (227 x 





K CH Find all trigonometric functions of the angle whose measure is Ө drawn in the 


standard position › its terminal side intersects the unit circle at the point : 


o) a$$) 


3 ( 3)(0 »-1) 


(8 щ о о ооо о о 





Trigonometry 


n. If 0 is the measure of a directed angle in the standard position and B is the 
intersection point of its terminal side with the unit circle » then find all trigonometric 
tions of the angle Ө in each of the following cases : 


func 
(1) В (0.6 ›у) »у>0 (2) в (х, 0.6) »X>0 


(3) (Ê sy) » where 90° «0 < 180: i) (xs), X <0 


(5) B Cl >y) (6)ECQBCX>2X)+X>0 


(7)BCX »— X) »X>0 (8) В (9а › 12а) where 180° < 0 < 270° 





(9) CB (3 a»-22) where 3M «6 «2m | 


5 Find the value of each of : 


( 1) sin 0° + sin 90° + sin 180° + sin 270° | (2) tan 0° + tan 45? + tan 180° 


( 3) sin 30° + cos 60° – cot 45° (4) ER tan? 30° + 2 sin? 45° + cos* 90° 


( 5) sin 180° cos 45? — cos 180° sin 45° ( 6 ) sec - tan ~“ cot 4 cos = 
2 део 
Ta sucum SIS E tan? 60° — tan“ 45 
EH | cos 0? + sin —— sin — 8) ——— 
(7) ү 2 - 2 2 ; sec” 30° — csc? 45° 


(9) 4 sin? 30° — 3 tan 45° cos 0° 
` ^ 9 cos 60° + 2 sin 45? cos 45° 


(10) 3 sin 30° sin? 60? — cos 0? sec 60° + sin 270° cos^ 45? 


к 0 0 o o م س‎ 


(Э Prove each of the following equalities : 
(1)2 sin 90° = — 2 cos 180° 
(2) LB cos = 25 = cos? F- віп? T 
( 3) 2 sin 45° cos 45° cot 45° = | 
(4) 3 cos 30° tan 60° — 2 sec 45° ese 45° = + 
(5) cos? 30° cot? 60° tan 45° = I 
(6) 3 cot” 45° 2 sin 60? cos 30° = 3 sin^ 90° 


(7) sec 30° tan 60° + csc? 60 — tan^ 45 = + 


2 Л 
4 


1 cos? 30° — rh cot? 45° csc” 30° = 1 


(8 ) £4 sin 60° cos 30? — cos 60° sin 30° = sin 


(9) 3 tan? 30° + 


| 53 | 





es 9 JL i JU _ 
(10) 2 cos 3 + 3 sin? Vi Л 4 tan? д — 4 sin 7 10 
(11) tan 60° — tan 30° — се ED? 


1 + tan 60° tan 30° 


sin 30° cos 45° + sin 45° cos 30° 1 
MAU туш е re Te 
(12) sin 45° cos 60° + cos 45° sin 60° sim 2 





Uu Find the value of X if : 


2 JU 2: 1T 3 JU 


(1) Xsin 4 cos JU = tan т sin —— 2 &65 
en ق‎ [з 
(2) Xsin 4 COS - 4 cot 6 = tan 1 COS 3 «<> 


O It XE[0° ,90°] , then find the value of X which satisfies each of the following equations : 








| sin 60? — sin 0? 
1 OS А = ida — 30? » 
(1)cos = un 90° sin 45° «d 
( 2)sin X = sin 30? cos 60? + cos 30° sin 60° « 90? » 





9 Find all trigonometric ratios for the angle AOB whose measure is 0 in each of the 


following cases : 
(1) 8E]0 » 5 »cos 0=06 (2) 0€ ]Z n| » sin 0= -45 


(3)0 €] >a lan 0 =-4 


(5)0€ P3 ,2л| , sec 0=2 


کا ___ 


(4)0E|m F| , 0 --7 


10 If the terminal side of the angle 0 in the standard position intersects the unit circle at 


the point (2a »3 a) » where Û < 0 < 7 » find the value of a » then find the value of : 








sec? Ө — tan? Ө iR. rf. 
MENO —————S —— € 
(ro c |0 , | scos 0 = = then find the value of : csc Ө sin Ө — tan Ө csc Ө « -i» 
and  ;  _  _____________ э: 
12 If 0 gu : л| „sin Ө = dz „ then find the value of : csc Ө sin Ө — tan Ө cot 0 + cos’ Ө 
«23.» 
169 
24 
OB ıe eZ ол] sin @ = 24, then find : 
cot Ө — csc Ө 
(1) tan Ө — sec Ө 
| — Cs «23 , 3510 
( 2) cos Ө — csc 0 tan Ө 5 T5 ] 
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Trigonometry 





\\ Karim's answer | 
2 sin 45° = sin 2 х 45° 
| = sin 90° = | 





15 Choose the correct answer from those givens : 
( 1) In the unit circle whose centre is (О) if the length of BC = i JU » then 
sec (A BOC) ж зт. 


(a) n (b 5 (o) gl (d) 2 


( 2) If A is the greatest acute angle measure in a triangle whose side lengths 
are 5 s 12 » 13 cm. » then cot A = evee 
у a 12 
( 3) If ha i lengths of right-angled triangle ABC are X-7 » X » X 1 and BC is the 


smallest side » then sec A= vever 


5 12 13 m 
(а) +5 (b) 4$ (c) 35 (d) 4 
( 4) In the opposite figure : 
All squares are identical 


s then cot X + cot y + cot Zs veven 
(a) 6 (b) 12 (с) D (45 +3 
( 5) In the opposite figure : 
All squares are identical 


s then tan X + cot y = eveen 





(a) +4 (b) 7 (с) 3 (d)-7 








( 6 ) In the opposite figure : 


IA (1533) B (1:13) 


»then cot (Z АОВ) = veve 
| | р. | 
(b 5 ( Ts ( А 
( 7 ) In the opposite figure : т " 


O is the centre of unit circle AB 
is a tangent segment ; then : X 


First : OB = .......... 


(a) sin Ө (b) cos 8 (c) csc Ө (d) sec 0 У 
second : ВС =... 

(a) cot Ө (b) (sec Ө) — 1 (с) (csc Ө) — | (d) cos 0 

Third : The area of triangle ABO = -......... 

(а) $ cos 0 (Ы) 4 tan Ө (c) i sin 0 (d). sin Ө cos Ө 


( 8) In the opposite figure : 


cot Û = .......... 


(a) $ (b) 2 (o) 3 


(9) In the opposite figure : 


If ABCD i DE. 2 
If ABCD is a square and =p 5 
s then tan Ө = ··--. en 


(a) 4 (b 3 © 2 


(10) In the opposite figure : 
If D € BC and AD = DC 
„tan Û = i » then cot E mee 


96 













(11) In the opposite figure : 











B - ! Trigonometry gg 


If tan B + tanC = i 
; then ВС = eesse cm. 


(a) 6 (b) 8 (c) 10 


(12) In the opposite figure : 
If 0 is the included angle between the straight line y = 2 X 


and the positive direction of X-axis » then sin 0 = --------- 


(с) 4 
EE 





(а) 035 
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Trigonometry , 





ED ur 


(9 ) If the terminal side of an angle whose measure is 0 in standard position intersects the 


hn » y) where y € IR* » then Ө = eee 


n 





unit circle at the point ( 











| (a) 30° (b) 150° (c) 210° (d) 330° 
| (10) If ABCD is a cyclic quadrilateral and sin A = i » then sin C = = не Э 
ii 3 4 4 
(a) 2 (b)-2 (е) = (9) –5 
Ф 45? + X) 
uU (11) Bao T — À— 
о сої (45° – Х) 
o EM (b) 1 (с) tan (90° +X) (0) cot (90° + X) 
i Related angles | Ж pen nX siny _ 
(12) If X+ y= 2 » then COS X— COS V X — cos y ior eee mes wie 
\ EH From the school book FA yoursel (a) - 1 (b) zero (c) 1 (d) 2 
ED Choose the correct answer : | (13) If A+B = 90° » tan A = i , then tan B = 
! "T : 2 
(1 ) tan 42° = eesse (a) 1 (b) 2 E (c) 1 (d) 3 
(a) cot 42? (b) tan 48? (c) cot 48? (d) csc 48? (14) If sin Ө =cos 20 › Ө Є Jo Ys [ »thensin3602 + is 
| | 3 
( 2) cot (90° + 0) = + : (a) i (b) 1 (c) zero (d) EN 
(a) tan (90° — 0) (b) — tan 8 (с) tan (90° + Ө) (d) tan (270° + Ө) (15) If tan 0 2 cot 2 0 » 0° < 0 < 90° » then sin O + cos20 = eeen | 
| К "m 3. 
sec 105° _ p di es иќ. 
esc 15° — : (16) EQ If sin о. = cos B where œ and B are two acute angles » then tan (о + B) = e 
| : | a) 1 b) 1 )43 d) undefined. 
(а) = = (b) tan 135° (c) cot 15° (d) cos 90° (а) 13 (b) 3 td) 
COS a 


(17) L If sin 2 Ө = cos 4 0 where Ө is a positive acute angle 


| s then tan (90° — 3 9) = ·--------. 
(a) zero (b) 1 (c) 2 cos Ө (d) cos 0 | (a) = 1 mel. РР wi 
3 


(5 ) sin Ө + cos (270° + 0) = ·--------: 


(4 ) cos Ө + cos (180° — O) = ee 


(18) If 5 cos (90°-@)=4 3 0°<0<90° > then sin 0 = з 


| " Zero (b) | | (c) 2 sin 0 (d) sin Ө cos Ө (a) 5 (b) = (e) 4 (d) E 
( 6) If ABC is an acute angled triangle » then cos А + cos (B + C) = 77e (19) If cot (90° + 0) + 1 = 0 where 0° < 0 < 90° , then cos d Ee viam 
| i= 1 (b) zero (c) | (d) > (а) 4 (b) 1 (c) zero (d) - 1 
| ( 7 ) If is the measure of an angle in standard position and its terminal side intersects the. (20) If cos (90° + Ө) + sin (90° — 2 0) = 0 » where 0 € lo É | s then sin 2 Û = ---------- 
| unit circle at (X »— X) where X > 0 »then0 = + i 1 (a) i (b) 1 (c) zero (d) r 
| solid ae duree ats (21) If cos (270° — Ө) = > where Ө is the measure of the smallest positive angle 
| (8 ) If sin O = -4 » Ө is the smallest positive measure » then Û = === у s then Ө =......... _ 
(a) 30 (b) 150 (c) 210 (d) 330 (a) 30° (b) 150° (c) 210° (d) 330° 


fa س‎ ———у — ©. §9°) 





| (22) If tan @ = => „ cos <0 henase eo 


5 +3 s 13 -13 
(a) 15 (b) 5 (с) = (d) — 
(23) If sin Ө --i ‚ tan@>0 sihen = ........ 
| (а) 30° (b) 150° (с) 210° (d) 330° 
e Find the value of each of the following : 
( 1) LL] sin 150° (2) sec 210° (3 ) tan 240° (4) cos (— 150°) 


(3 } tan225° (6) LL] csc 





E (7 ) cot 780° 


( 8) cos (- 900°) 


(12) sin (—*) 











(9) sin (227) (10) sec (227) (11) sec (— 480?) 





fy) Find the value of each of the following : 




















( 1 ) cos 120? + tan 225° + esc 330° + cos 420? «—1» 
( 2 ) sin 390? cos (— 60?) + cos 30° sin 120° «1» 
( 3) LH sin 150° cos (— 300°) + cos (930°) cot 240° e 
Qus 2 пл ий 1990 5л ү-197 2 
(4) tan 73 sec 5 + cot С csc 5 + (ап CSC ( 3 ) «5» 


©) Prove each of the following equalities : 
( 1 ) cos (— 300?) sin 420? — cos 750? cos 660° = zero 
( 2 ) EL) sin 600? cos (— 30°) + sin 150° cos (— 240°) = – 1 
(3 ) sin 480? cos (— 60°) + cos 300? sin (— 120°) = zero 
( 4) sin 150? tan 225? + cos 315? sec (— 120?) + sin (— 135?) esc 210? = T 


a If the terminal side of an angle of measure 0 in its standard position intersects the 
unit circle at the point ج(‎ ‚ 4) s find : 
( 1) EH sin (180° + Ө) 


(2) La cos (7 - 6) | 
(4) C2 esc (= — 6) (5) sec (8 + 7) 


(3 ) Ш tan (360? — Ө) 
( 6 ) sin (0 — 7D) 


6 If the directed angle of measure 0 in the standard position : its terminal side passes 





by the point (15 . i] » find the following trigonometric functions : 


( 1) EN sin (270? + Ө) 


(3) esc (0+2) 
(4) tan (2-0) 


(2) LL) sec (270° + Ө) 
( 6 ) sec (- Ө) 


( 5) cot (0 — 180?) 


د 








1 If 0 is the measure of a positive acute angle in the standard position and its terminal side 
intersects the unit circle at the point B (x , i) » find the value of : 
sin (90° — 9) + tan (90° — 0) cos (90° + 0) к 


(Û It sin 6 = 3 where 90° < 0 < 180° › find the value of : 
( 1) cos (180° — 6) (2 ) tan (180? + Ө) ( 3) csc (— 0) 
( 4) cot (360° — 9) ( 5) sin (90° — Ө) ( 6) sin (270? — Ө) 
= 
9 If cos Ө = = where 180° < 0 < 270° ; find the value of each of : 
( 2 ) sec (— Ө) (3 ) tan (360? — Ө) 


( 1) esc (180° + 8) 
(5 ) sec (90? + Ө) ( 6 ) tan (270? — Ө) 


( 4) cot (0 — 90?) 





< 


10) Find one of the values of 0 » where 0° < 0 < 90° , which satisfies each of the following : 


(1) Lll sin (3 0 + 15°) = cos (20 – 57) «385 
(2) Ш sec (8 + 25°) = csc (8 + 15°) «c DS 
( 3) Ly tan (0 T 20°) = cot (3 0 + 30°) « 10° » 

@4+20°\_.. f 0+40° эй 
(4)Ш cos (920) = sin ( 5 ) 60 


( 5) tan (0 + 18° 24) = cot (0 + 52° 10) «9 43» 





1 Without using the calculator » choose the correct answer : 


( 1 ) m the opposite figure : 
D EB ‚АС = 10 cm. » АВ = 12 cm. ; then cot Û = =e 


(a) 2 (b) -$ 
© $ а) -3 
(2 ) In the opposite figure : 
ABCD is a square ; CE = 2 BE » then tan 0 = 
(3-3 (b) -5 
() 5 (d) 2 








( 3) In the opposite figure : 


A ABC is a right-angled triangle at B » tan Ө = i : 
then cos Q = eree 

(a) 3 (b) 3 

() ج‎ (d) -4 





— . e) 


Trigonometry , 





(4 ) In the opposite figure : 


ABCD is a rectangle » tan 0 = i BF LAE; 
then cot Of = or 
L 3 
(a) 4 (b) = 
Leod 2 
(c) 3 (d) 3 
( 5) In the opposite figure : 
ABCD is a rectangle » cos Ө = i EFL FC, 
then cos О = <... 
ee! к. 
(а) 5, (b) 3 
(c) 4 (d) 4 
( 6 ) In the opposite figure : 
COS Ө = .......... 
3 3 
(a) 5 (b) – 5 
zA A 
(c)—3 (4) -3 


( 7 ) In the opposite figure : 
ABC is an isosceles triangle in which 
AB -AC ;D€AB>DE1 BC ; DEL AC 
m (4 EDF) =9 DE = 4cm. › ВЕ = 3 ст. 
s then cos Ө = eee 


а) 5 0-3 م‎ 


( 5 ) In the opposite figure : 


If3 BE =4 СЕ 

› then tan (Z ADC) = ......... 

(a) $ (b) -4 
(c) 3 (à) -3 





(Я 1 Find the general solution for each of the following equations : 


( 1) в1п 2 Ө =со$ Ө | (2)cos 560-2 sin Ө 


62 









( 1) csc (0 + 15°) = sec 42° 

(3) Ш sin 9 — cos 0 =0 

(5) tan (Ө + 27°) = cot 20 

(7) sec (20 + 35°) = esc (3 0 — 10°) 
(9) sin (4 Ө + 48°) = cos (8 — 33°) 


: : | ә 
13 Find the values of Ө in the following cases where Ө Є lo > | ‘ 





(2 ) sin (0 + 30°) = cos Ө 

(4) LM esc (8 - 7) = sec 0 

( 6 ) tan (0 + 10?) = cot (4 0 – 10°) 
( 8) sec Ө = csc (3 0 - 90?) 

(10) csc 802 sec 2 Ө 





JU ; ۳ р di i 
(D Find all values of 0 » where 0 c |0 271 | which satisfies each of the following equations : 


(1)tan 0 = 1 =0 
(3) EA 2 cos (7-6) = 1 


(2)2 cos 0-1 =0 


(4)2sin( 7-0) =үз 





15 Find the S.S. of each of the following equations knowing that 0 c ]o .2 7| : 


(1) 2со59+ 120 
(3)2 sin 0-43 =0 
(5)2 sin 0+3 =0 


(2) sec 0-2 =0 
(4)cosO+1l =0 
(6 ) tan O + 1 =Û 


Trigonometry 4. 





(7)43 esc 0 2-2 (8) sin? 0 = 4 





(Dares (32-0) - 12 : sin (5+0) =-1 


» find the measure of the smallest positive angle Ө « 300? » 





(I) if sin (2 0 + 15°) = cos (0 + 30°) » where 0° < Ө < 90° 





» find the value of : csc” 2 8 + cot? 3 Ө + sec? 4 Ө «9» 
LEO = 25°) = | » find the value of 0 › where Ө Є o , di | 
cos (2 0 — 35?) 4 
» then find the value of : ^ 18— + sin (180° — Ө) «3095 14> 
cos 72° 





Dire = | where 0° < Ө < 90° , find the value of 0 ; then find the value of : 


sin (180° — 3 0) cos (360° — 2 0) + tan 2 Ө cot (8 — 180°) «309533» 





20; tan (0 — 15°) 2 cot (2 Ө + 15°) where 0 € |0 = | 


1+ sin (270° +20) 1 


= a A)? » 
1+sin(90° +26) 3 


» find the value of 0 » then prove that : 





E if cos o = > where 270° < 0 < 360° » 
lind the value of : sin (180° — Ө) + tan (90° — Ө) — tan (270° — Ө) i E 


EE ањ ИБА А 


Fr. 
/ 
| 
\ 





FP) If 13 cos Ө = 12 where 90° < 0 < 360° , 


23 If 15 tan O + 8 20 , 90° «0 < 180° ; find the values of the trigonometric functions of 


the angle Ө ; then find the value of each of : 2 sin Ө cos Ө »sec (1080? + 0) «— B j m $ 








PZ) if sin Ө = 12. ‚ where Ө c lo Í | s find the value of Ө > then: 


( 1 ) Find the value of : RC UU, 
1 + cos” (270° + Ө) 
1 — tan” (270° – 6) 


( 2) Prove that : cos 20 = 5 
csc^ (90° + 0) 


«45°, — 208 
3 





25 If B (- 5 k ;— 12 k) is the point of intersection of the terminal side of the directed angle of 
measure Ө in its standard position with the unit circle » 180? < Ө < 270° 





» find the value of : csc (90? — Ө) sin (90? + Ө) + 12 tan (270° + Ө) :-4 
FD 1f 13 sin 0-5 =0 where 0€] 7 , | + 

find the value of each of : csc (270° + Ө) , cos (0 — 270°) , tan (270° + Ө) 5 

then prove that : sin (270? — 8) x sec (270° + Ө) x cot (270? + 8) = sin 90? 
27 If cos? a = E ‚ where 90? < œ < 180° ; find the value of : 25 sin —4 cot o «23» 


28 If tan о = i where at is the smallest positive angle » tan D = a where 180? « B « 270? 


» find the trigonometric functions for each of the two angles o » Û : 





then find the value of : sin с cos B — cos о sin В « 4e, 
(2) if sin a = = where o Є E ‚| s 13 cos B- 5 = 0 where Û © |57 ‚21| : 

find the value of : cos a cos Û + sin о sin В « -» 
ED If 25 sin o + 24 = 0 where 180° < œ < 270° , 5 tan B + 12-0 

where Û is the greatest positive angle › В Є |0° , 360°[ . 

find the value of : 

( 1) sin (180? + о) + cos (180° — B) 

( 2.) esc (180° + œ) cot (90° — B) — sec (360° + о) tan (360° — p) 

( 3) esc (90° + о) cot (270? + B) tan (270? — о) csc (270° + В) 4 187 , 53 65” 





31 If the terminal side of the angle whose measure is (90? — 9) intersects the unit circle at the 


point (2; , y) › find the trigonometric functions for the angle Ө where Ө c |0 т [ 


| 64 





find the value of : 13 sin (180° — Ө) — 10 sin? 45? tan? 60° + 50 sin 150° «5m 


| 





In the opposite figure : 


NX V 
1 CU, 





Trigonometry e- 


ABCD is a trapezium » m (4 A) 2 m (Z D) = 90? 
„CD=6 cm. AD = 12 cm. AB = 11 cm. 





Find : sin 0 " 
at 13 » B 
33 In the opposite figure : 
ABCD is a square » 2 DF = FC 
Find : csc 0 " 
« 3 У 


Om e error 
(5 Discover the 









ЕТ) CO In one of the mathematical competitions » the teacher asked Karim and Ziad to find 


the value of sin (ө — H ) ; then who of them has a correct answer ? Explain your answer. 


sin (0-2) = sin (2140-7) | sin (0-7 ) =sin [-(2-6)] 
= sin (2 m +8) --sin(7 6) 


2 
= — соз Ө = — (— соз Ө) = соз Ө 













EE) Choose the correct answer from those givens : 


(1) cos 45? x cos 46° x cos 47° х -- x cos 135? = eeen 


(d) 1+ 


(а) zero (b)-1 (c) 1 
Ix) sin 75° x cos 12° х sec 15? x cse 78^ m 9v 
(a) 1 +42 (43 - 1 (с) 2 (d) | 


(3) The points A » B » С are placed on the coordinate system where 
A(050) » Bol) » CO 5-2) sthensin(Z BAC) s eem 


3 C 4 
(а) = Ву = ghet d 
АЗ ME equ {т 
4) sec 1° x sec 2? х... x sec 88? х sec 89° е 


CSC 1° x esc 2° x ... x csc 88? x csc 89° 


(a) zero (6): ] (c) 1 
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COS т р — sin 2R ag 
(5 2 





(а) 2 (b) 1 (c) zero (d)— 1 
M sin3X tan2X | | 
(6) 87 X= sthen x t cots X = E | 
(а) – 2 (6) — 1 (c) | (d) 2 


(7) If X4 y 2 30? , then: 


First: tan (X + 2 y) tan (2 X + y) = eese- 
(a) – 1 (b) 1 (c) sin (X — y) 


Second: sin (3 X + 2 y) + sin (9 X + 8 y) = ecese 


(d) cos (X — y) 


(a) zero (b) | (с) cos X (d) cos y 


(8) If f (X) = sin 2 X »then f (0) + f (0 +) «t(6 70 + у (0+ 3Z) +. 


199. 
+ f (09970 + f (0 + 2 л) = ......... 


(a) 1 (b) zero (c) 99 (d) 100 
(9) Ifcos 0 = 1 5 then O = <... where n € Z 
(a) n 7t (b) 5- Tt (c) 2n Tt (d) (2 n 4 D) T 


(10) The number of solutions of the equation : tan X = -45 where 0 x X x 15 JU is ---------. 





(a) 2 (b) 4 (c) 15 (d) 30 
(11) In the opposite figure : 

M is the centre of the circle 

» then tan Ө = --........ 

(а) tan © (b) cot à (c) cos a (d) sin O 
(12) In the opposite figure : 

IFA (053) C (0 54) 

s then cos Ө = .......... 

(a) (b) 4 

)( Oo: 


E! 
ESL (| , 
Му. 

ù أ‎ ae 


nM A M 
. um TI 
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ү 13 In the opposite figure : 


AB is a diameter of the semi-circle M 
and 13 sin Ө = 12 »then cos (Z ADC) = + 
212 m 
EET (13 
(14) In the opposite figure : 
If the equation of the straight line is y — E X45 


‚ Ө is an acute angle between 


the straight line and y-axis » then з 


(a) cos Ө = i (b) sin Ө = i (c) tan Ө = = 
(15) In the opposite figure : 

ABC is an equilateral triangle 

, D EAB such that : 2 AD 23 BD 

s then tan Ө = we 

(a) = ر‎ (c) 2. 


36 ABC is an obtuse-angled triangle at C » sin С = 2 


Find : sin (A + B + 2 C) 


37 Find the value of each of : 


( 1 ) cos 20? + cos 40° + cos 60° + --- + cos 160° + cos 180° 


( 2) sin 1° + sin 2° + sin 3° + = + sin 358? + sin 359° 


„ Trigonometry 





(d) sin 0 = 2 
A 
D 
C B 
2 
(d) 2 
zx = > 
3 
&-ls 
х ZETO » 
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Graphing trigonometric functions 


i Choose the correct answer : 
( 1 ) The range of the function f : f (0) = sin Ө іѕ......... 


68 


(а) 1-1» 1} 


( 2 ) If f (Ө) = cos 5 Ө , then the range of the function is 


(a) = :51 


( 3) The maximum value of the function g : g (O) = 4 sin Ө is 


(a) 4 


(b) [= I a 1] 
(b) [- 1 » 1] 


(b) 1 


(с) ]- 1 » 1| 
(c) ]- 5 55[ 


(c) zero 


PREG 


(4) The minimum value of the function h : h (6) = 5 сов 7 0 1s нө. e 


(a) 5 


( 5) Ihe function f : f (Ө) = 


(a) 2 IU 


(b) zero 


(b) Л 


( 6 ) The opposite figure represents one 
cycle of the trigonometric function 
y = f (X) » then the rule of the 


function 15 $$... 
(a)y 22sin X 
(С) у= 28102 Х 


(b) у= sin 2 X 
(а) у = sin Х 


( 7 ) The opposite figure represents the 
curve of the trigonometric function 


y = f(X) then the rule of the function 


IS 
(a) y = sin Ө 
(c) y = 2 cos Ө 


(b) y 2 cos 0 
(d) y = 2 sin Ө 


(c)—5 


(c) ^ 


(d) ]- e» | 

(4) [- 5 55] 
^ Qe 

(d) — 7 


2 sin 4 0 is a periodic function and its period equals 


с r | 
f Test | 
\ Ш From the school book [3 your sell 


"*BBurrukdad 






















Trigonometry 


(3 Find the maximum and minimum values » then write the range of each of the 


following functions : 
B (2)у= з sin20 (3)yz2sin38 
eee NS 


(3) Represent graphically each of the following functions and from the graph determine 


the minimum and maximum values of the function and write the range : 


(1)y24cos Ө where 0 € [0 . 2 7t] 
(2)y=4sin 0 where Ө € [0,2] 
(3) у= 2 cos Ө where 0 Є [27,27] 
(4) y=3sin9 where 0 € [-271 5271] 


4 Represent graphically each of the following functions , and from the graph determine 


the minimum and maximum values of the function › and write the range : 
(1)y2cos30 where 0° < 0 < 120? 
(2) у= 5 ѕіп2 Ө where 0° < Ө < 180° 


a LO Use the graph calculator or graphing program on your computer to graph each of the 


functions: y = 4 cos O › у= 3 sin Ө » then find from the graph : 


( 1 ) The range of the function. 


( 2) The maximum and minimum values of the function. 





that measure high standard levels of thinking 


G Choose the correct answer from those givens: 





(1) 1f2=8inX qs s then ras lU. La 
(à + <m <1 (b «m«3  ()lsms3 (d)2<m<4 
(2) The function y = sin ( 1 + x) has maximum value at X = .......... 
Л = T 
a zh ул 
(а) 5 (b) = (e) pi zero 
( 3) The function f : f (X) = sin (b X) is a periodic function its period E s then b = isse 
| 
(а) + (b) i (c) 3 (d) 6 


( 4) If the two points (X | 2608 Х|) * (X » cos X») lie on the curve of the function 
f (X) = cos X , then the greatest value of the expression (cos X | — cos X5) = eee 


(a) 1 (b) 2 (c) zero (d) 180° 


69 















e 





( 5) If the function f : f (X) = а cos b X where a> Ü is a periodic function and its period T. 
and its range |- l, 1] > then = veins 24 

i =1 si 

9 O (o) =! 


( 6 ) The opposite figure represents 
the curve y = sin X 
» then lal+|b|= Se RR. 







i? a> 
(a) | (b) 2 Gam 
(c) д (d) 2 7t Finding the measure of an angle given 
(TT бей | | ^" Sate the value of one of its trigonometric ratios 
€ Opposite figure represents | М | 


the curve y = 3 sin > X 


\ En From the school book L. 
» then the X-coordinate of B 






equals --. 0 Choose the correct answer from those givens : 
3 
(a) 7 (b) JT (1) If 6 = sin" -> » then 0 = — 
A 

(c) 2 7t (d) 4 TT | (a) 60? (b) 120? (c) 240? (d) 300° 

| (2)Iftano- Û » 90° «0 < 180° , then Ө = .......... 
( 5) In the opposite figure: If y — sin x я 

, then B —А = E Ea N | (а) 30° (b) 120° (c) 150° (d) 210° 
(a) JU (b) 2 7t | (9) озсӨ=-2 » 270*«0«360* sihen ba can 

(c) 3 X (d) 4 (a) 30° (b) 300° (c) 330? (d) 150? 

c)37 T 





En 07 as 
( 9 ) The number of intersections of the curve y = sin 3 X with X-axis in the interval 


(a) 44° 23 37 (6) 135° 3423 (е) 224° 283] (4) 315° 32 23 
0,27] equals ---....... (5) sin ! (- 06) & .......... 





(a) 2 (b) 3 (c) 4 (d) 7 (a) — 36.87? (b) 143.13? (c) 216.87? (d) 323.13? 
(6) If cos Ө = 0.436 5 where Ө is the measure of the smallest positive angle 
s then Ө = .......... 
| (a) 64° 9 (b) 115° 5] (c) 244° 9 (d) 295° 5] 
(7) If tan 0 = 1.8 and 90° < 0 < 360° , then 0 =. €— 
| 


| (a) 60° 57 (b) 119° 3 (c) 240° 57 (d) 299° 3 


2 Find in degrees the measure of the smallest positive angle 0 satisfying : 


(1) Q sin - 06 (2) cos 0 2 0.7865 (3) tan 0 = 2.4577 





(4) tan = — 0,8227 





( 5 ) sin 8 =- 0.4652 (6) cos Ө = – 0.5206 


к  — 





P 
ў г. 
Й 


( 7 ) LL] cot 6 = 3.6218 





(8) cot = – 1.4612 


(10) csc Ө = — 2.5466 OD sec 0 2 — 3.57 


В. It 0° «0 < 360° . find 0 which satisfies =" of the following : 
i ( 1 ) sin 8 2 0.86603 
(4) tan 0 = 1.5417 


(2) cos 8 = – 0.4752 
( 5) LO cos 0 2 — 0.642 


(7)csc0-— 1.8715 (8)cot02—2.7012 


C) C3 If the terminal side of angle i in the standard position intersects the unit circle at 


point В , then find m (4 Ө) where 0? < Ө < 360? when: 


aE. (2)B (=, 4) (39B (2, -E 


10 


{2 12 


5 ЕЧ Find the degree measure of the angle Ө in each of the following figures : 


(1) (2) (3) 





эсш. Ост, 





(Эг If sin Ө = + and 90° < 6 < 180°: 
( 1 ) Calculate the measure of the angle 0 to the nearest second. 


( 2 ) Find the value of each of the following : cos Ө » tan Ө » sec Ө 





Г) ABC is а triangle in which cos A = — 0.5807 „(ап В = 0.4578 


Find to the nearest minute m (/ C) 





8 If 0° < Ө < 360° , find the values of 0 in degrees and minutes which satisfy : 


tan Ө = sin 23° 48 + cos 84? 32 





E) if 0° < ө < 360° , find the values of Ө in degrees and minutes which satisfy : 
cos Ө = sin 70? — 2 cos. 80? tan 75? 





(T) If tan Ө = = where Ө is the measure of the greatest positive angle Ө € |0 »2 zv| 


Find the value of о to the nearest minute if : 


sin œ = sin 150° sin (- Ө) + £ csc (180° + Ө) tan 225° 





(9)sec 8 = 1.0478 


E. 


е = * " « 45? or 225? » 
(12) csc 0= 2.981] E - cos Eo - о) + cot (270° — 9) = 2 where 0? < 0 < 360 or 
4 


(Da The opposite figure represents a line segment joining 
(3) сѕсӨ = – 1.2576 | - between the two points A (3 »0) » B (7 » 3) 
(6 ) sec Ө = 2.0515 


| -axis. 
(9) tan 0 =~ 2.1456 | et 


13 A palm of length 20 metres was broken due to the wind as 








Choose the correct answer from those givens : 


« 26? 31 or 206° 31 » 


« 110? 53 or 249? 7» 


« 40° 32 or 139° 28» 
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Trigonometry 








о = z where 90° < o < 180° » find Ө from the equation : 


Find the measure of the angle 0 included between AB and 


= BJ we d 





(^ Discover the error 





in the opposite figure » if the length of the vertical part equals 
7 metres » and the inclined part is of length 13 metres and Ө is 





the angle which the inclined part makes with the horizontal 


»find in degrees the measure of Ө 


| Karim's answer | 


13 
“ose D 7 


В = i -113 
. 0= CSC 7 


sm (Z 0) = 32° 34 44 








ee wie: 
NIE See 7 


+ m(Z @)=57° 23 16 





Which answer is right ? Why ? 








that measure high standard levels of thinking 


(1) In the opposite figure : 





m(Z ABC) = .......... 
(a) sin! (3) (b) sin”! (4) 
(c) tan”! (2) (d) cot (2) 


үз 


(2) sin (cos ( T 


(a) 8 


пә 
o 
“ы 
І 


(b) 5 (с) 30° (d) 60° 
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( 3) esc (совт! (zero) —" 





(a) 1 (b) - 1 (e) > Life Applications on Unit Two 


[I] From the school book @ 


(d) zero 





( 4) In the opposite figure : 


sin (tan | (5)) МИНИ 


2 ©) — m | 
(с) 4% [ 


(d) 13 


goo of the gymansts spins on the play device by an » gle ^ measure 200*. Draw ۴ 
i ‘this angle in the standard position » then find its measure in radian. « 3,49" » 


2 12 What is the distance covered by a point on the end of the minute hand in 10 minutes: if 





the hand length is 6 cm. ? « 2 Uem.» 
( 5 ) In the opposite fi : m | - | | 
TE e figure 8 "m A satellite revolves around the Earth in a circular path way a full revolution every 6 
ABCD is a parallelogram » its area = 40 cm? i. ears , if the radius length of its path from the center of the Earth is 9000 km. Find its 








5 then In (4. А) 1 Seri eee é Sm É | speed in kilometre per hour i « 9424.78 km/hr » 

mt SE (c) 93° (d) 34° | Oma satellite spins around the Earth in a circular path a complete 

(6)tan7! ( -L ) + cot ! (Үз) TC ME revolution every 3 hours. If the radius length of the Earth approximately 
T 13 X | equals 6400 km. and the distance between the satellite and the surface of 

(a) F (b) * (c) = (d) JU the Earth equals 3600 km. » find the distance which the satellite covers 
(?)eos^! XA- gin! Xem : during one hour approximating the result to the nearest km. 

(a) zero (b) л T | = — | | | _ 

74 (C) = (d) л CI A sundial is used to determine the time during the day 


through the shadow length falling on a graduated surface 

to show the clock and its parts. If the shadow rotates on the 

disk by the rate 15? every hour. 

( 1) Find the radian measure of the angle which the shadow 
rotates from it after 4 hours. 





j ( 2) After how many hours does the shadow rotate by an angle 
| of radian measure 22 2 
g (3) The radius of a sundial is 24 cm. In terms of JU » find the arc length which the rotation 
of the shadow makes on the edge of the disk after 10 hours. 
« 1.05", 8 hours » 20 7t cm. » 










B LU When the sun rays fall on a translucent surface » li 
i angle o 
they are reflected with the same an gle of incidence but incidence 
Some rays are refracted when they pass through this теме 0, 
Surface as shown in the opposite figure. 
Af sin 0, =k sin 9, and k =3 79, = 60° > 


find the measure of angle Ө, « 30° » 


angle of 
reflection 











Reflected ray 








1 аа 
E = 
nit 
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ES C Ё _ Life Applications gg 


کر 


|, E . | 

(т ЕТ | There is a skiing game In the theme parks. 

| Fine height of one of these games is 10 metres 

€— 8 | E i Is length is 16 metres as in the opposite figure 
ar | i ما‎ Аа Е | \ | | 


` „ write a trigonometric function you can use to 
NE ge 





LL) When Karim uses his labtop » the measure of the angle of 
inclination of his labtop on the horizontal is 132° as shown in 


the opposite figure. 


10 т. 





(1) Draw the figure on the coordinate plane such that the 


no) 
| UN 4 


Ё E find the value of the angle Ө : then find the value of the 
SS | angle in degrees to the nearest thousands. 


angle of measure 132° is in the standard position » then 


find its related angle. « 38.682? » 
"4 


| @ (Karim descends by his car down a ramp of Е 

Ls. length 65 m. and its height is 8 m. If the ramp H c n, Р 

Lg makes an angle 0 with the horizontal 
»find m (Z 0) in degree measure. 


( 2 ) Write a trigonometric function you can use to find the value of a 


s then find the value of a to the nearest centimetre. 





C) LOI The spinning wheel is commonly spreading out in the ndi, 
amusement parks. It contains a number of boxes rotating in 

a circular arc of radius length 12 m. 

If the measure of the common angle with the terminal side 


in the standard position is 21 


(1) Draw the angle of measure >т in the standard position. 


( 2.) Write a trigonometric function you can use to find the value of a » then find the value | 
of a in metre to the nearest hundredth. «849m». 


9 LE It is possible for the ships entering the port » if the level of water is high as a result of 
the movement of the ebb and tide » where the depth of water is at least 10 metres. 
The movement of the ebb and tide in that day is given by the relation » 
S = 6 sin (15 n)? + 10 where n is the time elapsed after the mid-night in hour according to — 
24 hours system. | 


( 1) How many times did the depth of water completely reach 10 metres in the port ? 


( 2) Drawa graph representation to show how the depth of water vary with the movement — 
of the ebb and tide during the day. 


( 3) How many hours during the day at which the ship be able to enter the port ? 


MEENM- —‏ س ج 


O EA A ladder of length 5 metres rests on a wall. 
If the height of the ladder from the ground is 3 metres 
> find in radian the measure of the angle of inclination 
of the ladder to the horizontal. 





Similarity 


D ‘tem: A m 14,4 ст. X 


$$ 












В 4.9 ст. А С 18cm. B 


"Fin the opposite figure : 








77 T AABC ~ A NML | 
О EN o E Е ы The lengths of sides are shown on the figures. 
LL] Simila rity of pol ons = E (1) The scale factor of similarity of triangle 
ком! | a | to triangle NML 
A BE . ue ET = h L xa. M 
ВА Bos E ` ( 2) The values of X and y C 12 
ы ا‎ SUM EPOR m yours * | | «3 6 cm.» 92cm. » | 





ED c3 Show which of the following pairs of polygons are similar. Write the similar polygon 8o In the opposite figure : 1 


in the order of their corresponding vertices and determine the similarity ratio : 


(1) 


p^ cm 





Polygon ABCD ~ polygon EFGH 
( 1) Find : The scale factor of similarity of 
polygon ABCD to polygon EFGH 
_ (2) Find the values of : X and y 


ИШ 





123 


E 6cm. F 





A (Y¥+2)cm. B 3 
«» s 10 cm. » 7 cm.» 








Оп the opposite figure : B 7e. D5om С 











АСВА ~ A CED 
Using the lengths shown on the figure » 
find the length of each of : ED and EA 
L X 
B In the opposite figure : 
A ADE ~ A ABC 
P Prove that : DE // BC ; 
(бу) and from the lengths shown on the figure з 
| find the length of each of : BD and CE « 12 cm. » 10 em. » 
л А 6 Ш In the opposite figure : A 
: A ABC ~ A DEF 
à * DE =8 cm. s EF = 9 cm. , FD = 10cm. E 9em Б 
C Bom B 49cm. | If the perimeter of A ABC = 81 cm. P s 
| > find the side lengths of : A ABC $ s ш 


В 
« 24 cm. »27 cm. s 30 cm. » 
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Unit 
Three 


E Two similar triangles » the perimeter of the first is 74 cm. and the side lengths of the Other. 
are 4.5 cm. » 6 cm. » and 8 cm. Find the length of the longest side of the first triangle, 








« 32 cm.» 
O LO Two similar rectangles » the dimensions of the first are 8 cm. and 12 cm. » and the 


perimeter of the second is 200 cm. Find the length of the second rectan gle and its area. 


« 60 сш. » 2400 cm?, y. 


C) 1 In the opposite figure : 
Polygon ABCD ~ polygon XYZL 
( 1 ) Calculate : m (4 XLZ) » length of AD 
( 2.) If the perimeter of the polygon 
ABCD - 19.5 cm. 





Find : The perimeter of the polygon XYZL « 90° 33.6 cm. s26 cm.» 


([) Choose the correct answer from those given : 


( 1 ) If k is the scale factor of similarity of polygon M | to polygon M, and 0 <k <1 , then 
the polygon M, is =- to polygon M, 


(a) congruent to (b) enlargement (c) minimization (d) of double area | 


( 2 ) Two similar polygons » the ratio between the lengths of two corresponding sides in 
them is 3 : 4 , if the perimeter of the smaller is 15 cm. » then the perimeter of the 


bigger is =- cm. 
(a) 20 (b) 80 (с) 27 (d) 25 
( 3 ) To make two polygons M, and M, similar it is sufficient to get =-=- | 


(a) their corresponding angles are equal in measures only. 
(b) their corresponding sides are in proportion only. 
(c) (a) and (b) together. 
(d) nothing of the previous. 
(4 ) То make two rhombuses ABCD » XYZL similar it is sufficient to get «e 
(a) m (Z A) = 60? , m (Z Y) = 120? only. 
(b) the perimeter of rhombus ABCD = 2 the perimeter of the rhombus XYZL only. 
(c) (a) and (b) together. 
(d) nothing of the previous. 
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Similarity 


E 


If K, is the scale factor of similarity of polygon M, to polygon M, and K, is the scale 












factor of similarity of polygon M, to polygon M, » then the scale factor of similarity 
of polygon M, to polygon М, is eee | 

‚СЕ, к, 
DE LK, OBS (c) = (d) К, 


D 12cm. A 


6 ) In the opposite figure : 
Rectangle ABCD ~ rectangle XB YL › 





then the length of YC 2 «c cm. 
(a) 6 (b) 8 (c) 10 (d) 11 
(7) In the opposite figure : A : 
ААВС ~ A AED ; | 
m (Z B) 23 X4 10° »m(Z AED) =X + 30°, j 
then m (4 A) = ve C B 
(a) 50° (b) 40° (c) 30° (d) 60° 


(8) In the opposite figure : 
If A ABC ~ A DEF : 





then the length of FE Seere cm. 

(a) 3 (b) 4 (c) 6 (d) 8 
(9 ) The opposite figure shows three regular hexagons » the ratio 

between their sides lengths is as follows 

a:b-1:25b:cz3:8 


If the length of the side of the greatest hexagon = 32 cm. 





› then the perimeter of the smallest hexagon =: cm. 


(a) 12 (b) 6 (c) 36 (d) 48 





Ш EH If polygon ABCD ~ polygon XYZL , complete : 


== (2)ABxZLEXYx-— 
(3) BC+ YZ c cop px | (4) perimeter of polygon == XY 
YZ LX perimeter of polygon «== AB 
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E 
Unit 
aThree 


12 LO Polygon ABCD ~ polygon XYZL sif AB = 32 cm. BC = 40 ст. XY 23m 


YZ=3m+ | ,find the numerical value of m 





„4 Similarity 












E f) c In | 
3 | ‘a d the scale factor of similarity of each of polygon M, and polygon M, with respect to 





















| | | | polygon M4 
| 13 In the opposite figure : D polye | 
| A МАВ ~ A MDC Пп) 7и ETT | 

Prove that : AB // CD 5%, E - | A ча) Ер, 

$ . == | ۳ ‘on = ie | = 
and if MC = 3 cm. s MB = 5cm. Ар = 6cm. Е N Ur > 
—— I €. | 
Find : The length of AM « 34 n. RS 2 H- CN 
| | | 09 E NE 
(2) In the opposite figure : . inm 
1192100 
| р, 


A MAB ~ A MCD 








Prove that : The figure ABDC is a cyclic quadrilateral. | Q j 
And if AB = 8 cm. » CD = 4 cm. » MA- 4.8 cm. H (Bm the opposite figure : 
>? MD z25 cm. | Rectangle ABCD ~ rectangle AEON 
Find : The length of BC «74cm.» f Prove Ша: 
| — Perimeter of rectangle ABCD : | | 
(9 Triangle ABC has : АВ = 5 cm. , BC = 6 cm. ; AC = 9 cm. Find the lengths of the perimeter of rectangle AEON = (AB — AD) : (AE — AN) 


sides of a similar triangle if : 


( 1 ) The scale factor of similarity — 2.5 ( 2 ) The scale factor of similarity = 0.6 


O c The dimensions of a rectangle are 10 cm. and 6 cm. Find the perimeter and the area 
of another rectangle similar to it if : 





( 1 ) The scale factor equals 3 (2) The scale factor equals 0.4 


OO In the opposite figure : 
A ABC ~ A DBA 


Prove that : AB is a tan gent to the circle passing through the 






vertices of A ADC and that AB is a mean proportional between B C 
-«— — — Ücm, — —* 

BD and BC and if AB = 6 cm. » AC = 7.5 cm. y 

Find : The length of each of AD ; CD « 5 em. » 5 em.» 


















(10) 
(D 
2 | 
O 1 
Se ee + " | FA [ В Choose the correct answer from those given : 
n Similarity of triangles ESSE d | | | 
(1 ) In the opposite figure : 
LLJ From the school book [:] | BD = rr Cm. 
in wlii ; | | b) 6 
f] fn State in which of the following cases » the two triangles are similar. In case of (a) 5 (b) 
similarity » state why they are similar : (c) 4 (d) 7 
(2) In the opposite figure : 
If AB isa tangent to the circle 
s then AB = = cm. 
(a) 4 (b) 5 (c) 6 
(3) In the opposite figure : 
Le 
D 4 
(a) 1 (b) = 
(©) 4 (d) 2 
(4) In the opposite figure : 
If m (Z ADC) 2 m (Z ACB) 
, then AB JT cm. 
(a) 12 (b) 16 
(c) 18 (d) 20 
( 5) In the opposite figure : 
ACIER cm. 
(a) 12 (b) 24 
(c) 36 (d) 48 








Similarity 4. — — —— 





(d) 7 | 





E 16cm. D 9cm. B 





D бетм, € 
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( 6 ) In the opposite figure : 


If B is the midpoint of CE 


s then DE = .......... em. 


(a) 4 
(c) 6 


( 7 ) In the opposite figure : 


If AB // EC 


s then — 
(a) 4 
(o4 


(a) 3 
(c) 9 


(a) 6 
(С) I2 


ED _ 
BC 


(8 ) In the opposite figure : 
БЕ e 


cm. 


(9 ) In the opposite figure : 


АС = ааваа ата cm. 


(10) In the opposite figure : 


If m (4 РАВ) = m (4. С) 
s Шеп X = ... УГЕРУ А 


(а) 6 
(с) 21 


(11) In the opposite figure : 


ABC is an isosceles triangle 
where AB = AC BC = 48 cm. 


"BEC 


ll. A 
(c) 24 


=> s then DC = u, cm. 


(b) 5 
(d) 7 


— ae 
> Em 
hole Afus 


(b) 6 


(d) 12. 


(b) 9 
(d) 15 


(b) 18 
(d) 24 


(b) 20 
(d) 28 
















— | Similarity e 
HN - | f | 
( 12 n m opposite figure : 
ere d CIT. 


0 7 


(b) 6 


(d) 8 jen. D 5cm. C 





1 ЗЕЕ 


1n each of the following figures ; find the — value of the used symbol / 
E 


E ٤ mm ibols in measure. Explain your answer : 


2 
a) (2) 


С 
| Б 
C 16cm. (х+4) cn. | 4 
Б А (2X 3)em. B 
“Б 





(7) 


7 


ü ccc On the opposite UE 


m (4 AHD) = m (Z C) AH = 14cm. HD = 12 cm. 
08-15 cm. » ОВ = 4 cm. | 
\ Е i the length of each of : AC AD , AB Dub 


78 ; « 17.5 cm. » 16 cm. 320 ст. » 





С On the Opposite figure : 
| А // СВ Prove that : 
ү )AAHD ~ A BHC 
(2) AH x HC = DH x HB 








(vse (۱ aie ۱ / -ریاضیات -لغات (تمارین)‎ жама 89 








6 In the opposite figure : H 


ABH is a triangle , HD 1 AB >m (Z A) = m (Z BHD) 
: AB = 16 cm. ¿BD = 4 cm. ш | 
Calculate the length of : BH Te E 4 | 


« 8 om. 

E asc Is a triangle » the lengths of its sides AB » BC and CA respectively are 3 cm 
4.5 eH › and 6 cm. » DEF is another triangle » the lengths of its sides DE ‚БЕ e | 
respectively are 6 cm. » 4 cm. and 8 cm. Prove that the two triangles are si | | 


| | milar » the 
write them in the same order of corresponding vertices. 1 


8 In the opposite figure : 
B + Y and C are collinear. 
Prove that : 
(1)AXBY~ A ABC | 
(2) BC bisects 7 ABX б ‘Sem, МА | 


C) ЕШ In the opposite figure : 

ABC is a triangle in which : AB = 6 ст. BCz9cm. , 

AC = 7.5 cm. D isa point outside the triangle ABC where 

DB 24cm. ОА = 5 cm. Prove that : 

(1) AABC ~ ADBA (2) BA bisects Z DBC 
10 In the opposite figure : 

ABC is a triangle in which AB = 8 cm. s 

AC-6cm.,DCAB, 

where AD = 3cm. EC AC , 

where EC = 2 cm. 


Prove that : A AED — A ABC 





D In the opposite figure : 
ADA BCs (B) AE 73 оп. 5 EC єтї. ; BE-9 cm. , 
ED = 10cm. AB = 6cm. 
Prove that : A ABE ~ A DCE з 
then find the length of : CD 





(2 ER In A ABC ; AC AB ' M C AC where m (4 ABM) = m (Z C) 
Prove that : (AB = AM x AC 








M v 
"d 
4 
bi 
y, 


E ABC is a triangle » D C AB я DE // BC and intersects AC at E > 


3 








‹ «Ба 

E 
IE ^ 
25 ч. 
v. 


m. 
n. 





T 


ac In the opposite figure . 


AX is drawn to intersect DE and BC at X and Y respectively 


(1) State three pairs of similar triangles. 
UE ,,DX. XE. DE 
- (2) Prove that “BY YC ~ BC 
fl ~ 
(O In the opposite figure : 
" АВС is a right-angled triangle at A ; 
AD | BC ‚АВ = 30 ст. s DC = 32 cm. C 32cm. D B 


Calculate the length of each of : BD , AD « 18 cm. »24 ст. » 














O ın the opposite figure : 
` BCNDE= 1F} ,AB=6cm. » 
ВС = 12cm. »AC = 8 cm. FC 23cm. › 
BD = 4.5 cm. » DF = 6 cm. Prove that : 
(1) ДАВС ~ A DBF ( 2) A EFC is isosceles. 





16) Ш In the opposite figure : A 
ABCD is a quadrilateral ; 
BD where ÀB = CE , BD _ EB. 
ЕЄ BD where BA" BC DA BC 
Prove that : ( 1 ) AD // BC 
(2) AB// CE 
(17 ABC is a triangle in which: АВ = 4cm. » AC=3cm. › D C BA such that AD = 4.5 cm. » 
EECA where AE = бст. 
Prove that : BCDE is a cyclic quadrilateral. 


D C 








(D) ABC isa triangle ь АВ = 8 ст. » AC- 10cm. » ВС= 12cm. › Е CAB 
where AE = 2 cm. » D ЄВС where BD = 4 cm. Prove that : 
(1) A BDE ~ A BAC and deduce the length of DE «5 cm.» 
( 2) The figure ACDE is a cyclic quadrilateral. 





19 XYZ isa right-angled triangle at X » draw XL L YZ and intersects it at L 


2 
Prove that : SAY) -YL 
(XZ) LZ кын аслы 
IEXY = 12 cm. and XZ = 16 cm. » calculate the length of each of : YL » XL 
H « 7.2 cm. » 9.6 cm.» 


Similar ity ge 











Й) Choose the correct answer from those given : 
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( 1) In the opposite figure : 


YO F ermes cm 
(a) 9 (b) 10 
(c) 11 (d) 12 


( 2) In the opposite figure : 
If DA , DB are tangents to 
the circle at A and B respectively 


:DA-DB-28cm. »>BC=2 cm. 


«then AC = +з: ст. 

(a) 3 (b) 4 (c) 5 
( 3) In the opposite figure : 

ECS seen cm. 

(a) 3 (b) 4 

(c) 245 (d) 5 


( 4) In the opposite figure : 
If the perimeter of A DXY = 8 cm. 


> then the perimeter of A ABC = .......... cm. 
(a) 18 (b) 24 
(c) 36 (d) 48 
( 5) In the opposite figure : 
DE: ал, cm. 
(a) 8 (b) 10 
(c) 12 (d) 15 


( 6 ) In the opposite figure : 
If AC 29 cm. ,Вр = 4 cm. 


ВС = бст. , then the perimeter of 


A ADE ms cm. 
(a) 18 (b) 16 
(c) 14 (d) 12 


Similarity 









[ E fm (LA)=m(4 D) 
E 
then X= 7 





as ut B am, CXcmD 
© 3 (9) 2 
ü Е jin the opposite figure : е р 
| ABCD isa parallelogram » O EDC; ارش ا‎ 
BO is drawn intersecting ACatH ; xy 
cic Wm. T intersecting ADatE С B 
Prov ve that : (1) A ABB ~ A CHB (2) BJs HE x HO 


















$ 


(9) 6 j 2 a AB and DC are two chords in a circle » AB f? CD = 1E} » where E lies сіні the 
n irele AB = 4 em. » DC = 7 cm. and BE = 6 cm. 
D б. d Pr ove that: A ADE ~ A CBE › then find the length of : CE « 12cm.» 
eom Pru 
e { AB is a seri та авав ; C is a point belonging to the circle » AC is drawn 


intersecting the tangent to the circle at B at D 
Pr ove that : : (BOY = CA x CD 


Фа ig is a right-angled triangle at A 5 AD | BC to intersect it at D 


1 e = 3 + and AD = 6/2 cm. 


о the length of each of : BD , AB and AC | «бет. 3613 cm. 9646 ст,» 
| ® In the opposite figure : 

А AABC isa right-angled triangle at B » AC=15cm.»BC=12cm. » 
E di is the midpoint of AB; AD// BC » where AD = 6 cm. 

| "rove that : AABC ~ A EAD and deduce that AC // DE 





| | D. the posite figure : 
Al IC is a triangle in which : D C BC where BD = 4 cm. » 
EEUU 5cm. IfAB - бст. s AC-8 cm. 
q E 1) Prove that : A ABC ~ A DBA 
EO ) Find the length of : AD C Sem D 4m. B 
© ) Prove that: AB isa tangent segment for the circle passing 
| through the vertices of AADC « Som. » 





= 9 


Ls 
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27 In the opposite figure : 
LMN is a triangle EC MN 5K CMN 
;)OCLN >LM= 12 cm. »>ME=8cm. 5 





LE =9 cm. ; EO = бст. ; EK = 4 cm, KO = 4.5 cm. £ 
Prove that : OK // LE , EO // ML then find the length of NK 


K 4cm, Е 


бст, 


28) XYZ » LMN are two triangles having equal measures of corresponding angles 5 YZ = 8 cm 


i MN = 12 cm. s XD is drawn | YZ to intersect it at D 5 and LH is drawn L MN to 
intersect it at H 


If DX =7 cm. » find the length of : LH 


29 m ABC and DEF are two similar triangles 5 AX 1 BC to intersect it at X , DY |. EF to 
intersect it at Y Prove that : BX x YF = CX x YE 


ET) ABC T triangle » AB 29cm. » BC=12cm. , CA-15cm. » DCBC such that : 
BD = 4 BC , DH L BC to intersect AC at H 
Find tha area of the shape : ABDH 


31 ABC is а right-angled triangle at A ; D € BC where PB _ BA 
AB BC 


Prove that: (1) A ABC ~ A DBA (2) AD І ВС 


32 If A ABC ~ A DEF and X is the midpoint of BC , Y is the midpoint of EF 
» prove that : A ABX ~ A DEY 


EE) ABCD is a quadrilateral inscribed in a circle » its diagonals AC 5 BD intersect at E 5 


. BA _ BD 
If AE рс ? Prove that : 


(1) AABE ~A DBC (2) BD bisects Z ABC 


em LL] In the opposite figure : 
ABC is a right-angled triangle at A 


: AD L BC , DE 1 AB, DF 1 AC 
Prove that (1) A ADE А СОЕ C р B 


( 2 ) Area of the rectangle AEDF =VAEx EBxAFxFC 


35 ABCD is a rectangle ; draw DF L AC to intersect AC in E and BCinF 


Prove that : The area of the rectangle ABCD =VAExACxDExDF 


eee 








«4cm.» 


2 


«105 cm.» 


& 23 gom. » 











(s un Sm a 
36 ABCD is a trapezium in which : AD // BC ; its two diagonals AC , BD intersect at M 
Prove that: МА x МВ = МС x MD »andif ADz9cm. » BC- 12 ст. » АС = 14cm. 
3 calculate the length of: MA «бс. » 





ABC is a triangle » D C BC , AD is drawn and point H is assumed on it » then HX is 
drawn // AB to intersect BD at X » and HY is drawn // AC to intersect DC at Y 
Prove that: ( 1) A ABC ~ A HXY 

(2) XY x AD = BC x DH 











38 AB is a diameter in circle M »C C AB lying outside the circle : CD is drawn tangent to 
the circle at point D ; then DH 1 AB to intersect it at Н 
Prove that : (Ср)? = CH x CM = CB x CA 





EF) (11 In the opposite figure : A 
ABC is an obtuse-angled triangle at A › 
AB = AC > AD L AB and intersects BC at D 


Prove that : 2 (AB)? - BD x BC C D B 


(T) ABCD is a trapezium » AD// BC » m(ZA)=90° , ECBD 
, where AB x ЕС = ОЕ х BD • CD x Вр = DA x EC 
Prove that : (BC)? = (АВ)? + (Ар)? + (Ср)? 
41 In the opposite figure : 
AX | вр. ВХ _ ВА p, ‘ 
AX L BD T rime Prove that : 
(1)ABXA~ACDA 


(2) AC is a diameter in the circle. 





(D ABC is a triangle in which AB = AC » E CBC , E BC . р ECB , D& CB 
where (AB)? = DB x CE Prove that : A ABD ~ А ECA 





Problems 


43 Choose the correct answer from those given : 


( 1 ) In the opposite figure : 








з 

s then AE = e cm. 

(a) 16 (b) 15 
(c) 12 (d) 10 


MM 





( 2) In the opposite figure : 
If M is the point of intersection 
of medians in A ABC 
» then the length of FM = 


(a) 4 
(c) 6 


( 3) In the opposite figure : 
CEBD m (4 D)=m(Z BAC) 
‚ АВ = 6cm. „СО =5сп. 


then BC =... cm. 
(a) 3 (b) 4 

( 4) In the opposite figure : 
If X^— y? = 16 
з Шепу xz Sires cm? 
(a) 4 
(c) 12 


( 5) In the opposite figure : 
If CX bisects / ACB 5 XD // BC 
y then XD ius cm. 


(a) 3 
(c) 5 


( 6 ) In the opposite figure : 


AD =. Cm. 
(a) 10 
(c) 8 


( 7 ) In the opposite figure : 
If m (Z ABC) = 120° 
› A BDE is an equilateral triangle 


s then X = :-:....;.. cm. 


(a) 5 
(c) 7 


ف 





Similarity 
( 8 ) In the opposite figure : 

fmi 1) =m (2 2) m (z 3) 

» then DE: EF: FD =... ТИ oon 

(a) 7: 11 : 12 (b) 12: 11:7 

(12:75 LI (d) 11: 12:7 
( 9 ) In the opposite figure : 

If BD bisects Z ABE ; BD = 9 em. » DC = 6 cm. 











s DE = 3 em. » then the perimeter of AADC = .......... cm. 
(a) 12 (b) 14 | 
T G ow U (c) 16 (d) 18 
(d) 6 (10) In the opposite figure : | 
XY // AC , DE// BC 
‚Шеп DB = ·--....... ст. 
(а) 2 (6) 3 
(с) 4 (9) 5 
(11) In the opposite figure : 
DOS AE енне cm 
(a) 12 (b) 15 
(c) 18 (d) 21 
e I5cm. B f (12) In the opposite figure : 


If FX 1 AB. DY LBC EZ LAC 
›АС=9ст.,ВС = 12 cm.  DEz 4 em. 








s then EF = -......... cm. 
(a) 2 (b) 3 
(c) 5 (d) 6 
(13) In the opposite figure : D T 
If BE = 2 ED КУ RON 
"thén AE = «os cm. 3 
C B 
(a) 1 (b) 2 | 
(c) 3 (d) 4 | 








(14) In the opposite figure : E 
If ABC is a right-angled triangle at A Y D E 
s DEFY isa square » BE = 8 cm. » FC = 2 ст. | 


» then the area of the square DEFY = .......... cm2 Za Е de н 
(a) 4 (b) 16 
(c) 20 (d) 36 


(15) In the opposite figure : PRESS PARU CAR Te E ES CHORI (RACE. NE 
The relation between the areas 


Exercise 





If AB // EF // CD 

» then EF = .......... af of two similar polygons | 

(a) 2.5 (b) 2 LL] From the school book [E] YOu rself | 
GD Choose the correct answer from those given : | 


(c) 1.5 (d) 1 
(16) In the opposite figure : | (1) If the lengths of two corresponding sides in two similar polygons are 7 cm. || 


EF // BC 5 DE ICA and 11 cm. » then the ratio between their perimeters is +--+ 


If BD = 6 cm. ¿DC = 8 cm. ‚49 j 7 ii 
then EF (a) 121 (b) те (с) 77 (d) 42. 
5 | РАТУ cm. 
| IfA ABC ~ s a E unes 
(a) 12 (b) 18 (2) EB А ABC ~ A XYZ , AB =3 XY » then 27-252 = 
1 1 
© 7 (а) = (а) 3 (b) 9 (с) = (d) 3 


(17) In the opposite figure : ( 3) If the ratio between the areas of two similar polygons is 9 : 49 , then the ratio 


If m (2 ACD) = m (7 BEC) between the lengths of their two corresponding sides is ----.- js 


„Шеп BE + BC = .......... em. (203: 7 (b) 9 : 49 (0) 3:10 (d) 10:3 
(a) 16 (b) 18 (4) C If A ABC ~ A DEF: a (A ABC) = 9 a (A DEF) and DE = 4 cm., then AB = .......... cm. 
(c) 20 (d) 24 (a) 1 (b) 12 (c) 9 (d) 36 


(18) In the opposite figure : ( 5 ) The ratio between the perimeters of two similar polygons is 4 : 9 » so the ratio 
ABCD is a trapezium 5 m (Z ABC) = m (4 DCB) = 90° 


„AC LBD; then the area of the trapezium 


between their areas is ==- 


(a) 4:9 (b) 9:4 (c)2:3 (d) 16 : 81 





ABCD = а cm? ! - ! 
(a) 13 (b) 26 m k ( 6 ) The ratio between the areas of two similar polygons is 9 : 25 and the length of one 
(c) 39 (d) 60 side of the smaller one is 3 cm. » so the length of the corresponding side in the greater 
one is «s cm 
(a) 2 (b) Z (c) 75 (d) 5 
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( 7 ) The ratio between the lengths of the diagonals of two squares is 2 : 5 » if the area of (13) Inthe opposite heure: 


























the smaller one is 4 ст“ » so the area of the greater one 15 === cm? If the polygon ABCD - the polygon AEFG 
i) 25 (b) 16 (c) 10 and the area of the polygon ABCD - 32 cm? 
(8 ) In the opposite figure : » then the shaded area = «^ cm? 
ABE) ааыа (a) 72 (b) 48 
a(ACDE) 
9 (c) 40 (d) 16 
acd 25 
(а) 39 (0) 49 (3 — 
F г If the polygon ABCD ~ the polygon ABCD = 1 
( 9 ) In the opposite figure : Ш HE the polygon polyg Does =3 
Area (A XAB) _ «c ; then write the value of each of the following : 
aac атыш a (the polygon ABCD) у perimeter of (ABCD) 
(a) E (b) > a (the polygon ABCD) perimeter of (ABCD) 
(c) 3; (d) 4 & LO If the lengths of two corresponding sides in two similar polygons are 12 cm. » 16 cm. 
(10) In the opposite fig and the area of the smaller polygon = 135 cm? ; then find the area of the greater polygon. 
| | figure : А 
« 240 cmt» 
ПАХ: ХВ = 5:35, a (A ABC) = 25.6 cm? І 
s then a (A AXY) = .......... cm? Y X Г) The ratio between the lengths of two corresponding sides in two similar triangles is 2 : 5 
(a) 10 (b) 16 If the area of the smaller one is 16 ст“ ; find the area of the greater triangle. « 100 ст?» 
И l C B | _ 
(c) 41 (d) 65.5 5 The areas of two similar polygons are 100 cm. , 64 cm. If the perimeter of the first is 60 cm. 
(11) In the opposite figure : » find the perimeter of the other polygon. « 48 ст.» 


- _ D — ——————————— 


If BE // DC [3 The ratio between the two perimeters of two similar triangles is 3 : 2 and the sum of their 














» then —  TheareaofA ABE — ЧТР areas is 130 cm? Find the area of each of them. « 90 cm.» 40 ст?» 
The area of trapezium BCDE | 
(a) i (b) 2 7 The ratio between the lengths of two corresponding sides in two similar polygons is 1 : 3 
(c) 2 (d) 9 Let the difference between their areas be 32 cm? +» so find the area of each. — «4cm^» 36 cm.» 
16 25 | 
(12) In the opposite figure : (3 In the opposite figure : 
A " М — 
If the area of the figure ABED = 42 cm? ABC is a triangle in which : 
a then the area of A CED = -......... em? D AX=4cm. s XB = бст. 3 
AY = 5 cm. » YC = 3 cm. 
ay 8 (b) 12 Ga, 
1 ст. Find : ê (A AXY) od 
v) I6 (d) 20 ' a (A ACB) E: 


100 





e 





C) m the opposite figure : А 
If AB// DC , AC//DE . n 
AB = 3 DC 
» area of A DCE = 16 cm? 
E Є В 
s find the area of : A ABC 
« 36 ст» 


10 Study each of the following figures , where k is the constant of proportion , then find 


the requirement under each figure : 


(2) 





АВ Г\СО = {Б} m (Z BAC) = 90° , AD L BC 
‚а (A ACE) = 900 ст? >a (A ADC) = 180 cm? 
Find area of A DEB Find area of AABC 





(I) EN ABC is a triangle , D EAB where AD=2BD , ECAC where DE // BC 
If the area of A ADE = 60 cm? ; find the area of the trapezium DBCE 


«75 ст?» 
12 ABC is a triangle , АВ = 8 ст. » AC=6cm. › DCAB where AD = 3 cm. 
, E € AC where EC = 2 cm. Find; —2(44DE) — l 
a (figure DBCE) "9" 


ABCD ,АВСР” аге two similar polygons whose diagonals intersect at X 5 Y respectively 


Prove that : 5 (he polygon ABCD) _ (BX) : 
a (the polygon ABCD) (BY) 


14 In the opposite figure : 


AD is a tangent segment 





to the circumcircle of A ABC 2 AB =3 AC 


234, 4 (A ACD) 
кшп. а (А АСВ) as 
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(9 In the opposite figure : " 
ABC is a triangle where BC = 9 cm. 
and D € BC where BD = 6 cm. 
If m(Z ВАр) = m (Z С), 
then prove that : A АВС ~ А ОВА C Зем D 6m В 
and find the length of : AB 
Find also : The ratio between 
the area of A ABC and A DBA «316 cm. »3:2» 





D A 
16) In the opposite figure : 3 


ABCD is a parallelogram » БО = T 2 


AO 
» a (A ВЕО) = 9 cm? 





C B E 


«108 cm? » 


Find : The area of the parallelogram ABCD 





(I) го In the opposite figure : 


ABCD is a parallelogram 
— AB AE _ 3 
»>EC AB where = =% 





, DE N CB = {F} 
( 1) Prove that : A DCF ~ A EAD 


a (A DCF) 25 


Саа Ema. жату 9 


11 ABCD is a parallelogram » X CAB, X& AB where BX 2 AB » Y ECB > 
Y& CB where BY = 2 BC ; the parallelogram BXZY is drawn. 





| _ а (parallelogram ABCD) 1 
Prove that: a (parallelogram XBYZ) 4 





19 LCI ABCD , XYZL аге two similar polygons. If M is the midpoint of BC and N is the 
midpoint of YZ 
; prove that : a (polygon ABCD) : a (polygon XYZL) = (Мр)? : (NL) 





20 AB 5 CD are two non intersecting chords of circle M 
If AB N CD = [E] , AC 23 BD 


a (А EBD) 


„йай AECA) 


Similarity gg 








Ё) M N are two touching externally circles at A » the two secants from A are drawn to 


intersect the circle M at B » D and intersect the circle N at C 4 E 


a(A ABD) (BD) 


Prove that : ————— = 
а (А ACE) (CE) 





FB ABC is a triangle inscribed inside a circle » draw AD to bisect Z A and intersect BC at D 





and the circle at E 


Prove that ; а (А ABE) : a (A ADC) : a (A BDE) = (ЕВ)? : (CD) : (Ер)? 


=m 


23) IfA ABC ~ A XYZ , AD » XL аге their corresponding heights 
» prove that: BC x XL = AD x YZ 





24 Prove that : the ratio between the areas of the two similar triangles equals the square of the 


ratio between : 
( 1) Two corresponding heights in them. 


(2 ) The lengths of two corresponding medians in them. 





25 L3 ABC is a right-angled triangle at B. The equilateral triangles ABX » BCY »ACZ аге 
drawn. Prove that : а (A ABX) + a (A BCY) = а (A ACZ) 





26 Ш ABC is an inscribed triangle in a circle where “= = 1 » Irom B a tangent is drawn to 


the circle to intersect AC at E 


a(A ABC) _ 


Prove that: — u — 
a(A ABE) 16 





27 ABCD is a trapezium in which AD // BC Draw XY // AD to intersect AB at X and CD 
at Y such that the trapezium is divided into two similar polygons AXYD and XBCY 


a (polygon AXYD) а (А ABD) 
a (polygon XBCY) a(A BDC) 
— ج‎ READ PERPE 


28 A ABC is right-angled at A : AD 1 BC intersecting it at D. The two equilateral triangles 
ABE , САҒ are drawn outside the triangle ABC 


Prove that : 


Prove that : ( 1 ) The polygon ADBE - the polygon CDAF 


а (the polygon ADBE) BD 
a(the polygon CDAF) CD 
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Similarity &.— 


(E) EA ABC is a right- -angled t triangle at B , BD L AC to intersect it at D. The squares AXYB 
, BMNC are drawn on AB » BC respectively outside the triangle ABC 
( 1) Prove that : The polygon DAXYB - the polygon DBMNC 
( 2) If AB = бст. » AC = 10 cm. 
, find : the ratio between areas of the two polygons. ITI 
a 
30 [O ABC is a triangle in which AB 5 ВС, AC are corresponding sides to three similar 
polygons X » Y » Z drawn outside the triangle respectively. If the area of the polygon 
X = 40 cm? » the area of Y = 85 cm? » the area of Z = 125 cm? 


; prove that : A ABC is a right-angled triangle. 


31 ABCD is a quadrilateral » E EBD ; draw EF // DA to intersect ABatF » 


draw EM // DC and intersects BC at M 
Prove that : a (the polygon BMEF) : a (the polygon BCDA) = axe 





ЁЙ ri ABCD is a square » AB > BC > CD DA are divided in ratio 1 : 3 by the points 


X »Y »Z sL respectively. 


| sý NA | „ „ a (the square XYZ) _ 5 
Prove that : ( 1) XYZL is a square. (2) abes ABC? 8 





33 In the opposite figure : 
AB › CD are two parallel chords 
in a circle s AB N YD = IX] 


a (A DBX) _ (XB) 
a (A CYB) (BY) 





Prove that : 





34 Choose the correct answer from those given : 


( 1) In the opposite figure : D C 
If the area of (polygon DYFC) = 40 cm? 
» the area of (polygon FEBC) = 32 cm? Y á 
» the area of (А AFY) = 5 cm? Ve: 
» then the area of (A AEF) = vrese cm? 4 
(a) 3 (b) 4 (c) 5 (d) 6 





(M ie) aast V -ریاضیات -لغات (تمارین)‎ жа О! 105 
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( 2 ) In the opposite figure : 
If the area of (A AXY) = 40 cm? 
» the area of (A DZM) = 13 cm? 
› the area of (the polygon XBCY) = 50 cm? 
Then the shaded area = .......... cm? 
(a) 77 (b) 92 (c) 104 
(3) In the opposite figure : 
If AB 2 3 AD , and the area 
of A АРЕ = 6 cm? 
» then the shaded area = -......... cm? 
(a) 12 (b) 24 
(c) 48 (d) 96 
( 4) In the opposite figure : 
If the area of the polygon DXYE = 30 cm? 


› then the area of the polygon XBCY = .......... cm2 
(a) 12 (b) 16 
(c) 18 (d) 20 


( 5) In the opposite figure : 


If M is the point of intersection of medians of A ABC 
: MD // AB and the area of A ABC = 36 cm? 


s then the shaded area = .......... cm? 

(a) 27 (b) 28 
(c) 32 (d) 33 

( 6) In the opposite figure : 

If the area of A DEF = 6 cm? 

» then the shaded area =... cm? 

(a) 27 (b) 36 
(c) 48 (d) 54 








(71) AABC ~ A DEF and AB = X cm. » DE = (X + 1) cm. » the area of 
A ABC = (X + 2) cm? » and the area of A DEF = (X + 7) cm? » then the value 
UI ME ni. неее 
(a) 4 (b) 3 (c) 2 (d) | 


( 8) In the opposite figure : 
If DE // BC , EF // AB ; £ 


AD. 
DB 3 
Area 2 7ОВЕЕ)_ . 
s then Area (ДАВС) 7 * 


(a) 25 (b) 3$ 
: 13 
(c) 42 (d) 55 





(9 ) In the opposite figure : 
ABCD is a square of side length 6 cm. 
s DE = EF = ЕС 
» then the area of (polygon XYFE) = veve cm: 
(a) 6 (b) 8 
(c) 10 (d) 12 


(10) In the opposite figure : 
Х+у+2= зен 
(a) 15 (b) 18.2 
(c) 22 (d) 22.2 
(11) In the opposite figure : 
BCDF is a rectangle » the area of (A ABE) = 2 cm? 
, the area of (A BEF) = 3 cm? 


; then the shaded area = c ст: 
1 
(а) 5 (b) 54 (c) 6 (d) 75. 


а.а | 2 
(12) If the scale factor of similarity of the polygon P, to the n Р, is = and the poate 
factor of similarity of the polygon P, to the polygon P, 1s 3° which of the following 
relations is correct ? 


(a) Area (P,) + Area (Р,) = Area (P4) 
(b) Area (P,) + Area (P4) = Area (P) 
(с) Area (P) + Area P.) = Area (P,) 
(d) [Area (P) Area (P,) = Area (Р) 
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Unit 
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35 ABisa diameter in a circle , C belongs to the circle , X C AB where AX = ВС, 
draw XY // BC and intersects AC at Y 


Prove that : a (A ABC) : a (the polygon XBCY) = (AB)* : (АС)? 





36 In the opposite figure : | Er pue 
Two intersecting circles at A 5B 
» AC is a chord in one of the 
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Applications of similarity 


in the circle Test 
\ E From the school book B yourself 


two circles and touches the other at A ; 


AD is a chord in the second circle and touches the first circle at A 
If ABM CD = {E} 
CE _ (АС) 

D (Ар)? 





Exercise 


» prove that : 








37) In the opposite figure : 


E] Use the calculator or mental math to find the numerical value of X in each of the 


following figures : 


Two squares are drawn › one of them is inside a circle 
and the other is outside the circle. 


Find the ratio between their areas. 











) | | | 
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| MN ues و و و ففف ڪڪ‎ Similarity gg — 
(11) (12) 
4 In the opposite figure : 


XA is a tangent to the circle M at A 


where XA = 15 cm. If XB =9 cm. 


, calculate the length of the radius of the circle. 





« 6 CH.» 


| [T 1 i + 
EJ (2 In which of the following figures , the points A , B , C and D lie on a circle ? 
5 The length of the radius of a circle of center O is 4 cm. Assume a point M such that 


Explain your answer. 


(1) MO = 6 cm. Let MB be drawn to intersect the circle at A and B » where A CMB 





If MA =3 cm. »so find the length of : AB «32 cm.» 
NIMM gS 
AB and CD are two intersecting chords at E in a circle. If the lengths of AE , BE , CD 


respectively are 5 cm. » 6 cm. » 11.5 cm. : calculate the lengths of : EC . ED 





« 7.5 cm. » d cm. » 





| (4) 





Т In the opposite figure : 


If AB is a tangent segment to the circle at B » 


"ID PTR "UD get 


C is the midpoint of AD › 





Е 4em. D 5cm. C 


= -= | — АВ = 51 2 cm. 
В LO In which of the following figures , AB is а tangent segment to the circle which 


passes through the points B , C and D ? 
(1) 





» find the length of : AD 


« 10 cm. » 





8 In the opposite figure : 
AB is a diameter in the circle M › 
ADisa tangent to the circle at A 


(4) Find the area of the circle M 





C) In the opposite figure : 
Two circles are touching internally at point Y > 


Y X is a common tangent to the two circles. 


Prove that : ХС _ ХА 
AB XD 
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Similarity , : 








(1) In the opposite figure : (3) In the opposite figure : 


ee eh ee | 
Z W | 





AC isa tangent segment to the circle ; AB Sorres cm 
AB = DN ; EN - 2 em. ; (a) 4 (b) 5 
NF = 9 cm. , NB = 6 cm. (c) 6 (d) 8 





Find : (1) The length of AC 
(2)a (A ACB) :a (AADC) «бст. » L, 


o —————— M, 2 255 
fi 


In the opposite figure : 


( 4) In the opposite figure : ہے‎ 
If M is the centre of a circle » then X = cm. “ч N 
(a) 5 (b) 7 


Prove that : 
(c) 8 (d) 12 





One circle passes by 


| the points A ; B » C and D ( 5) In the opposite figure : 





BD = evere cm 
12, LO In the opposite figure : (a) б 
LEXY where XL 24 em. » (b) 8 
YL-28cm.:MCXZ (c) 10 
(d) 12 





where XM = 6 cm. ZM = 2 cm. 
Prove that : ( 1) A XLM ~A XZY (2) LYZM isa cyclic quadrilateral. ( 6 ) In the opposite figure : 


(9 2 АВПСр- {E} , AE- 5 BE , DE- i ECUFBE m cm. and CE = Een. If DC = MB > the circumference 








Prove that : The points A » B , С and D lie on one circle. of circle М = enm. 
! | | (a) 15 7t (b) 18 7t 
0 Choose the correct answer from those given : 
(c) 20 It (d) 24 Jt 
( 1) In the opposite figure : 
Xy m eerie cm. ( 7 ) In the opposite figure : 
(a) 9 (b) 18 Two intersecting circles at A and B 
(c) 22 (d) 31 „if AX = BC 
( 2) In the opposite figure : „Шеп XY = cm. 
= ee a аш (a) A (b) 6 
2 | | d) 9 
(a) 3 (b) 3 (c) 8 (d) 





(o3 (d) 4 
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( 8 ) In the opposite figure : 
A » B » D are three points on a circle whose centre M 


If C is the midpoint of AB 





D „М „С are collinear » 
AB = 24 cm. DC = 18cm. 
» then the radius of the circle = ···-·-·-:: cm. 


(a) 9 (b) 8 (c) 12 (d) 13 


15 In the opposite figure : 


The two circles touch each other externally at X » 
AD intersects one of the circles at A and B 


and the other one at C and D 





Let the common tangent to the two circles at X intersect AD at N 


Prove that ; NB. = ND 
NC NA 


16 LO Two circles are intersecting at A and B »C C AB and C Gt AB , from C the two 
tangent segments CX and CY are drawn to touch the circles at X and Y respectively. 
Prove that : CX = CY 


OJ CA In the opposite figure : 
M and N are two circles touching externally at E 


5 AC touches the circle M at B and touches 





the circle N at C ; AE intersects the two 
circles at F and D respectively » 
where AF = 4 cm. s+ FE=5cm.;ED=/7 em. 


Prove that : B is the midpoint of AC 


ABC is an acute-angled triangle › AD › BE are two intersecting heights at F 


AE хАС _ AD 


Prove that : = = 
BF xFE FD 
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19 A circle of centre O and its radius length equals 8 cm. » M is a point Wise NI = |2cm. » 
from M a secant is drawn to intersect the circle at A and B where A C MB 
If AB = 11 cm. 
, find : ( 1) The length of MA 


( 2.) The length of the tangent segment to the circle from M «5 cm. 341/5 cm.» 


(Л) CH} ABC is a triangle D C BC where BD = 5 cm. and DC = 4 cm. If AC = 6 cm. 
» prove that : 
(1) ACisa tangent segment to the circle passing through the points A » B and D 


(2)A ACD ~ ABCA ( 3) Area of (A ABD) : area of (A ABC) 2 5:9 





21 (13 Two concentric circles at M › the lengths of their radii аге 12 cm. and 7 cm. 
AD is a chord in the larger circle to intersect the smaller circle at D and C respectively. 


Prove that : AB x BD = 95 


A 


@ CI ABCD is a rectangle in which AB = 6 cm. and BC = 8 cm. » BE | AC and intersects 
AC at E and AD at F 
( 1 ) Prove that : (AB)? AF x AD 


«45cm.» 


(2) Find the length of : AF 


23 AB is a chord of length 8 cm. in a circle of centre М » MC | AB to intersect it at C and 
intersect the circle at D. If CD = 2 cm. » calculate the length of the radius of the circle. 


« 5 cm.» 


i 


Й) AB is a diameter in a circle » C CAB: CX L AB to intersect the circle at X » DE is 
a chord drawn in the circle passing through point C. Prove that : (ХС) = DC x CE 


__ э ص ر‎ on — 


25 AB is a diameter in a circle » CD is a chord in it perpendicular to AB to intersect it at N 
The two chords AE and AF are drawn in two different sides from AB to intersect CD 


at X and Y respectively. Prove that : AX x AE = AY x AF 
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26) In the opposite figure : 





A is a point outside the circle M » AB and AC are tangents 


to the circle 5 AY intersects the circle at X and Y › 
BC (| MA = Ip! 
Prove that : AX x AY = AD x AM 








21 AB is a diameter in a circle › C EAB sC is located outside the circle where BC = AB : 


CD is a tangent to the circle at D » AD is drawn to intersect the tangent of the circle from 


point B at E 
Prove that : (CD) = 2 AD x AE 





(T) ABC is a triangle › AD bisects 4 BAC and intersects BC at D » E C AD where AD = DE 


If (AD)* = DB x DC 
, prove that : ( 1) A ECD ~ A EAC 
( 2) (ЕС)? = 2 (Ер) 


ба Problems \ that measure high standard levels of thinking 





(X) Choose the correct answer from those given : 
( 1) In the opposite figure : 
The radius of the circle (M) 
; ME = ED EC = 3 ст. s АЕ = 8 cm. 


„Шеп ME = eee cm. 
(a) 2 (2 
(с) 242 (4) $ 


( 2) In the opposite figure : 
Circle M of diameter 12 cm. 


‚МС = СВ »АС = (BC + 1) em. 


„Шеп AB = --........ ст. 
(а)4 (b) 6 
(c) 8 (d) 9 
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(3 ) In the opposite figure : 
If AB is a diameter in circle M 
, CX , DY are two tangent segments of circle M 
‚АВ = 30 cm. CX = 8 cm. » DY = 20 cm. 


a then DC = cm. 
(a) Z (b) 6 
(c) (d) 10 


( 4 ) In the opposite figure : 
Two intersecting circles at C » E 
; BE touches the larger cicle at E 
If AF 2 3 cm. FC = 4 cm. » CD = 5 cm. 


s then BE = зз cm. 
(a) 9 (b) 8 
(c) 7 (d) 6 


( 5) In the opposite figure : 
Two circles touching internally at B » AB » AD 
are two tangents to the smaller circle at B » D 


IfCD=1cm.»,DE=2cm.; AB=Xcm. 


3 then. X m eee cm. 
(a) 2 (b) 3 
(с) 2.5 (d) 3.5 


( 6) In the opposite figure : 
AD : AB are two tangents at D » B respectively 
CE intersects the circle at E » D 
If CE = 3 cm. s ED = 18 ст. 
s then (AC — AD) = ‘`` cm. 


(a) 7 (b 247 (e) 37 


(7 ) In the opposite figure : 


AB is a diameter in a semicircle (M) 


(a) 9 (b) 12 (c) 18 





Similarity j 





e 


( 8 ) In the opposite figure : 





DE e sp 
(a) 9 (b) 10 
(c) 11 (d) 12 
( 9 ) In the opposite figure : 
DY =6 en, йй = 2 
EY 3 
s then CX = «+--+ cm. 
(a) 2 (b) 3 
te) 4 (d) 5 


(10) In the opposite figure : 
ABisa diameter in circle (M) » E EBA to find the radius 
length of the circle it is sufficient to have «^ 
(a) the perimeter of A EBC = 26 cm. only. 
(b) the perimeter of A EMC - 20 cm. only. 
(c) (a) » (b) together. 
(d) nothing of the previous. 


(11) In the opposite figure : D C 
The radius length of semicircle (M) = 10 cm. [EN 
;then ED =... cm. GITE | 
cm. A 
у 20 у 55 57 
(а) 75 (B) ча (е) 5 (d) = 


(12) In the opposite figure : 
AB isa tangent to the circle at B 
‚АВ = 8 cm. » AC is a secant to the circle M 
at C and D ; then the radius length of the circle (M) = .......... cm. 
(a) 5 (b) 10 (c) 12 (d) 8 





ЕП) ABC is a triangle in which: AB = 60 mm. » AC-40 mm. » BC = 45 mm. »take 
point D Є AB where AD = 16 mm. » EC AC where AE = 24 mm. 


( 1 ) Prove that : A ADE ~ A ACB and calculate the length of DE 


( 2) If DE f) BC = iN } s prove that : A DNB ~ А CNE and calculate the length of 
each of : EN » NC 





« 18 mm. »21.6 mm. » 14.4 mm. » 
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Life Applications on Unit Three 
LLI From the school book (3 





* 5.65 cm. — — e 2.6 CIT. 





GD CJ The opposite figure shows the floor plan of 
a house with a drawing scale 1 : 150 Find : 


(1) The dimensions of the reception. 
( 2) The dimensions of the bedroom. 
( 3 ) The area of the living room. 
( 4 ) The area of the house floor. 





LL  --—-еее_——— 


f A man of height 1.8 m. stands against 
a light pole » at a distance 2 m. 
from its base. When the light is switched on 


, the length of the man's shadow is 2.4 m. 


Find the height of the pole. 





oun» - (2) 





« 30 m. > 8 m. « 32 m.» 





Г) A man wanted to know the height of a dinosaur in one 
of the museums » he put a mirror 10 metres away from 
the foot of the dinosaur » then he moved back until he 
could see the head of the dinosaur in the mirror. At this 
moment he measured the distance from the mirror » Reflection m 
it was 2 m. and the height of the man was 1.8 m. юш 
Given that the measure of the incidence angle equals IS. 
the measure of the reflection angle » calculate the height ew тс 


of the dinosaur. «9m.» 
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| (13 The opposite diagram shows the location of 
a gas station. It is required to be build on a highway 
at the intersection of a road that leads to city C and 
perpendicular to the highway between the two cities 
A and B » given that the highway between A and C is 
perpendicular to that between B and C 
( 1 ) How far is the gas station from city C ? 


( 2) What is the distance between B and С? «4 km. »4^[ 5 km.» 





Г] CA The floor of a GYM rectangular hall of dimensions 8 m. and 12 m. was covered 
with wood » for 3200 pounds. Calculate (using similarity) the cost of covering a larger 
rectangular hall of dimensions 14 m. and 21 m. with the same kind of wood and price. 


« L.E. 9800 » 





1 One of the architects found relics archaeological piece of wood is part 
of a circular wooden disc » this engineer wanted to know the length of D 
the radius of the disc » so he appointed two points A » B on the circle | 
, he found that AB = 10 em. » then from the point C which is the В боју раки A 





midpoint of AB he draw CD L AB , he found that CD22.5cm., — ^9" С Om 
so he could find the length of the radius geometrically. 


How he could so ?! « 6.25 cm. » 


ГД со In one of the coastal areas › there is a ground layer in the 
form of a natural arc. The geologists found that » it is an arc 
of a circle » as in the opposite figure. Find the length of the 
radius of the circle arc. 





«45m.» 








Г] The opposite figure illustrates a plan of a circular 
garden involving two intersected roads at a fountain. 
How far is the fountain from the entrance C ? 


ы Entrance D 





"x 
Entrance H or 


« 8m.» 
Entrance ( ' 





ҮП] In the opposite figure : 





^ road touches a circular lake » one of the engineers of the 
electricity company wants to put two light poles » 

one is on the road and the other lies in other side of the lake 
and joined between them by an electric wire. 


Show how to find the length of this wire. 
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> Unit Exercises 

| Exercise 5 : Parallel lines and proportional parts. 

Exercise 6 : Talis’ theorem. 

Exercise 7 : Angle bisector and proportional parts. 

Exercise 8 : Follow : Angle bisector and proportional parts 
(Converse of theorem 3). 

Exercise 9 : Applications of proportionality in the circle. 


| At the end of the unit : 
¦ e Life applications on unit four. 


* 
'„ 
ШП 
rr, 
Fray нав PVT ITIL iii a рр R ARAIA E ARAR E TIPP E ERREI PEPE. 


Exercise 


Ар _ 5 p AB Lo 
(a) T (b) 5 Е. 
t, _ 
(2) fF = $ , then = EA € 
(a) = (b) 5 а 
(3) If za = i aes AD 
(a) 3 (b) 1.5 


2 LJ In each of the following figures › is DE // BC 


(1) 





C 12cm. E 18cm. A 


(4) 
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1 Using the opposite figure : 
Choose the correct answer from those given : 
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(2) 


B20cm]) 25cm. A 


(à 3 
(c) 4 


(c) E 
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Parallel lines 
and proportional parts 


LL] From the school book (7) 


@ 2 
(d) 2 
(d) 4 


(3) 





2H | 
C9cm.E 15cm. A 


| 1 E 
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yourself 
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€] £13 In each of the following figures » DE // ВС: 


The triangle proportionality theorems gg — — 


Find the numerical value of X (Lengths are measured in centimetres) : 


(1) 2) | 


20 





-24 








(3) 





K Ч D 2Х+1 B 





C) In the opposite figure : 
If DE // BC » AD = 2 cm. 
and AE = DB = 3 ст. 

» find the length of : EC 


E ГЦ In the opposite figure : 
AB // DE » AE(| BD = {С}, 
AC 26cm. » BC = 4 cm. and CD = 3 cm. 
Find the length of : AE 


6 In the opposite figure : 
АР П BC = {E} ; AE» 5cm. » 
ВЕ = 4 cm. » СЕ = 12 cm. and DE = 15 cm. 
Prove that : AB // CD 





e 
9 
В 


« 4.5 cm. » 





@ uxvnzr.-iM] , where XZ // LY »if XM 29 cm. » ҮМ = 15 em. and ZL = 36 cm. 


» find the length of : ZM 


« 13.5cm.» 





8 In the opposite figure : 
CE( BD = {A} »X CAD; YCAE > where 
XY // BC // ED sif AB 26cm. »AC=Sem. : 
AD = 12 cm. and EY = 4 cm. 
» find the length of each of : AE , DX 





« 10 cm. »4.8 cm. > 


123 


The triangle proportionality theorems ,—— — — 





| COMMENTO NOTET INTE 
CJ гї) For each of the following , use the opposite figure and the given data to find the (I) Choose the correct answer from those given : 
( 1 ) In the opposite figure : 
If AB // CD 2AE = 3 ED 


s, BE -CE = 4 cm. 


value of X (Lengths are measured in centimetres) : 
(1)AD=4 , BD = 8 ‚СЕ = бапа АЕ = X 
(2)AE=X ,EC =5 Ар = Х- 2 and DB = 3 






then BC = «++ 
(3) АВ =21 ,ВЕ=8 ,FC = 6 and AD = X n = Ме 
а) 18 
(4) Ар= Х,ВЕ= X + 5 and 2 DB = 3 FC = 12 (a) (b) 
ee (c) 24 (d) 25 
1) c3 XYZ is a triangle in which XY = 14 cm. » XZ 221 em. 5L C XY where XL = 5.6 cm. ( 2) In the opposite figure : 
and M € XZ where XM = 84 cm. Prove that : LM // YZ Eee cm. 
ria MAN MEME t iicucasacat t ult | 
1 n — TCI — І (а) 2 (b) 3 
ШШ In the triangle ABC » D C AB EC AC and 5 AE = 4 EC. If AD = 10 cm. and (c)4 (d) 5 
die qp C 
DB = 8 ст. »is DE // BC ? Explain your answer. T ; 
A و ی‎ ag ي‎ ( 3 ) In the opposite figure : 
12 ABCD is a trapezium in which AD // BC 5 its diagonals AC and BD are intersected at M ex DRILL em 
If AM22.5cm.; ОВ = Tom and MC = 3cm. (a) 15 (b) 16 
» find the length of each of : MD and MB « 34 cm. sd cm. » S i i " 
misce doces. ا ا ار وای‎ S ы heben (4 ) In the opposite figure : 
{09 In the opposite figure : SA If DE // BC » DF // BE 
If DF // BC ;AD=6cm. » ,then AF X AC = ee 
BD = 5 cm. » AE = 3.6 cm. and FC = 5.5 cm. (a) AE (b) (АВ)? 
» then prove that : DE // BF (c) (DE) (d) FE x EC 





( 5) In the opposite figure : 


(I) Ca ABCD is a quadrilateral » its diagonals are intersected at E. If AE = 6 em. » 
If M is the point of intersection 























BE = 13 cm. » EC = 10 cm. and ED = 7.8 cm, » prove that : ABCD is à trapezium. 
: ڪڪ‎ = | of medians of А АВС 
15 In the opposite figure : , then 2 Х+у= cm. 
ABC is a right-angled triangle at A (a) 2 (b) 3 
( 1) Prove that : DE // BC (c) 4 (d) 5 
( 2.) Find the length of : BC « 15 em. » ( 6) In the opposite figure : 
ee. If AB // CD » then z = зс 
(Û) In the opposite figure : s CD ; then z T 
ABC is a triangle » in which XY // BC (a) 2 9) 2 
! X+Y 
Hi a Fon, Ae Som i TEA (05X*5y (d) 5 
AB+AC 5 aes ps ee 
, find the length of each of : AX CY Mr (T) ABC is a triangle » D C AB » draw DE // BC to intersect AC at E » then draw 


EF // CD to intersect ABatF Prove that : (AD)? = AF x AB 
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19 ABCD is a quadrilateral , E C AC > draw EF // CB to intersect AB at F , 
draw EN // CD to intersect AD at N Prove that : FN // BD 
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a a ee eee 
<9 Problems \ that measure high standard levels of thinking 














Choose the correct answer from those givens : 
LL) Prove that : The line segment drawn between two midpoints of two sides in a triangle is Ес | 
" i : е ( 1 ) In the opposite figure : 


parallel to the third side and its length is equal to a half of the length of this side. M 
If ED // BC m (Z ADY) 2 m (Z FDY) 





21 ABCD is a parallelogram › E ЄВА, EZ AB , draw EC to intersect AD at F » BD at M 
Prove that : (СМ)? = МЕ х МЕ 





22 ABCD is a parallelogram » E € CB : EE CB s draw DE to intersect AB at N > 
then draw BG // ED to intersect CD atG 


AN _ CG 


P that : — 
rove tha ып сп 





FE) co ABC is a triangle » D C AB » where 3 AD = 2 DB and E C AC › where 5 СЕ=3 АС 
and AX is drawn to intersect BC at X » if AF = 8 cm. and AX = 20 cm. where F CAX 
Prove that : The points D » F and E are collinear. 





24 LH ABC is a triangle ;DEBC , where 2. = i and EC AD ; where 25 = 3 CH is 


drawn to intersect AB at X ; DY // CX and intersects AB at Y Prove that: AX = BY 





25 In the opposite figure : 
ABC is a triangle in which : DX // AC ; EY // AB , 
Р е РИ atk 
BC = 13.5 ст, › == 5 »EC= $ AE 
Find the length of : XY 








« 2.] cm. » 


Й) ABC is a triangle » D is the midpoint of ВС, M C AD , draw ME // AB to intersect BC 
at E » draw MF // AC to intersect BC at F 


Prove that : D is the midpoint of ЕЕ if M is the point of intersection of the medians of 


A ABC ; then prove that : EF = BC 


I > —2—-—-—-—LOEMNMNMMMMNMNNNNENNENNNN RR 
21 In the opposite figure : | 
ABC is a triangle in which DE // BC 
The area of A ADE _ The area of A ABE 
The area of AABE The area of A ABC 





Prove that : 
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and ED = 10 cm. BD = 15 cm. 


(c) 30 


( 2) In the opposite figure : 


If M is the point of intersection of 


medians of A ABC › 


DM // BC » then ЭМ = ......... 
(а) 2. 
(4 


( 3 ) In the opposite figure : 


If DF // BE »then to prove that 
DE // BC it is sufficient 

(a) АР = 2 опіу 

(c) (а) » (b) together 


( 4 ) In the opposite figure : 


If DE // BC , DE = y em. 


s BC-Xcm. ,and2X?-3Xy-5y*z0 


and AB = 10 cm. »then 


(a) 3 (b) 4 





(b) 25 
(d) 45 


(b)4- 


(d) 4 





(b) AF x AC = (АБ)? only 


(d) Nothing of the previous 





(c) 6 (d) 8 
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(5 ) In the opposite figure : 


Two circles touching internally at A 


s then ED = «+ cm. 
| (a) 2 (b) 3 
(c6) 35 (d) 4 


( 6 ) In the opposite figure : 
If the area of (A AEC) = 15 cm? 
» the area of (A EFC) = 9 cm? 


; AB = 16cm. s then AD = eere cm. 
(a) 6 (b) 10 F 
(c) 12 (d) 13 

( 7 ) In the opposite figure : 


If DE // BC and the area 
of (A EBC) = 9 cm? 


» then the area of (A ADE) = ^ cm? 
(a) 6 (b) 12 
(c) 18 (d) 27 





29 In the opposite figure : 
ABC is a triangle » X is the midpoint of AB, 
Y is the midpoint of AC » D EBX » 
EGAY » where АР. = E , GE // XY ВС 


Prove that : F is the midpoint of DE 


E If0]M———— =a 


30) СП ABCD is a rectangle » its diagonals are intersected at M » E is the midpoint of AM › 
F is the midpoint of MC , DE is drawn to intersect AB at X and DF is drawn to intersect 
BC at Y 


Prove that : XY // AC 
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Talis’ theorem 


Exercise 


CH From the school book E you rself 





ED CO Write what each of the following ratios equals using the opposite figure : 

















ilr ырс (2) AC == M 
(3) Ма= мо ТҮ. er 
(5) МВ = (в) MC. МЕ. 
„ас (4) DE. АС 


2 Choose the correct answer from those given : 





( 1 ) In the opposite figure : 
AB : BC : CD 


агаи, вагил лв ый о {Лун == X epee ee oo і 


(a) AE : FC: MD 


(b) EB: BF: FM 

JEB :BC:CD (d) EB : EF : EM 
( 2 ) In the opposite figure : 

If AB = ВС = СЮ > 

XL 2 12 ст. з then XZ = «7 

(а) 4 cm. (b) YL (c) AC 
( 3 ) In the opposite figure : 

CD =: cm 

(a) 12 (b) 6 





(c) 14 (d) 5 





yalsd! 129‏ -ریاضیات -لغات (تمارین) /\ ٹانوی/ ت ) (wie‏ 


e 


(ЄЙ LO In each of the following figures » calculate the numerical values of X and y 





(Lengths are measured in centimetres) : 


| (2) (3) 





(4) А (5) 





С 3x41 E 2y+7 В 





4 In the opposite figure : 
Li / L, // L, ll Ly » 
M » M are two transversals. 
If AB = 1.6 cm.  BC-24 cm., 
YZ = 3.6 cm. » ZN = 4.8 cm. 
Calculate the length of each of : XY and CD 


«24cm. 2.2 ст.» 
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(3 In the opposite figure : 
If AB // DE // FX » 
AD = бст. ; EX = 4cm. » 
ЕС.=7.5ст.,СХ =3 om. 
Find the length of each of : DF ; BE 





C 75cm. F D 6cm. À 


«бст. s4 cm. » 





Г) ГО In the opposite figure : 
ABNCD={M}, EEMB, 
FEMD and AC // FE // DB 
Find : ( 1 ) The length of MF 

( 2) The length of AM 





1 In the opposite figure : 
If AB // CD // EF » 
AC = 5 ст. , CK = 10cm. s 
KF = 7.5 ст. »BE= 18 em. 
Find the length of each of : BD » DK and KE 





«4 cm. »8 cm. »6 cm. > 





Ga ABN CD = {E} „XE AEB , Y ECD sand XY // BD // AC 
Prove that : AX x ED =CY x EB 





g In the opposite figure : 
AB // CD // EF // XY // ZK » 
AC 22cm.» BD = 2.5 cm, » 
FY = 4.5 cm. ЕК = 7.5 ст. » СА = 12 cm. 
Find the length of each of : EX , XZ , CE and DF 





& 3.6 cm. $2.4 cm, s 6 cm. » 7.5 em. » 





10 In the opposite figure : 
AB // DX // EY » М 
AX LXY:YC-2:2:5 
If DE = 7.5 ст. s АХ = 4 ст. 

» find the length of each of : BD , CE and AC 


х7 


С E7.5cm.]D В 


« 5 cm. s 12.5 cm. • 20 сп. » 
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f Unit 
4 Four 


Ш ABC is a triangle » р, Е C AB > let DX 5 EY be drawn parallel to BC and intersect AC 
at X and Y respectively » if AD = + BE ; DE =3 AD ,AC = 24 cm. 
Find the length of each of : AX » XY and YC 





«d cm. »12 cm. 8 cm.» 


12 In the opposite figure : 


L, // L, // L4 // L, and M ; M are two transversals. 
AB | 

ка = 1 ВС = 4 CD and XN = 16.5 cm. 

Find the length of each of : XY » YZ and ZN 





«3cm. 36cm.» 75cm.» 





fF) ABC is a triangle » D C AB where AR = 2 » let EE BA outside the triangle such that : 


д Ny Бү ве AC 
AE= 5 AB slet DX , EY be drawn parallel to BC to intersect AC at X 5 Y respectively. 
If AY = 14 cm. Find the length of each of : AX ; AC 


« 10.5 cm. 328 cm.» 





14 In the opposite figure : 
Ел гт AG DG 
EF // CD == = = 
// CD ; GC = GE 
Prove that : (GC)? = GA x GE 








(E) ABCD is a trapezium in which AB // DC and M is the midpoint of AD 5 draw a straight 
line passing through the point M and parallel to DC to intersect the diagonal BD at N , 
diagonal AC at E and the side BC at F 
(1 ) Show that the points N › E » F are the midpoints of BD » AC and BC respectively. 
( 2) Prove that : MF = > (AB + РС) 





16 Г] ABCD is a quadrilateral in which AB // CD , its diagonals intersect at M and E is the 
midpoint of BC , EF // BA and intersects BD at X , AC at Y and AD at F 


Prove that : (1) EY = Û AB (2) AY _ ВХ 
2 CM DM 


Ш a Logical thinking : | 
From the figure » find the value of An 
in different methods » if possible. | 


Did you get the same result ? 
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18 Choose the correct answer from those given : 


( 1) In the opposite figure : 


If X? + y? = 57 

Tc ане 

(а) 7 (b) 9 
(c) 11 (d) 12 


(2 ) In the opposite figure : 


(а) 5 (b 245 


(3 ) In the opposite figure : 





j 55 = 2 > then EF =» em, 
EB 3 
(a) 9 (b) 11 
(с) 13 (d) 15 
( 4) In the opposite figure : 
АЕ... 
EB 
3 id | 
“ : | | С Hem, B 
2 1 
97 (d) 4 





Г) ABC is a triangle » M is the midpoint of BC »let K € AM » draw KE // AB to intersect 
BC at E , draw KG // AC to intersect BC at С 
Prove that : M is the midpoint of EG 5 if K is the point of intersection of the medians of 


A ABC ; then prove that : BE = EG = GC = 1 BC 





20) In the opposite figure : 


ED // BC , DB// EX 


; (HRY FC 
Prove that : (=) = TX 











21 ABCD is a parallelogram » draw DE to intersect AC » AB at X +E respectively » draw 
DF to intersect AC » BC at Y › F respectively. If AX = CY » prove that : EF // XY 








Exercise 


i | Angle bisector 
rt and proportional parts 





\ ГШЩ From the school book Ч yourself | 
1 Choose the correct answer from those given : 
( 1 ) Ш In the opposite figure : 
ج‎ A 
AD bisects Z A 5 then AB x CD = -..-...... 
(a) AC x BD (b) (AD)? 
C D B 
(c) AD x BD (d) AC x AB 
( 2) In the opposite figure : A 
BD zz. cm. D» A 
2 
(a) 4 (b) 3 C D в 
10.5 стт. —— — 
(c) 4.5 (d) 45 
( 3) In the opposite figure : 
SET ыша | YL X 
XL bisects the exterior angle X » then xem > 
vz YL 
(a) 34 (b) 5 í Z Y 
LZ XZ 
(c) 7x (d) vy 
( 4) In the opposite figure : FA 
F 
CD = n CM. 
(a) 2 (b) 6 D C ím В 
(c) 4 (d) 8 
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а“ —————————— 
( 5) In the opposite figure : 


IE AB» AC. 253 
s then BD: BC = es 


(а) 2 : 1 (b) 5 
agd 
(0 4 @ 4 
( 6 ) In the opposite figure : 
CD bisects Z C » 
AC =3 cm. BC 2 7.5 cm. 
s then AD: BD = eree . 
2 
(a) i (6) 4 
З 
(с) 5 (à) 5 
( 7 ) In the opposite figure : 
If m (Z 1) 2 36? 
»thenm(Z 2) = eresse Р 
(а) 36 (b) 40 
(с) 54 (d) 108 
( 8) In the opposite figure : 
DF Nei pe 
FC — 
Ag 
(a) $ (b) > 
3 
(c) $ (d) 4 
( 9 ) In the opposite figure : 
AD ТТЕ cm. 
xd 
(a) 53 (b) 63 
(е) 5 (d) £ 
(10) In the opposite figure : 
If AC =3 AD 
, then AB : АЕ = erene g renere 
(а) 3:1 (b) 1:2 
(с)4:3 (d) 2:1 
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C B D 
A 
D 
7.5cm. B 
A42 
C D i E 





C 
A 
E 
uo 
мш 
B Sem, A 


E A 
20 
Ü B 








(11) In the opposite figure : 


AC = cm. 

(a) 3 (b) 4 

(c) 6 (d) 8 
(12) In the opposite figure : 

BE 

BC 

(a) j (b) 2 

(c) 4 (d) 3 


(13) In the opposite figure : 
IT AB: AC: BC= 5:3:7 , еп BD: DC = ......... 
5 TE 
(а) = (b) 3 
(с) 2 (d) 3 





a Find the requirement under each of the following figures : 
A 


(1) 





D С В 


@ а -|]2cm.— 


Find the length of Find the length of 
each of CD 5 CB each CD я AD 





о, 








Find the length of CD 





EJ LL] In each of the following figures › find the value of X (Lengths are measured in 
centimetres) : 


(1) (2) 





(4) 
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4 (13 In each of the following figures » find the value of X (Lengths are measured in 
centimetres) ; then find the perimeter of A АВС: 
(d) a (2) ^ |(3) А 


50 
30 





É x n D 





(:3) Г) In each of the following figures » calculate the value of X and the length of AD 


(Lengths are measured in centimetres) : 





(1) (2) 
A A 
й ч | у | м 
С 4 р В С 4 D 6 B 





(3 (13 In each of the following two figures , calculate the value of X and the length of AE 


(Lengths are measured in centimetres) : 


(1) (2) 





Е 12 C 4 B E X41 C D. B 


— — > 





(r8 ABC is a triangle in which : AB = 4 cm. » BC = 6 cm. » draw BD bisects / ABC and intersects 


«бст. » 


AC at D sif AD-24 cm. »find the length of : AC 





(13 ABC is a triangle in which : AB = 8 cm. АС = 6cm. » BC = 7 em. » AD bisects 


« d cm. »3cm. » 


Z BAC and intersects BC at D Find the length of each of : DB.DC 





t) In the opposite figure : 


ABC is a triangle in which AD bisects the 





exterior angle at A and intersects CBat D ; 
C JCM, B D 
if AB 26cm. AC =8 cm. » BC = 5 em. 


«15 ст, 36 7 cm. » 


Find the length of each of : BD » AD 
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(T) ABC is a triangle in which AB = 3 cm. » BC = 4 cm. » СА = 6 cm. » AD bisects the exterior 
angle at A and intersects BC at D » find the length of each of : CDAD «8cm. 114cm.» 





1 (13 ABC is a triangle » its perimeter is 27 cm. » BD bisects Z В and intersects AC at D 





It AD = 4 em. and CD = 5 cm. find the length of each of : AB » BC and BD 


« 8 cm. » 10 ст. 3 2^ 15 cm.» 





n In the opposite figure : 


ABCD is a quadrilateral » draw AX bisects 
2. А and intersects BD at X » then draw 


XY Hi BC and intersects CD at Y 


Prove that : DY _ AD 
ҮС АВ 





13 In the opposite figure : 
ABCD is a quadrilateral 
in which DX bisects Z D » 
АЕ: ЕВ =2:3 AD = бст. DC = 9 ст. 
» prove that : EX // BC 





14 In the opposite figure : 


AD bisects Z BAC 5 ED // AC 
Prove that ; BE = ВА 
EA AC 


and if AC = 9 cm. AB = 6 cm. 
» find the length of each of : AE and BE 





15 In the opposite figure : 
AD is a median of A ABC > 
DX bisects Z ADB » DY bisects Z ADC 
Prove that : XY // BC 








16 In the opposite figure : 
ABCD is a quadrilateral in which AB = AD ; 
AX bisects Z BAC and intersects BC at X ; 
AY bisects / DAC and intersects CD at Y 


Prove that : XY // BD 
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1 CO ABC is a right-angled triangle at B draw AD bisects Z A » and intersects BC at D 
If the length of BD equals 24 cm. » BA: AC 23:5» find the perimeter of A ABC « 192 cm. » 


(J M ABC is a triangle in which AB = 8 cm. » AC = 4 cm. and BC = 6 cm. » AD bisects Z A 


and intersects BC at D » AE bisects the exterior angle at A and intersects BC at E 


Find the length of each of : DE; AD and AE «8 em. 9246 cm. » 24/10 ст.» 


EAM MEM ae = ae 
CJ ABC is a triangle in which AB = 3cm.» BC = 7 ст. » СА = 6cm. » AD bisects Z А 

and intersects BC at D > AE bisects the exterior angle of the triangle at A and intersects 

CBatE 

( 1 ) Prove that : AB is a median in the triangle ACE 

( 2 ) Find the ratio of : The area of A ADE to the area of ^ ACE «т» 





(13 In each of the following two figures » prove that EF // BC : 


(1) A (2) 





C бст. В 


(i) ABC is a triangle in which : AB » AC »D C AB » where BD = AC › draw AE bisects 
/. BAC and intersects DC at E , then draw EF Il BA and intersects AC at F 


Prove that : DE // BC 


a M rr qM NM se 
(Д ABCD is a parallelogram › X C AD » CX is drawn to intersect BA at Y and Z DCX is 


bisected by CZ which intersected AD at Z Prove that : Ax = T 


23 ABC is a triangle » AD bisects Z. BAC and intersects BC at D › the two bisectors 


AE , AF bisect the two angles BAD » CAD respectively and intersect BC at E and F 


— BE. DF _ BD 
tively. Prove that ; 2— x = = = 
respectively. Prove tha ED х kc ^ DC 
(7 ABC is a triangle » draw AD › BE > CF to bisect Z A > Z B and Z C and to intersect BC : 


ani YR ишни ‚вр „ CE AF _ 
AC and AB at Р » E and F respectively. Prove that : E X EA х тв = ] 


139 


© 





: im _, The triangle proportionality theorems „__ 








25 Choose the correct answer from those given : 
| А ( 8) In the opposite figure : ^ 
( 1 ) In the opposite figure : „©, 
АВ РЧ cm AC =© RAMEE CIT. 
(a) 4 (b) 5 (a) 12 (b) 10 
: )9 d) 8 | 
(C) 6 (d) T C Sem. D dom. 8 (c) ( C dem. D 3em. B 


( 2 ) In the opposite figure : ( 9 ) In the opposite figure : 
AD bisects Z A internally » AE bisects / A externally » 












































AP e semen 
FC 
| AD = 3 ст. » AE = 4 em. 
(a) & (b) 3 
- 4 на a then DE = eevee cm. 
(c) 4 (d) di B D 4cm. C 
5 | 2 (a) 3 (b) 4 
( 3) In the opposite figure : ^ (c) 5 (d) 6 
If AC - AB = бст. » then АС=+ cm. = 
(1) In the opposite figure : XY // BC »AX 22cm. › 
(a) 13 (b) 14 a 
| C 10cm. D бо. B XB 24 cm. s YC = 3 cm. Find the length of : AY 
(c) 15 (d) 16 - 
| If AE bisects the exterior angle of the triangle at A 
( 4) In the opposite figure : — 
_ | and intersects BC at E » where CE = 18 ст. › 
Ae Lees cm. 
(a) 10 (b)4 (5 find the length of : BC «1.5 em. *6 cm. » 
(c) 645 (d) 91/2 21 ABCD is a quadrilateral in which AB = BD » AD = DC ds AE bisects Z BAD and 
( 5) In the opposite figure : intersects BD at E » DF bisects Z BDC and intersects BC at F 
Bs scio A Prove that : EF // DC 
(а) 1 (b) 2 (1) In the opposite figure : DE // BC , AX bisects Z DAE 
С) 3 : 
(c) (d) 4 Prove that : ( 1) ME =a 
( 6 ) In the opposite figure : | 
(2) The area of A ADX _ АВ 
CF = .......... cm. ' The area of A AEX AC 
уз — —— == 
(a) (b) 4 (I) ABCD is a parallelogram » its diagonals intersect at M » draw AX to bisect Z BAD and to 
(c) 5 (d) 6 intersect BD at X » draw DY to bisect / ADC and to intersect AC at Y 
( 7 ) In the opposite figure : Prove that : XY // AD 
ET ws cm Ec ptt AD 
30 AB is a chord in a circle » let D C the major arc AB such that == = 2. and let E be the 
(a) 6 (b) 8 | ponis 07 DB 3 
(c) 9 (d) 12 * iSc; — — — midpoint of the minor arc AB » draw DE to intersect AB at C » find the ratio between the 


area of A ADE and the area of A BDE g = " 
140 | | | | | 
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|, o 


En AB is a diameter of a circle M » C C this circle » draw a tangent to the circle M at C to 


O a وف و ڪڪ گگگ ا ا‎ 
( 5 ) In the opposite figure : 








| intersect AB at E and to intersect the tangent to the circle M from A at D A mienne 

|| , AM _ DC сау (b) + 

| Prove that : == = DF 2 
| (©) 4 (d) 4 
| 


32 In the opposite figure : 





( 6 ) In the opposite figure : 
If AD bisects / BAC 
which of the following conditions sufficient 
to find the length of AB ? 
(a) AC- AB = 5 ст. 
(b) The perimeter of A ABC = 54 cm. 
(c) AD = Aq 15 cm. 
(d) Anything of the previous. 


AB = AC , BD is a tangent to the circle at B 
Prove that : DB x BA= DA x BC 








33 Choose the correct answer from those given : 


( 1 ) In the opposite figure : 











AE _ 
E - 
| - | ( 7 ) In the opposite figure : 
| (a) 4 (b) 2 
| 2 The area of (A ABD) _ 3 
| (c) 3 (d) $ The area of (AADC) 5 
( 2 ) In the opposite figure : VDAB = sssi em. 
ВЕ = .......... cm (a) 5 (b) 6 
(a) 6 (b) 8 (c) 8 (d) 10 
(c) 9 (d) 10 ( 8) In the opposite figure : 
(3) In the opposite figure : If the area of (A DBF) = 10 cm? 
| | А » then the area of (A DEC) = veses cm? 
If 3 AE = 4 EC T : D жи 
— Zl | 
(c) 18 (d) 24 
‚ВС = 17 em. » then CD = ст. B D C 
1 bJ ( 9 ) In the opposite figure : 
(c) 9 (d) 10 If m (BX) 2 m (X Y) 
(4 ) In the opposite figure : A ‚Вр = 213 cm. , Ар = 413 cm. 
s then AB = -----..... cm. (a) 443 (b) 6 
4 | 
(a) (b) в В 4cm. D scm, C (c) 9 (d) 12 
(c) 8 (d) 9 
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A 


C D 
(0,0) (1,1) (3,3) 


C 10cm. D 8cm. B 
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(10) In the opposite figure : (16) In the opposite figure : 








The perimeter of A ABC =. cm. If m (Z A) 22 m (Z B) > then BC = ст. 
a) 36 
(a) (b) 32 (a) 3410 (b) 2421 
(c) 28 (d) 24 | 
(c) 12 (d) 10 
Usum. quomo EJ In the opposite figure : 


(11) In the opposite figure : 
If the area of (A ABC) = 72 cm? 
» then the area of (A ADB) = .......... 
(a) 24 
(c) 32 


ABC is a triangle in which : AB > AC 
> E is the midpoint of BC 
‚ AD bisects Z A internally. 


ED | AB- AC 
EC AB+AC 





Prove that : 





(12) In the opposite figure : 
The area of (A ABD) = as cm? 


35 In the opposite figure : 








ABC is a triangle » AD bisects / BAC A 
(a) 36 — 
(c) 54 internally » DE // AC E 
and intersects AB at E В Б C 
(13) In the opposite figure : x AC 
— “ p а ===® Prove that : DE = АН ХАС 
AC bisects Z ВАР , D is the midpoint of EC | | 
‚АС 246 cm. » Ар =3 ст. € In the opposite figure : 
‚АВ = бст. > then DF =... cm. If AC x BD = 36 cm? un s 
(a) 2 (b) 3 Find the area of (A ABC) С D B 
(c) 3.5 (d) 4 « 18cm?» 


(14) In the opposite figure : 
If AD = 8 cm.  AE- бст. » then tan Û = .......... 


jy -3 
(a) (b) -3 








3 


© 3 (d) 3 


(15) In the opposite figure : 





DF eun 

BC | 

(a) 3 (b) & 
(c) i (d) i 
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| Follow : angle bisector and proportional 
| | parts (Converse of theorem 3) 


Exercise 


Ц From the school book E] 


@ Авс isa triangle in which : AB = бст. ,АС=9ст. BC = 10.5 em. 3D EBC, 
where BD = 4.2 cm, Prove that : AD bisects Z BAC 


É ABC is a triangle in which AB = 6 cm. sBC=4 cm. CA 36 cm. DC BC 


such that CD = 6 cm. Prove that : AD bisects the exterior angle of A ABC at A 


3 LO In each of the following figures › prove that : BE bisects / ABC 
(1) | (2) 





4 ABCD is a quadrilateral in which AB = 6 cm. „ BC = 9 cm. s CD = бст. »AD-4cm. » 
AE bisects / A and intersects BD at E 


( 1 ) Find the value of the ratio : BE 
ED 
( 2) Prove that : CE bisects Z BCD 


Ө a asco is a quadrilateral in which AB = 18 ст. ¿BC = 12cm. EC AD s where 
ZA AE = 3 ED , draw EF // DC and intersects AC at F 
Prove that : ВЕ bisects / АВС 
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(3 In the opposite figure : 
D is the midpoint of BC ; 
DE bisects / ADB > EF // BC 
Prove that : ( 1) DF bisects Z ADC 
(2) ED LDF 





(0) ABC is a triangle » X is the midpoint of BC » BX = бст. » AX = 9 cm. » the bisector of 


/ AXB intersects AB at D 5 take EC AC » where AE = 6 cm. given that AC = 10 ст. 

‚ AD à 
f: DB 3 
( 2) Prove that : DE // BC 


( 1 ) Find the value o 


( 3 ) Prove that : XE bisects 4 АХС 


C) In the opposite figure : | | " 
AB - AC  BC- CD ; Fy. 
BX bisects Z ABC » XY // BD Pt 
Prove that : CY bisects Z ACD D C B 


t) In the opposite figure : 
АВ = AD , АЕ bisects Z ВАС, 
EF // BD 





Prove that : AF bisects Z CAD 


10 IO ABC is a triangle » D GB. Dé BC , where CD = AB » draw CE // DA and 
intersects AB at E 5 draw EF /! BC and Intersects AC at F 





Prove that : BF bisects Z ABC 


i In the opposite figure : 
ABC is a triangle in which AB = 12 cm. » 





AC = 8 cm. , BC = 16cm. » BM bisects Z АВС , 
AM bisects Z BAC Find : The length of AD «4m.» 
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12 In the opposite figure : X 


ZM and YM bisect Z Z and Z Y respectively D» ©, 
,XY =8сш.,ХА/,=5сш. Y Lo Z 


Prove that : 8 LZ = 5 LY 





O In the opposite figure : ^ 
ITAC:*CDLAB:BD-15:10:9:65 
Prove that : AD bisects / BAC С D B 





O АВС is a triangle in which AB = 5 cm. AC = 10 cm. BC 29 cm. р ЄВС 
such that BD = 3 cm. EC CB » where AE L AD 
( 1 ) Prove that : AD bisects Z BAC 


« 9 cem,» 


( 2) Find : The length of BE 





15) In the opposite figure : 
BM bisects Z CBX ; 
CM bisects Z BCY 
Prove that : AM bisects / BAC 








(T) ABC is a triangle in which AB = бст. ; BC = 12 cm. » CA =9 cm. DC AB , where 
AD = 2 cm. » draw DE // BC and intersects AC at E » find the length of AE , then 


« 3 cm.» 


prove that : BE bisects Z ABC 





17 LL) In the opposite figure : 
ED // XY // BC 
and AD x BX =AC x EX 





Prove that : AY bisects / CAD 





18) ЕП Two circles M and N are touching externally at A » a straight line is drawn parallel to 
MN and intersects the circle M at B » C and the circle N at D » E respectively. 
If BM N EN = {F} » prove that : FA bisects Z MEN 
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ل‎ ————— 
19 СД AB is a diameter of a circle » AC is a chord in it » CD is a tangent drawn to the circle 


^n An DB. DC 
at C and intersects AB at D. If E € AB » where БЕ = СЕ 


Prove that : ( 1) CA bisects the exterior an gle of A CDE at C 
DA _ AE 
(2) DB BE 


G Problems that measure high standard levels of thinking 





20 LL] In the opposite figure : 
ABC is a triangle in which AB = бст. » AC = 9 em. » 


and ВС = 10 cm. > D C BC » where BD = 4 cm. 





BE L AD and intersects AD and AC at Eand F respectively. 


10cm, — ——- 





( 1) Prove that : AD bisects Z A 
«2» 


(2) Find : Area of A ABF : area of A CBF 





Ф 
D 
O 
eat 
(D 
X 
Ш! 


proportionality in the circle 


С) From the school book yourself. 


ЕВ LHI Find the power of the given point with respect to the circle M whose radius length isr : 
(1) The point A where AM = 12 cm. and r = 9 cm. 
( 2) The point B where BM = 8 cm. and r= 15 ст. 
(3 ) The point C where CM = 7 cm. and r= 7 ст. 
( 4) The point D where DM -417 cm. and r= 4 cm. 





2 LL] Determine the position of each of the following points with respect to the circle M 5 of 
radius length 10 cm. » then calculate the distance between each point and the centre of the 
circle: | 


(1) Py, (A) =- 36 ( 2) Py, (В) = 96 (3) Py, (С) = zero 


| 7B гш H the distance between a point and the centre of a circle equals 25 cm. » and the power 
of this point with respect to the circle equals 400 5 find the radius length of this circle. 


« I5cm.» 


4 If à point A is outside the circle M » AD is a tangent to the circle at D where AD = 8 cm. 
» find the power of point А with respect to circle М « 64» 





5 Choose the correct answer from those given : 


(1) If the power of a point A with respect to the circle M is a negative quantity » then 
A lies ое. 


(a) inside the circle. (b) on the centre of the circle. 
(c) outside the circle. (d) on the circle. 

(2) M is a circle » А is a point that lies in its plane where Py (A) =0 «then A lies eee 
(a) inside the circle. (b) on the centre of the circle. 


(c) outside the circle. (d) on the circle. 


150 











The triangle proportionality theorems 4, 


(3) If M isa circle of radius length 3 cm. » A is a point lies in its plane where 
MA = 4 em. » then Py (A) = c . 
(17 (b) 9 (c) 7 (4-7 
( 4) If М a circle of diameter length 16 cm. » B is a point lies in its plane where 
NB = 5 cm. :then Py (B) = зе зен 
(a) 39 (b) — 39 (c) 39 (d) — 231 
( 5) If the power of a point with respect to circle M equals — 625 » the distance between 
this point and the centre of the circle = 15 cm. » then the diameter length of this circle 


equals ---------: cm 
(a) 400 (b) 20 (c) 5] 34 (d) 104/34 
(6)If Mis a circle » A is a point in its plane where MA = 6 cm. > Py (A) =- 13 › then 
area of this circle = ---------- ( Л = 2) 
(a) 154 (b) 44 (c) 144 (d) 7 


(7) ІЕМ is a circle of radius length 7 cm. » A is a point in its plane » 25 cm. apart from the 
centre of the circle » then the length of the tangent segment to the circle M from 
А 15 see cm. 


(a) 5 (b) 49 (c) 24 (d) 12 





6 In the opposite figure : 
ABisa tangent to the circle M at B 


s МА intersects the circle M at C 





If the radius length of the circle equals 12 cm. 


Р, (A) = 81 › then find : 


« 9 cm. »3 cm, » 


( 1 ) The length of AB ( 2 ) The length of AC 





ED го The radius length of circle M equals 31 cm. The point A lies at 23 cm. distant from its 
centre. Draw the chord BC where A € BC » AB = 3 AC Calculate : 


( 1 ) The length of the chord BC 


( 2.) The distance between the chord BC and the centre of the circle. « 48 cm. » 19.6 cm. » 





8 CO The radius length of circle N equals 8 cm. The point B lies at 12 cm. distant from its 
centre » draw a straight line passes through the point B and intersects the circle at C and D 
where CB = CD Calculate the length of the chord CD and its distance from the point N 


«2^ 10 cm. + 3V O ст. » 
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C In the opposite figure : 
M is a circle ; AB is a diameter in it 
;CBisa tangent to the circle M at B 
> CA intersects the circle M at D 5 where 
CD=16cm.,;DA=9cm. Find: 


( 1 ) The length of the circle's radius. 





( 2) The area of triangle ABC 


« 7.5 ст. » 150 cm?. » 





10) In the opposite figure : 
| A is a point outside the circle M » AB intersects 


| the circle at D 5B „ AF intersects the circle at E Е, 





AC is a tangent to the circle at C ; 
AD = 8 cm. EF = 18 cm. 
( 1) If Py, (A) = 144 , find the length of each of: AC , DB; AE 


| (2) If X EBD where DX = 4 cm. » find : P, (X) « 12cm. s I0 cm. »6 cm. 3-24» 


| EI) c3 The two circles M and N are touching each other externally at A » AB is a common 
tangent to the two circles M , №. BC intersects the circle M at C and D. BE intersects the 
circle N at E and F respectively. 
(1) Prove that : AB is the principle axis of the two circles M and N 
( 2) If Py, (B) = 36 BC -4cm. 3 EF =9 em. 
Find the length of each of : CD , AB and BE «5cm. »6cm. 33cm.» 


12 In the opposite figure : 
M >N are two intersecting circles at A 5 B 
» ED is а common tangent to the two circles M , N 


at D » E respectively. AB (1DE- ici 





(1) Prove that : BC is the principle axis of the two circles. 


( 2) If AB = 12 ст. › Py (C) = 64 » find the length of each of : СА CD «4 cm. »8 em.» 
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13 (O In the opposite figure : 
Ihe two circles M and N are intersecting at 
A and B where AB N CD N EF = іх, 
XD = 2 DC ; EF = 10 cm. and Py (X) = 144 E 





( 1) Prove that : AB is the principle axis to the two circles M and N 
( 2 ) Find the length of each of : XC and XF 
( 3 ) Prove that : CDFE is a cyclic quadrilateral. «66cm. 58 ст.» 


14 Using the given data in each figure : find the value of the symbol used in measurement : 
(1) (2) (3) 





(2X*10j 
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15 LA) In the opposite figure : 
т (Z BAC) = 33° , m (7 Врс) = 70? , 
m (AB) = 94° , m (CY) = 100° Find the measure of each of : 
(1) ХҮ (2)AX 
(3) Z BEC 


16 In the opposite figure : 





ABCDE is a regular pentagon drawn inside the circle M , 
AX isa tangent to the circle at A 5 EX isa tangent to the circle at E 


where AX N ÈX = {X} Find : 


(1)m (AE) (2) m (Z AXE) 


GCN 


17 Choose the correct answer from those given : 








( 1 ) In the opposite figure : 


Өс 
(а) 45° (b) 50° 
(с) 55° (4) 60° 





( 2 ) In the opposite figure : 


-a A 
If AE = AB , BC is a diameter , m (Z D) = 21^ „ Ë 
2| 
s then m (Z A) z .......... 
D C M B 
(a) 100? (b) 104° 
(c) 106° (d) 110° 
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ED EM To determine the location С, 
surveyors measure and prepare the Opposite scheme. 


Find the distance between the location C and the location A 


2 LJ A team of pollution control determined 
the location of an oil spot on one of 


the beaches as in the opposite figure. 





Calculate the length of the oil spot. 


« ПО т, » 


E) EH Yousef wanted to divide а strip of paper 
into 3 equal parts in length. He placed it on 
а paper on his notebook ; as in the Opposite 
figure » and determined two points of division 
A and B 


Is the division of Yousef's strip correct ? Explain your answer. 





Use your geometric instruments to verify your answer. 


LO Fertilizer packages produced from one 
of the factories are transfered Бу sliding on a  , 
tube that is inclined and carried on to trucks 


to the centre of distributions as in the Opposite 





figure. 
If D » E and F are the projections of the points A , B and C on the horizontal respectively , 
AB = 1.2 m. : DE = 80 cm. 4EF212 їй, 


Find the length of the tube to the nearest metre. «19m.» 
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i Unit 
Four , 


Ө CO AB is a ladder of length 4.1 metres rests by its 


upper end A on a vertical wall and with its lower 


The triangle proportionality theorems ag‏ هه 





9 СП The signals produced from the communication tower follow 
a ray in their pathway » its starting point is on the top of the tower 


and it is a tangent to the surface of the earth » as in the opposite 


end B on a horizontal rough ground. If the lower end | l l 
figure. Determine the measure of the arc included by the two 


is 90 cm. apart from the wall » calculate the distance 
tangents supposing that the tower 


lies at sea level and m (Z CAB) = 80° 





which a man ascends on the ladder until it becomes at 





2.4 m. high from the ground. | 
10 СП A pulley rotates at the axis M by a strap passing over 


asmall pulley at A. If the measure of the angle between the 


two parts of the strap is 40? Find the length of the major 








O CA If AB = 180 cm. ; EF = 2 m. » arc BC > given that the radius length of the larger 
AB: BC?CD= 3:4: 3 


Find the length of each of : EY and CD 





pulley equals 9 cm. 


« 34,56 cm. » 








1 ГП A satellite revolves in an orbit and keeps in during rotation on a fixed height above 





(I1 The opposite figure shows a rectangular piece of the equator. The camera on it can monitor the arc length of 6011 km. on the surface of the 
land divided into four different parts by the two earth. If the measure of the arc equals 54° + find : 
lines BD and AE » where E € BC » BD) АЕ = {x} 
„if AB = BE = 42 metres » AD = 56 metres 

Calculate the area of the piece ABX in square 


metres and the length of AX 


( 1 ) The measure of the angle of the camera placed on the satellite. 


(2 ) The radius length of the Earth of the equator. « 126° » 6378 km. » 








| f] EA A circular saw for cutting wood › the radius length 
of its circle equals 10 cm. It rotates inside a protective 
container. If m (7 BAD) = 45° and m (BD) = 155° 


Find the arc length of the disc's saw outside the 





protective container. 


« 24,4 cm. » 
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First : Accumulative Tests on Algebra 





Test | 1 on lesson 1 - unit 1 [JU 19 


Answer the following questions : 


ДЧ, 2 marks 


Choose the correct answer from those given : 





ЕС 


each item I mark 


( 1) If X=4 is one of the two roots of the equation : X27 +m X=4 ,ћепт= eree 
(a) 3 (b) - 3 (c) - 4 (d) | 
( 2 ) The solution set of the equation: X^ +5 = 0 in R is - e 
(a) {5} ( {5} (с) [45 45 a (4) 2 
( 3) The solution set of the equation : X^ - X 72 =0 in Ris- 
(а) (8 » 9} (b) {-8 9} (c){-8,-9} (а) 4629) 
(4) The solution set of the equation : (X —3)* = (X -3) in R is --------------. 
(a) {3} (b) {4} (с) {-3»-4} 09 {3 54} 


each figure 1 mark 





Each of the following figures shows the graphical representation of the second degree 
function f : Find in R the solution set of the equation f (X) = 0 in each figure : 





y у, 
кы ГЕ LLILITI 
| йана Soaks 
ERTE ae Ty Er x 
Г, киши | | a {ol | i | 2 | 
TY IL йй dmm A 
1 |О RI | | 7 
at Lol REE ie 7 X 
AILES TIL 
y y" y 
Figure (1) Figure (2) . . Figure (3) 


Ш ИША) 5 marks + Graphically 2.5 marks. — «Algebraically 2.5 marks. 


Find graphically in IR the solution set of the following equation : 
then verify the result algebraically : 2 X (X + 2) = І 








Test 2 till lesson 2 - unit 1 Total mark 10 





Answer the following questions : t 





each item mark 


Choose the correct answer from those given : 


is) 4 уа (с) 41 (d) - 16 


( 2) The simplest form of the imaginary number Ў азалан TT 


(a) — 1 (b) 1 (c) i (d) —1 
( 3 ) The solution set of the equation : X^4920iAn( ise 
(а) 13 ,-3} (b {-3 i} (c){3i»-3i} (O 


( 4 ) If the curve of the quadratic function f intersects the X-axis at the two points (3 » 0) » 


(— 1 $0) » then the solution set of the equation : f (X) = 0 in R is +--+ 
(а) 13,0} (b) 1-1 »0j (c){-351} — (9095-1 


Second question ) [a] 2 marks | [b] 2 marks 


[а] Find in C the solution set of the equation : 





x* o9 44D 


[b] Find the values of X and y which satisfy that : 
| (2+i) (2-1) 








X+iy= 
y 3421 
Third question | 4 marks Га] 2 тагкѕ [b] 2 marks 


[a] Find graphically in R the solution set of the equation : X *-4xXx4320 


in the interval [- 1 » 5| 
[b] Put in the simplest form each of : 


| д 
(D 


2431 


n 2—3i 


À 








Test ТТЕ ИА 10 _. 


Answer (he following questions : 


question À) 2 marks teh tem mark — |] 


Choose the correct answer from those given : 


( 1 ) If the two roots of the equation : 4 X? — 12 X +e 2 0 are equal »then c = «nne 
(a) 3 (b)4 (c)9 (d) 16 

( 2)If X=-1 is one of the roots of the equation : X^-a X-2 20 , then a = eeen 
(a) | (b)- | (c)3 (d)-3 

(3) а= 1 +21, bs1-1[2i then ab жч... 
(а)— 1 (b) 1 (с)2 (4) 3 


( 4 ) If the two roots of the equation : X^ — 6 X + К = 0 are different and real 


y then КЄ oie 
(a) ]- ео » 9[ (b) ]9 5 =] (e) |- +0] (d) [9 sel 


Second question 4 marks [a] 2 marks [b] 2 marks 





[a] Prove that the two roots of the equation : 3 X *_4X+45=0are not real » 
then find the solution set of the equation in C 


[b] Find the values of k which make the equation : k X? —4 X +4 = 0 have two 


complex and not real roots. 


Third question ! [а] 2 marks [b] 2 marks 





| н МИГ AS 4S 3) 
[a] Put in the simplest form : eX 
[b] Find the values of X and y which satisfy the equation : X + i y = 2 - 31 








Test A S till lesson 4 - unit 1 Total mark 


Answer the following questions : 


First question Y | Cs each item J mark | 


Choose the correct answer from those given : 
( 1) If one of the two roots of the equation : X ? -.(m-3) X + 5 = 0 is the additive 
inverse of the other root »then т = -eeen 





(a) = 5 (b) -3 (c) 3 (d) 5 
( 2) The simplest form of the imaginary number i^! is 
(a) i (b) - i (c) 1 (d) - 1 


( 3) If one of the two roots of the equation : a X 2 +2 X+ 5 =0 is the multiplicative inverse 
of the other root • then а = «<<... 





(а) – 5 (b) – 2 (с) 2 (а) 5 
( 4) If the two roots of the equation : X? + 4 X + k =0 are real » then k € eee 
(a) [4 » | (b) ]4 s[ - — (Q]-4] (d) ]- e »4Í 
4 marks [a] 2 marks [b] 2 marks 
[а] X23 42i › y= 23 
=i 


, find X + y in the form of a complex number. 


[b] If the product of the two roots of the equation : 2 X 2 + 6 X +c =0 equals i 


‚ find the value of c > then find the solution set of the equation іп the set of complex 


numbers. 





Third question | varks | [а] 2 marks [b] 2 marks 


[a] If the two roots of the equation : X 2-23X424 = = 0 are equal 
» find the value of : m 
[b] Find the value of k which makes one of the two roots of the equation : 


х2+3 X + К = 0 double the other root. 









till lesson 5- unit 1 Total mark 





each Item 4. mark 


Choose the correct answer from those given : 
( 1 ) The solution set of the equation : ad А nis 
(а) 1- 2j (b) (2] (01-22) MO 
(2 ) The quadratic equation whose roots are i »— i is e 
(а) Х2-1=0  (bx?^4120 (с) (K+ 1)2=0 (0) (Х- 1) =0 
( 3) The two roots of the equation : X^ — 2 X +k = 0 are real and different Їз 


(a)k=1 (b) k <1 (c)k»1 (d) k 24 


( 4) The simplest form of the expression : (1 = i is «me 


(a) —4 (b) 4 (c) —4i (9) 41 


See Д mm 4 marks [а] 2 marks [b] 2 marks 





[a] If L » M are the two roots of the equation : 2 X? 2 X «320 ; 


find the equation whose two roots are : = ^ = 


[b] Find the simplest form of the expression : (3 – 21 JO +21) 


Third question [a] 2 marks [b] 2 marks 





[a] If 2 + i is one of the two roots of the equation : X”-4X+c =0 where c E R 


» find the other root » then find the value of c 
[b] Determine the type of the two roots of the equation : X ^:926X 


. then find the solution set in R 


(Sli!) لغات‎ с>, wall 9 ; | 
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Test | 6 \ ti | 
| es T till lesson 6 - unit 1 Total mark 


Answer the following questions : 


First IIb 2 marks each Мет 4mark | 





Choose the correct answer from those given : 


( 1) The function f : [-2.,4| —-ÀR » f 0024-2 Xis negative in 


the interval ------ ненне 

(a)[-2,0[ 0) 10,4] (с) [2 4] (d) 2 »4] 

( 2 ) If the two roots of the equation : X*-6X+k =0 are equal » then К = 
(a) 9 (b) 6 (c) 1 (d) 12 

( 3) The quadratic equation whose two roots are (1+1) 9 (1-1) 15 e z 
(a) X?-2X+2=0 WX’ +42%-2=0 
(c)X7+2X+2=0 (d) Х2-2Х-2=0 

(4 ) If one of the two roots of the equation : a X 2_3 X + 2 =0 is the multiplicative 
inverse of the other root » then az «e 
(a) 5 (b) 3 (c)2 (d)-2 





ТА) 4 marks | ` [a]2 marks [b] 2 marks 


[a] If L » M are the two roots of the equation : X 222X-820 
, find the equation whose two roots аге: ~ : m 
заві ‚ у ا‎ ; prove that: X » y are (WO conjugate numbers » 


+i 
then find the value of : X +2 X y + y” 


[b] If X= 


4marks (D2muks (2) умаи ——— Е 





Determine the sign of each of the two functions defined by the following rules » 


representing your answer on the number line ; 


(1)f 00 = (X - 1) (X +2) (2)f 00s-X* 49 


D 





till lesson 7 - unit 1 Total mark 


Answer the following questions : 


XC IUS 2 marks анай each Item T mark 


Choose the correct answer from those given : 





(1) The function f : f (X) = - 3is negative in eseese 
(а) 1-2-3]  (5]-3»3l )]-=,=] (0 re «of 
( 2) The solution set of the inequality : X (X — 2) 20 in IR is vce 
(a) {0,2} (b) [0 » 2] ()R-[0.2] (у®-]0,2[ 
( 3 ) The simplest form of the imaginary number PP fig seccion 
(а)! (b) - i (c) | (d) - 1 
( 4) If one of the two roots of the equation : a X^ + 4 X + 7 = 0 is the multiplicative 
inverse of the other root » then a = eee- 


(a) 7 (b) 7 (с) 4 (d)-7 


[a] 2 marks [b] 2 marks 





[a] If 1 + i 15 one of the two roots of the equation : X ? .2X4c20 where c ER 


» find the other root » then find the value of c 


[b] Investigate the sign of the function f : f (X) 22 X ? +7 X — 15 and from this find in R 


the solution set of the inequality : 2 X ALT CSS 


[a] 2 marks | [b] 2 marks 





[a] If — ғ аге the two roots of the equation ; X 2.402205 


form the equation whose roots аге L » M 


BIH a+ bis — 846i > find the real values of : a » b 





Test 1 ч on lesson 1- unit 2 Total mark 


Answer the following questions : 


steve IPS 2 marks cach item J-mark 


Choose the correct answer from those given : 





( 1) The angle of measure 50? in the standard position is equivalent to the angle of 


measure A 
(a) 130° (b) 310* (c) 140? (d) 410° 

( 2) All the following are measures of angles that lie in the second quadrant except --------------- 
(a) — 210° (b) 120° (c) — 120° (d) 850° 

(3 ) The angle whose measure is (— 750?) lies in the --------------- quadrant. 
(a) first (b) second (c) third (d) fourth 


( 4 ) All the following directed angles are not in standard position except че 


6 marks [a]3 marks [b] 3 marks 





[а] Determine the quadrant in which each of the following angles lie : 
(1)-52? ( 2) 220° (3) 1120? 15 


[b] Find two angles » one of them with positive measure and the other with negative 
measure having common terminal side for each of the following angles : 


(1)-132? (2) 70° (3)- 730° 


ж Fg. (1): 1 mark + Pig. (2) : E mark 





Fig. (1) l'ig. (2) 





` Test 2 till lesson 2 - unit 2 Total mark. 


Answer the following questions : 


Tes CIID) 2 marks — each itemJ-mnark 


Choose the correct answer from those given : 





( 1) The angle whose measure is EL lies in the sss... quadrant. 
(a) first (b) second (c) third (d) fourth 

( 2) The degree measure of a central angle in a circle of radius length 6 cm. and opposite 
to an arc of length 3 7 cm. equals чесе 
(a) 30" (b) 60° (c) 90? (d) 120° 


( 3 ) The angle whose measure is — 7.3"84 is equivalent to the angle whose degree 


(а) 58° 1533 (530144 27 — (9-233 15 33 (a) 211° 44 27 


( 4 ) The radian measure of the central angle subtending an arc of length 3 cm. in a circle 


whose diameter length is 4 cm. equals зз 


(2) @(3)™ (c) 5" (d) 6™ 


[a] 2 marks [b] 2 marks 





[a] Find the length of the arc which is opposite to an inscribed angle of measure 60^ 


s in a circle whose radius length is 10 cm. 


[b] ABC is a triangle in which: m(Z A) = 70° › m(ZB)=60° ; 


find in radian measure m (7. C) 


Тһіга question 





In the opposite figure : 
If the area of A AMB equals 8 cm? , 
find the length of : AB 











Test 3 till lesson 3 - unit 2 Total mark 


Answer the following questions : 


First question | 2 marks 


Choose the correct answer from those given : 





each item J-mark 


( 1) The radian measure of the central angle which subtends an arc of length 5 cm. 
in a circle of diameter length 10 cm. equals се 
[2 rad rad ! 
(a) > (b) 1 (c) 2 (d) x 
( 2) The measure of the smallest positive angle equivalent to the angle whose 


measure is (— 870°) 15 erene 
(a) 210* (b) 150* (c) – 210? (d) 120* 
( 3) If 0 is the measure of a directed angle drawn in the standard position where 
sin Ө <0 » in which quadrant does the terminal side of the angle 0 lie ? 
(a) first. (b) first and second. 
(c) second and third. (d) third and fourth. 
(4) If sec Ө = 2 where 0 is the measure of an acute positive angle » then Ө = ee 


(a) 30° (b) 60° (c) 45° (d) 90° 


Second question 


[a] Convert the degree measure to the radian measure and the radian measure to 















4 marks [a] 2 marks [b] 2 marks 





the degree measure : 
( 1) 225? (2) 


[b] A central angle of measure 60° subtends an arc of length ^ cm. calculate the 


8л 
3 


radius length of its circle. 





ПТ 2 marks | | 


س 


[n] 2 marks 





Third question | 





4 marks 
[a] Without using calculator » find the value of : 
3 sin 30? sin? 609 — cos 0? sec 60? + sin 270° cos? 459 


[b] If sin 8 = + ‚ Ө c] 3 , л| , find all trigonometric functions of the angle 


whose measure is 0 


14 * 





till lesson 4 - unit 2 Total mark 





Answer the following questions : 


| each item J mark 


Choose the correct answer from those given : 





(1) The simplest form of the expression : tan (180? + Ө) + cot (270? — Ө) is «+--+ 
(a) 0 (b) 2 tan Ө (c) 2 cot 0 (d) 2 

(2) Ifsn@>0 ; tan <0 , then lies in the --------------: quadrant. 
(a) first (b) second (c) third (d) fourth 


( 3 ) If 8 is the measure of an acute angle » cos (0 + 25°) = sin 30? » then 0 = eee 
(a) 5° (b) 20? (6) 25" (9) 35» 
( 4) The degree measure of the central angle which subtends an arc of length 3 Jt cm. in 


a circle of radius length 4 cm. is зз]; 


(a) ÁN (b) 45° (c) 135° (d) 270° 





[a] 2 marks [b] 2 marks 


[a] If the terminal side of an angle 0 drawn in the standard position intersects the unit 
circle at the point C2 , -4) » find in the simplest form the value of the expression : 
cos (180° — 0) cot (90° — 6) + sin (180? — Ө) tan (- Ө) 


[b] Find the general solution of the equation : 


esc (2 0 — 15°) = sec (Ө — 30°) , then find all the values of Ө where Ө € |0° . 90°| 


which satisfy the equation. 


Third question [a] 2 marks [b] 2 marks 





[a] Without using calculator ; find the value of the expression : 
sin (— 30?) sin 240? — tan 135? sec 240° 


[b] If Ө is the measure of a central angle in a circle whose radius length is r and subtends 


an arc of length f where r = 12cm. » 021.6" , then find : l 


15 





Test 


Answer the following questions : 


First question each item J-mark 


Choose the correct answer from those given : 





( 1) The maximum value of the function f : f (0) 24 sin 2 9 is --------------. 


(a) 4 (b)—4 (c) 2 (d) ~ 2 
( 2) The angle of measure 620° lies in the -=-= =- quadrant. 
(a) first (b) second (c) third (d) fourth 
( 3) The radian measure of the angle whose measure is 120? in terms of JU 15-999 
‚1. 2 З. (d 1 
(а) 7 Л (b) = Tt (с) 5 7 (d) л 


(4) If sin Ө = cos 2 Ө where tQ Є |0° А 90°[ > then sin30 = ------:------:: 


(d) " 


(a) i (b) 1 (c) zero 





Second question [a] 2 marks [b] 2 marks 


[a] Find the general solution of the equation : tan 4 6 = cot 2 0 


[b] Without using calculator » find the value of the expression : 


cos (— 315°) sin 405? — sin 330° tan 135° 











[a] 2.5 marks [b] 1.5 marks 





4 marks 


[а] An angle of measure Ө in the standard position » its terminal side intersects the unit 
circle at the point B (4 a »- 5 a) where a » 0 


Find the value of each of : 


( 1) sin (90? + 0) ( 2) csc (- 8) 
[b] Complete : 
The function f : f (8) = cos 0 
(I) Tis: domain is ees (2) Its range is ----.---------: 
(3) Its репой ене 


16 i 


— а moa om om m Na M 





Choose the correct answer from those given : 


( 1) If 2cos 0 = -2 » then the measure of the smallest positive angle satisfying 
that онно — 
(a) 45° (b) 135° (c) 225° (d) 315° 

( 2) The simplest form of the expression : tan (360° — Ө) + cot (270? — Ө) is eee 
(a) zero (b) 2 (c) 2 tan 0 (d) 2 cot 0 

( 3) The degree measure of the central angle which subtends an arc of length 6 Л cm. 
in a circle of radius length 9 cm. is ereere 
(a) 30? (b) 60? (c) 120? (d) 150? 


( 4) Which of the following angles whose sine and cosine are negative ? 


(a) 50? (b) 150? (c) 210? (d) 300? 





[a] 2 marks [b] 2 marks 


[a] Find in degree measure the value of Ө which satisfies : cos 0 = — 0.642 
[b] If the terminal side of a directed angle whose measure is 0 in the standard position 


intersects the unit circle at the point a u + i) » find the value of : 0 


| Third question. ) B [a] 2 marks [b] 2 marks 


[a] If 25 sin 0 2 7 where T < 0 < TT > find the numerical value of the expression : 








tan (mt + 6) - cot (8 - 7) 


[b] Without using calculator ; find in the simplest form the value of the expression : 


sin (— 60°) cos 390° + T 
"AT 
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Final Revision on 
'a and Trigonometry 














ef-2=2i2=/2i Similarly: 
ed- 5-151 1-9 =31 


The remainder =0 e» 11 
(The remainder =1 he) i-i 
i"--1 
i-i 



















To find i™ where | We find the remainder 


lof m -4 , if: 








m ıs an integer 





For example : 


2 =1 "because 12 + 4 = 3 and the remainder is 0" 
о 193 —.i "because 63 +4 = 15 and the remainder is 3" 
SERES "because 101 + 4 = 25 and the remainder is 1" 
i -—] "because 26 + 4 = 6 and the remainder is 2" 
e [120 *5 "where n € Z" -— ji "because LEG = 3 n and the remainder is 3" 






We can express the whole one by using the imaginary number to integer powers from the 





multiples of the number 4 ; and this helps in simplifying some imaginary numbers. 





1 . 20 


" 4 —— — == 1 
For example : à = T9 i 


\\ The complex number 


җы Дош mca t e mn ERA e ee‏ وای کک 


The complex number is the number - can be written in the form : Z =a + bi 


where a and b are two real numbers ,і2=- | 





Examples for complex numbers : 13 – 21,7 v :—25 3815/15. 51-4 








ү V Algebra 


Equality of two complex numbers | 








Two complex numbers are equal if and only if the two real parts are equal and the two 
imaginary parts are equal » and vice versa. 





If Z, 2-5 + X1 (Z, y +3 iandZ, =Z, » then y=—5 x25 





| Adding and subtracting complex numbers 
When adding and subtracting two complex numbers » we add or subtract real parts 
| together and add or subtract imaginary parts together. 








For example : ¢ (4 + 51) + (- 2-31) = (4-2) + (5 – 3)1=2+21 
e (26—41) – (9 – 201) = (26-9) + (— 4 + 20) 1= 17 + 161i 


| \ Multiplying complex numbers ) 


| We use the same properties of multiplying algebraic expressions and multiplying by 
| inspection which we have studied before. 


| 







For example : ¢ 2i (1-3i)=2i-6i° (where i^2—1) = 6+2 i 


| 31 | 
«(3—51)0(2 +i )26-7i-5i? (wherei^--1)211 - 7i 

















= 
— 101 | 
R ber that Д5 | 
e (4 - if = 16- 8i + i (where i 2 — 1) — 2 — 
= 158 (axb)-a +2 а +67 | 
(5—31) (543i) 225 91i? (where i*=— 1) . Remember that 3 






=2549=34 (a+b) (a—b)=a°-b 





\ The two conjugate numbers 
The two numbers a + b i and a — b i are called conjugate numbers and we notice that the 
complex number and its conjugate differ only in the sign of their imaginary parts › and 

| their sum is a real number and their product is a real number. 


1 
| 
| 
| 
| 





For example : 
e The two numbers 3 + 4 i and 3 — 4 i are conjugate numbers » while the two numbers 2 1 — 5 
and 2 i + 5 are not conjugate because the imaginary part in each of them has the same sign. 


e The conjugate of the number 4 iis- 4i — * The conjugate of the number 6 is 6 


| Remark 6 = ! arcet pn cet PER —" 3 


| To simplify the fraction whose denominator is a complex number not real » we multiply 
| its two terms by the conjugate of denominator. 





304451 304451 142i 30+1051+9012 -60«105i o 
For example : ———7—— ГС? 142] ww" < 12 + 211 


ч 


20 è 





Ravision J 
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Fhe quadratic equation in one variable (Determining the type of roots 
- Finding the solution sct) 





To determine the type of roots of the quadratic equation and find its solution set in IP. or in © 
for each of the following equations algebraically : 


eX?-2x-420 e4 X1 X* 420 24 X^z( 
We will follow the following steps : 


Put the given equation on the form : a X^ +b Х+с= 0) 














Find the discriminant (bà -4 ac) 





“, The discriminant 
= (0) — 4 (1) (2) 
--8 


г, The discriminant 






^. The discriminant 
= (-2)*-4 (1) )-4( 
= 20 


= (4)* — 4 (1) (4) 
zi 











Determining the type of roots of the equation 





г. The two roots are 
complex and non real | 

because the discriminant 

is negative. 


^. The two roots are real 
and equal because the 
discriminant is zero. 


2. The two roots are real 
and different because 
the discriminant 1s 

positive. 


























Finding the solution set by factorization or the general formula 


YX’ 4220 
S Х=+1]-2= +121 
* The S.S. іп = Ø 


‚(һе S.S. in C 


«(65-23 


* X2 L4 X+4=0 
n )%+ 2) =0 
X=-2 


2+) 20 
iu X = 
2x1 
'. The two roots are 


1445 1-45 


^. The S.S. in R= 


51-15] 












^, The S.S. in R 


={-2} 










Algebra | 






| Second | Graphic method | 

To d2termine the type of roots of the quadratic equation and find the solution set for each 
of the following equations graphically : 

*"X^-2X-320 '9+Х^-6Х=0 X^-3X-520 

We will follow the following steps : 


| Put the given equation on the form:a X? +b X+c=0 






Write the quadratic function f which is related by the equation | 


Draw the curve of the function in a suitable interval from real 
numbers where = is in its middle 















Determining the type of roots of the equation 









The two roots are real and 
equal because the curve 
touches X-axis 





The two roots are real and 
different because the curve 
intersects X-axis at two 
points, 





The two roots are 
complex and non real 
because the curve does 
not intersect X-axis. 







Finding the solution set in R 





The S.5. in R= [—1 53} The S.S. in R= {3} 





The S.S. in R 2 Ø 





Revision 





The sum of the two roots — =2 The product of the two roots = = 


For example : 


(One of the roots is the 
multiplicative inverse of the other) 


Zero 
(One of the roots is the additive 
inverse of the other) 


Forming the quadratic equation 


We find the sum of the two roots and their product » then the equation will be in the form : 











Forming the quadratic equation whose two roots are known 





Хх? — (the sum of the two roots) X + the product of the two roots = 0 


For example : 


If the two roots | then the sum of | the product of the Thus › the required 
| are | the two roots is two roots is equation is 
4 | 


eJ,- 








AL an. OE 





This method is used if finding the two roots of the given equation is easy. 


For example : 
If L and M are the two roots of the equation: X^ X —6 20 where L > М 
» form the quadratic equation whose roots are: L-2 , M^ + 1 
CD We find the two roots of the given equation L and M : 
it. n sp i (X—3)(X+2)=0 
^l—33M$52 
@) We find the two roots of the required equation D and E : 
eD=L~-2=3-2= 1 
«E-M^«1-(-2* «1-25 
©) We form the required equation : 


~ X?-6X+5=0 


Second method 


This method is used if we can find "D + E" , "DE" of the required equation in terms of 


"L+ М", "LM" of the given equation by one of the following identities : 


Ө (L- M? = (L« M? - 4LM 










@ U «Mec M) -2 LM 


@ L +M’ =(L+M) [n +M -3 LM| | @ - v (L- M) [(L M - UM] 









1,1 LM L M_L +M? || (LEM) -2LM 
Ө M L LM M L IM LM 


T 






= 





For example : 


* 


If L and M are the two roots of the equation : X ^ed Ma] aif) 


=. ? ; 
» form the equation whose roots are ; D = М K= m 


24 \ 


(10) We find L - M , LM from the given equation : 
+N و‎ 
*LM= + =1 


(2) We find D + E , DE of the required equation in terms of Land M : 
L.M L.w 





Eri m tL ML 
L M 
"DES. DX x] 


Ө We use a suitable identity : 


L'4M? (L«MP-2LM (3)2-2(1) 
‘a C Lo 7 l1 C9 


@) We form the required equation : 
-X*-(D-E) X4 DE20 


ie.X^—7X4120 





This method is used only if the relation between D and L is the same relation between E and M 
For example : 

If L and M are the two roots of the equation : X? -5 X + 2-0 

› form the equation whose roots аге: р = L— 3 ,Е= М – 3 


Gi) We find L or M in terms of D or E from the given relation : 
"DzL-3 
“= р +3 

o) ~ Land M аге the two roots of the given equation 

` ^. Land M satisfy the given equation 

г. Ф + 3)2-5 (0 +3) +2=0 
02+60+9-50-15+2=0 
*. D^* D-420 

© We write the required equation : 
'' D is one of the roots of the required equation 
“. The required equation 15 : X^-X-420 


4 25 | 
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\ Algebra 


m 


Remember 


ТИШЕ 


The sign of the function 





A The sign of the constant function 


The sign of the constant function f : f (X) = c sc EIR is the same sign of c for all values 
of XE IR 





For example : 
e The sign of the function f : f (X) =—7 is negative for all values of X € IE 
• The sign of the function f : f (X) = 2 is positive for all values of X € E 













| The sign of the first degree function (linear function) 


To determine the sign of the linear function f : f (X) = bX +c »b#0 
, we put f (X) =0 ~bx+e=0 x HESS 
| Then the sign of the function f : 


O @ © 


Is the same sign of b at Is opposite to the sign of b at f (xX) =0 at 
M же Х = ndi 
агу та b 


And we illustrate this on the number line as in the figure : 






is opposite to is the same as 
! the coefficient of X the coefficient of X 






For example : 
ЕР: Р (0) =-3Х+6 Put-3X4620 ^5 RAL 


The sign of the function f : 
® o 9 


Is negative at X » 2 [s positive at X « 2 f(X)zs0ut X = 2 


And we illustrate this on the number line as in the figure : 






f00 Rd E Wo uer nre m 


function (quadratic function) 





\\ The sign of the second degree 





To determine the sign of the quadratic function f: f (N = a X?» b X&csasz0 
| “үз : ү be^ EA nbi " „ 2 ^ ‘ Ы | " - 
| s Wwe write the quadratic equation : a X^ b X+ c = 0 which is related by the function › 
| then do the following steps : 





| We find the discriminant ¢ b^ —4 ac >» if : 









— эй, — 
-— 







The discriminant 
is negative 





The discriminant 
| =0 


Y 





| The discriminant 
| is positive | 


| | 
| | Y 








Then › the two roots 
are complex and 
non real. 


Then • the two roots | 
are real and different 
L * М ` L <M 









Then : the two roots 
are real and equal 
LL 






















e f has the same sign of 
a for all values of 
XER 


* f has the same sien of 
a for all XE R-{L} 
ef(X)zOQatXzL 


|e f has the opposite of the 






sign of a for all 
xE |L-M[ 
e f (X)=0 forall 
XE п.,м! 
e f has the same sign of 
a for all X € &- [L « M] 










For example : 

If: ef: fOO=X"7-4X4+3 
ef:rf(X)-—X*—2x*-] 
ef:f(o)z2x^-3x«5 


» then we can determine the sign of each of the previous functions as the following : 





о 


Algebra 


We write the quadratic equations which are related by the previous functions and 


complete the steps as follows : 
Xx*^42X41z 2x?-3X4520 | 


Y 









5.4 X320 













^ The discriminant ' The discriminant cy The discriminant 
-(-4y-4x1x3 -Qy-4xl1x120 -(-3y-4x2x5 
| z-3] (negative) 









= 4 (positive) 











^. The two roots are real and 
equal and each of them 


2. The two roots are real and 
different and they are 









e f is negative for all e f is positive for all 





e f is negative for all 















xe] a 3] xER-{-1} values of XER 
e f (X) =0 for all re aa 

xE{1 53] 
e f is positive for all 

XE R- [1,3] 







dratic inequalities in R 


жаза |‏ ع 


X. Remember the solving of the qua 





ШЫ ص‎ Б Rm — ——=—= — —— € Á—À 


To find the solution set of the inequality : X ?25X-6»0inR: 


We study the sign of We determine the 
) the quadratic function | — (y intervals which sausty 


which we wrote. | the inequality. 


| The solution set of the 
inequality : 

| ipa 

|X^-5X-c-620 


тт = 
I5 iAH [2 ^ 3] 

















| We write the quadratic 
@) function related by the 
inequality. 





‘+ The discriminant 
= (5) -4х1хб 
= | (positive) 

^. The two roots are real 
and dillerent 

v (X-—2)(X-3)= 
(Se? er X23 


{:7б0д=х?-5Х+6 


i 
Tas 


0 








} Rl 
== 1 





Remember X The directed angle 


Definition of the directed angle 








The directed angle is an ordered pair of two rays called the sides of the angle with 
acommon starting point called the vertex. 


= тш 





For example : 


The ordered pair ( ОА .OB ) represents the directed angle 





£ АОВ whose initial side is OA and terminal side is OB 


| f | Initial side А 
Positive and negative measures of a directed angle 





If the positive measure of the directed angle = 0 
› then the negative measure of the same directed angle = 0 — 360° 


For example : 


The negative measure of the directed angle of measure 210? = 210? — 360° = — 150° 
If the negative measure of the directed angle = — Ө 
» then the positive measure of the same directed angle = — Ө + 360? 


For exainple : 


The positive measure of the directed angle of measure (— 120°) 2 — 120? + 360? = 240? 





A directed angle is in the standard position if the following two 


conditions are satisfied : 


D Its initial side lies on the positive direction of the X-axis. 





e Its vertex is the origin point of an orthogonal coordinate plane. 


Equivalent angles | 





Several directed angles in the standard position are said to be equivalent when they have one 
common terminal side. 

And we get equivalent angles to the angle whose measure is 9 by adding n 360? to it or 
subtracting n 360? from it where n is an integer. 


f 29 





\ Trigonometry | 


Determining the quadrant in which the terminal side of the directed angle Z AOB whose 
measure is O in the standard position lies : 


. 4 АОВ lies T first — 
Z АОВ lies in the second quadrant. 
£ АОВ lies in the third quadrant. 
(hen Z АОВ lies in the fourth quadrant. 


o, € (0* 90° › 180° 2 АОВ is called a quadrantal angle. 
‚270° 360^ | 

















We find o the | 
measure of the 
smallest positive 
equivalent angle | 
to the angle Û » 
then if : 


Radian measure and degree measure of an angle | 





Length of the arc which the central angle subtends 
Length of the radius of this circle 


e The radian measure of a central angle in a circle = 


Le. o" =L land from it PR rj? 
r E | ر‎ 


• The relation between the radian measure and the degree measure : 





в rad 
F = L and from it 


(Notice that $f 


ee LL 













T in radians is equivalent to 180° in degrees, 


MEME SRR ш и LLL LLL n 


— — Boc m T n ES Бы س‎ 





Remember \ The trigonometric functions of an acute angle and their reciprocals 








i M. 


_ hypotenuse — | 


a Eie a me ELS <= —— MÀ ج و س‎ 


opposite Е 


e unc. oe He ө csc 0 = —————z 
hypotenuse opposite У 
а adjacent TU hypotenuse _ | 
| hypotenuse | adjacent X 
| Opposite у adjacent — X 
еіп О а = ос 0 = ——-— = — 





adjacent X 


- Ios mud r— .. кеири Bo с ——Ó 5 LLL SR 


opposite y 





Revision 





[Notice that 





«X C€l- 1.1] and from it cos 0 €[- 1 51] 
e y &[- 1 51] and from itsin O E|- 1 51] 


e The equivalent angles have the same tri gonometric functions. 













y The signs of trigonometric functions 


sign of | 
sin » csc 


+ 
+ 


| Notice that U The trigonometric functions of the equivalent angles have the same sign. 


E ni 








The interval that 
0 belongs to 








First 












X«D,Y»D0 X»0,70 


| COS, 
sec 
(ve) 
YD 
"^. 















Second 







Third 
X«0, 
y 






Fourth 


Remember \ The trigonometric functions of some special angles 
[ШИШИ 





The values of the trigonometric 


The measure | The point of the intersection of the ; 
functions 


terminal side with the unit circle 








jh 


Remember 


| ШИ” 
ИҢ tll [n 





To know how to find the relations between the trigonometric functions of two related angles › 


we will follow the following steps : 


For example : 
| cos(180°+0) | 


| (180° + 0) lies in the | 
third quadrant 





given angle lies 
(90° + 0) » 
(180° — Ө) 






(180° + 0) : 
(270° – Ө) 


The function of 
cosine in the third 
» quadrant is negative 


(—ve) 


of measures Ө › 
(180° — Ө) › 

(180° + 0) » 

(360° — Ө) or (- Ө): 
the trigonometric 





The function as it 15 
because the measure 
of the angle is 

(180° + Ө) 


function is written 
as it is and convert 





| the angle of any 
form to 0 





— cos 0 





-. cos (180° + 0) = 


The relation between the trigonometric functions of two related angles 












We determine the quadrant in which the 


We put the sign of the given 
trigonometric function according to the 
quadrant which is we determined. 





\ Trigonometry 


For example : 


| 





| (90? + Ө) lies in the 
second quadrant 


(270° + 0) » 
(360° — 0) 


Y 
The function of 
sine in the second | 
quadrant is positive 

(-ve) | 
















f Third 
1 


In the case of an gles In the case of angles 


of measures (90? — 9) 
(90? + Ө) | 
» (270? — Ө) or 

(270° + 0) 


| . || The function is 
» the trigonometric 


| changed because 


function is changed | | the measure of the 
angle is (90° + 8) 


as the following : 
* sin = cos 


| |* tan >” cot 


| * csc => sec 


and convert the 


angle of any form 


| ito 0 


^. sin (90° + Ө) = cos Ө 





sin (90° +0) . 








г... Ш 
| 
1 
T] 
! 





For example : 
Without using calculator, we can find : 


cos (— 150°) sin 600° + cos =x sin 330? — sec [a 2л ) (ап 900° 
= cos (210°) sin (360° + 240°) + cos 120? sin (360)° — 30°) — sec 225? tan (180° + 2 х 360°) 


= cos (180° + 30°) sin (180° + 60°) + cos (180° — 60°) sin (360° — 30°) — sec a + 45°) tan d 


' ү 
| Third m | аы angle | 


Fourth quadrant 
= (- cos 30^) (- sin 60°) + (— cos 60°) (— sin 30°) — (— sec 45°) x 0 





гаў. 


If о and B are the measures of two complementary angles (i.e. Their sum is 90°) 
› ћеп sın 0 = cos В » tana=cotB › seca=cscB >... 


For example : 
20" and 70* are measures of two complementary angles. 
- sin 20° = cos 70° + tan 70° = cot 20° , 


Remember The general solution to solve the equations in the 
ТШШ form sin 0 = cos Û or esc о = sec B ог tan о: = cot D 





| @ If sin a = cos В 


› Шеп a+ p = 90° + 360° n i.e. a+ B= «27h where n CZ 


i.e. The measure of angle of sine + the measure of angle of cosine = 90° + 360? n 


| Ө If csc a = sec В 


‚Шеп o, B = 90° + 360° n i.e. az B= +271 where n CZ 
;üznO , В = (2п+1) 5 


Ө If tan a = cot p 


sthen o, + В = 90° + 180° n i.e. a+ B= mn where n CZ 


0 On 1) 7 s Bni 


and the following example expresses the previous : 


t 33 


(о: Ф) | تيرم‎ | ث١‎ (Ul) oU ریاضیات‎ yalsall 





Trigonometry 


It 
e If siná0 =cos 2 0 , 0€ o X e [f tan202c0t 20 ,0€ |0 ا‎ 


7,0 —159? 945 or 75° | 





748.0 «2077-40 n»n EZ = 








How to find the measure of an angle (0) given the _ b 
value of one of its trigonometric ratios (a) Es 


: | | BRE UR = duci 


The sine function is | The cosine function | The tangent function is 


| (m We determine the 
quadrant in which Ө | 
lies according to the | 





= | ! 

We find the measure | sin U = = : |= J | cos =| 
| 

of the acute angle с. 





| © We put the angle 6 
| in the quadrant that 
we determined at the | ` 
first step by using 


one of the relations : 
| quadrant. 














negative. | iS positive. negative. 

7, Ө lies inthe third |. 6 lies in the first 7. 0 lies in the second 
or the fourth | or the fourth | or the fourth 
quadrant. quadrant. | quadrant 

d [D i. 1 
==- |tane= | i3 | =43 
2 42 
whose trigonometric |, (у= 30" |... = 45" "0 607 
^ 0 lies in the third | Ө lies in the first ^ 0 lies in the second 

|. quadrant. quadrant. quadrant. 
| 02 180" + G *"üzuz45 4 02180" -0 

= 180" + 30" or Ө lies in the fourth = 1807 – 60° 

ats a = һо 
| muU | quadrant z 120 | 
| or 6 lies in the fourth |, Û = 36 -ü or Û lies in the fourth 


11 


ШҮ?" quadrant 
Ө = З) - c = E d |, 0z 300° - 9 
= AM — М)” Tene = A060? — 60° 
= 340)” | = 300^ 


а = = > а ——————À‏ س 


| Revision j 
Remember \ How to find all the trigonometric functions of an angle 


given the value of one of its trigonometric functions 





We can find the values of the trigonometric functions of an an ple directly if we draw the angle 


in its standard position and we draw the right-angled triangle that represents it by using the 


value of the given trigonometric function concernin g the signs according to the quadrant in 


which the angle lies as follows : 





In the 1“ quadrant | In the 2" quadrant 


For example : 


| _8 cos O = — where 
51П Ө = q7 where 5 


Q is the smallest positive 
270? < 0 < 360° P 


angle. 
* LIU < 0 360° 


2. Ө lies in the fourth 


'' COS 0 15 negative 
7. 0 lies in the second or the 
quadrant. third quadrant 
'' O is the smallest 
positive angle. 
'. & lies in the second 


quadrant. 


i "n: 
^. cos Ө = ру 


| -8 
ta = —— 4... 
stan Ө Т ғ 





In the 3 quadrant 








In the 4" quadrant 


tan D — = where 
D is the greatest positive 
angle » 0° < В < 360? 
`7 tan D is positive 
-. D lies in the first or the 
third quadrant 
, '.' В is the greatest positive | 
angle. 


^. D lies in the third quadrant 









Remember 


ПШПШ: 
НИШ 





Properties of the sine function f (Ө) = sin Ө | 








QD The domain of the sine function is |- ee 5 | 
@) e The maximum value of the function is 1 and it happens when 0 = S +2аЛ 5062 


e The minimum value of the function is – 1 and it happens when Ө = Ax +2nl s1 C2 


(9) The range of the function = [- 1 » 1] 
@ The function is periodic and its period is 2 Л (360^) 


Properties of the cosine function f : (Ө) = cos Ө 





Gi) The domain of the cosine function 15 ]- со) | 
(3) e The maximum value of the function is 1 and it happens when Û 2 +2 аЛ, n EZ 


e The minimum value of the function is — | and it happens when O = JT +2 Ла: n C2 


(9) The range of the function = |- | 5 || 
Ө The function is periodic and its period is 2 Jt (360°) 


^ Remark JM | | a 


Each of the two functions f : f (0) = û sin b 0 » f: f (O) = acos b 0 is periodic 5 its 









£V and its range is [- a » а] where a is positive. 


| b. | КЕ 


a eS ee 


period is 








For example : « f : f (0) = 5 sin Ө its period is 2 IU and its range is [- 5 , 5] 


e f: f (0) 23 cos 7 Ө its period is ES and its range is [- 3, 3| 


| 36 \ 
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б School book examinations 


em 


ED Choose the correct answer from the given ones : 





( 1) If Land M are the two roots of the equation : X? 7 X + 320 


;thenL^4 Measan 

(a) 7 (b) 3 (c) 43 (d) 79 
(2) If sin 6 =— 1 and cos Ө = zero ; then Ө = .............. 

(а) 2 (b) 1 (927 (d) 2 7 
( 3) The quadratic equation whose roots are 2 — 3 İi 52431 is ----·---------- 

(a) X^-4 X +13 20 (b) X^-4 X + 13 =0 

(0 X*+#4.X-13 20 (d) X*-4X-13=0 


( 4) If one of the two roots of the equation : X? — (m + 2) X +3 =0 is the additive inverse 
of the other root » then т=з 


(a) 5 (b) 2 (c) -2 (d) - 3 


EJ) Complete the following : 
(1) The function f where f (X) =- (X- 1) (X + 2) is positive in the interval --------------- 


( 2) The angle whose measure is 930° is located at the --------------- quadrant. 
3 a 
(3)If cos Ө = 4 and sin Ө = RJ y then Ө = -:----------- 


(4 ) The quadratic equation whose two roots аге twice the two roots of the equation : 
2X?-8X+5=0is —— 


ت ت l‏ 


3 [a] Put the number Ud | in the form of a complex number where r=] 
+2i 





[b] If 4 sin A-3 =0 > find: A , where A € [0 | 


حص صصص ص ae c‏ 


(3 [a] If f : —— R where f (x) 2 - X^ +8 X- 15 
(1) Graph the function in the interval [1 $7] 


( 2) Determine the sign of the function. 


4-21 
[b] If X 23 +2 i and y - —; 





; then find : X + y in the form of a complex number. 





6) [a] Find in R the solution set of the inequality : X 230-40 
[b] If tan B = i ‚ where 180° < B < 270? : then find the value of : 
cos (360° — B) — cos (90° — B) 





| Algebra and Trigonometry 





S | 
| 
d 
i 
\ 
i 


EEE t же Б 


Final Examinations 





ЄТТЇ? 
O Complete the following : | 


( 1) The simplest form of the imaginary number LU ig ecce 
( 2 ) If the two roots of the equation : X^ - 6 X+ L z О are real and equal s then Liz 57 
(3)1f0* < Û < 90° and sin 2 B=cos 30 + then Ө = wees 


( 4 ) The range of the function f where f (0) = = «in Ө Is scie 





Я Choose the correct answer : 


( 1) The equation: X^(X- D (X& 1) =O isa = degree equation. 
(a) first (b) second (c) third (d) fourth 
(2 ) If the two roots of the equation : X^43 X- m 20 are real different 
> Chen m 2-7 
(а) - 2 (b) - 5 (c) -4 (d)- 5 


( 3 ) If the sum of measures of the angles of a regular polygon equals 180° (n — 2) where n Is 
the number of sides > then the measure of the angle of a regular octagon by the radian 














measure equals --------------- 

95 0 (с) 28 )( 
(4) If 2 cos 0 2 —/3 and 3t < < im Pc 

(а) (b) 6 a (c) am (d) 7n 





(Б) [a] Find the value of k which makes one root of the two roots of the equation : 
Ak X? +7 X + k + 4 =0 be the multiplicative inverse of the other root. 


[b] If sin Ө = sin 750? cos 300° + sin (— 60°) cot 120? where 0° < Ө < 360° » find : © 





4 [a] ( 1) Find the two values of a » b which satisfy the equation : 12 +3 аі = 4 b— 271 
( 2 ) Find the solution set of the inequality : X (X + 1) - 2 <0 in IR 


[b] A central angle of measure Ө is inscribed in a circle of radius length 18 cm. and 
subtends an arc of length 26 cm. Find 0 in degree measure. 
5 [a] If the sum of the consecutive integers (1 + 2 + 3 + =- + n) » where n is the number 
z > q А П à 
of integers is given by the relation S = — (1 + п) » how many consecutive integers 
starting from number 1 to be summed 210 are there ? 


[b] If sin X= i where 90? « X « 180* 


» find : sin (180° — X) + tan (360? — X) + 2 sin (270° — X) 








Algebra and Trigonometry 


Some schools examinations 











Cairo Governorate Hol. Educ. Administration 
ome Ct. Joseph's Gehool 


Answer the following questions : 


1 Choose the correct answer : 


(1) 30? to radian measure = ............... 








Jt л JU nd 
(a) 6 (b) 9 (c) 3 (d) 2 
tan Û _ ü " _ . 
(231 aa y O° <6 «90? s then 8 = ............. 
(a) 30 (b) 60 (c) 90 (d) 45 
2 & 34 
(3)axà xa x а! BE SW APER 
(a) a (b) 1 (c) 0 (d) a 
T^ з 3 JT 
Xsin--]-y' cos" —- 
(4) ent) ыш. 4 ) AC 
Ху i 
(a) X + y (b) 2 (c) 60° (d) 5 
Я Complete : 


( 1) If the equation a X^ + b X + c = 0 has two real equal rational roots 
„Шеп b^ M BNE T 

(2)Ifi^ 3i » 1+4 iare the two roots of the equation x*-~k-1)X+b=0 
5 then Ке. Бн йек я 


( 3) If 0 is ап angle in the standard position and its terminal side passes through the 


point ( n 5 i) » then cos E sb aere inen and tan Û = -eesse 


(4) If L ,M are the roots of the equation X?-3X+2=0 > then 
2+2. М + М? = РРТС 





€] [a] Without using calculator find the value of : 
3 sin 30° sin 60° — cos 0? sec 60? + sin 270? cos” 45° 


[b] Find in R the solution set of the inequality : (X + 2) (X - 3) x0 





C [a] If sin (180° — X) = cos 60° sin 270° + cot 120° sin (- 60°) ; where X € ]0° , 360*[ 
Find : m (Z X) 


| 40 * 


Fine Fxerninations j | 





[hb] Graph the curve of the function f swhere f (X) X7 | 
ғ from the graph determine the sign of the function f 


5 [n] Prove that : ( 1-1 |" um (4-1) 7" | T Sad 


[h] In the opposite figure : 


Quarter of circle M « MCBD is a rectangle inside it 
BDz8cem.BCz6cm. 

s y- h 

Find the length of the arc : ABH 





Maadi Kawmia School 


e Cairo (вбуегпогае / Diroeting Mathematica 





LEE — ү, 


иаша a a —_ ———— сени” 





Answer the following questions : 
ЕВ Choose the correct answer : 
( 1 ) The degree measure of the central angle in a circle of radius length 12 cm. and 
subtends an arc of length 4 Л cm. equals .............-. 
(a) 60° (b) 120° (c) 30° (d) 90° 
( 2 ) If one of the roots of the equation (1 а) X7+2 X 2 — 5 is the multiplicative inverse 
of the other root » then a = ............... 


(a) 4 (b) 2 (c) - 4 (d) - 2 
( 3 ) If 8 is a positive acute angle where 3 csc 0z2 »'then tan Ө = зе ә 

(a) + (b) | (c) 0 (d) 3 
( 4 ) The solution set of the inequality 4 X — 16 - X^ «0 .....-.-....... 

(а) [3 9] (b) ]3 » 9[ (c) R (d) © 


FJ Complete the following : 
( 1 ) If csc (Ө + 20°) = sec (3 Ө + 30°) where 0? < Ө < 90° 5 then cos 6 Ө = ............... 
(2) If tan Ө =3 and 90° < 0 < 360° » then Û =. ° 
( 3 ) The range of the function f (Ө) = 2 cos Ө is eese. — 
(4)Ifnisan integer » then the simplest form of the imaginary i lS eem 








EQ [a] fx CR » y EIR find the values of X » y which satisfy the equation : 
2X-y-Xi-3yiz (2+1) 
[b] If Z AOB in the standard position » its terminal side intersects the unit circle at the 
point B ( 3 , y) where y < 0 and m (4 АОВ) = Ө , then find : 
( 1 ) The value of y ( 2) cos (90° — 0) 
(3) sin (180? — 0) 


CNP) V EZ | اث‎ | (real у OW ریاضیات‎ ка] 









Algebra and Trigonometry 
[a] If L > M are the two roots of the equation : 4 x7 4+3X=2 
Find the equation whose two roots are; L-2 , M-2 


[b] If sin Ө = z s Where (13 <90<л Find the value of : cot 0 + cos (л + ө) — sin (27-0) 





В [a] Determine the sign of the function f where f (X) = X ا‎ 
and from this find in R the S.S. of the inequality : f (X) <0 


[b] Without using calculator find the value of : 





sin I5". cos 420° + tan? 65° — tan 245° tan 65° 


sin 165? 





| airo Governorate Al-Khalifa and Al-Mokattam Directorate 
© C Al-Waha Language Schools 


Answer the following questions : 


E Choose the correct answer : 


( 1) The simplest form of the imaginary number i? is -------------- 


(a) | (b) –1 (c) | (d) - 1 
(2)1f cos 0- + and sin 9 = s then D excesos 
(a) 60 (b) 240 (c) 300 (d) 120 
( 3 ) The function f where f (X) 2 3 – 2 X is negative when X — 
(а) ]1.5 , | (b) 11.5] (c) |- » 1.5[ (d) È- {1.5} 
( 4) The angle whose measure is (— 930?) lies in (ће -------------- quadrant. 
(a) first (b) second (c) third (d) fourth 
: | и ———————— V0 MÀ С 
И Complete : 


(1 ) If the two roots of the equation 5 X* + 8X + k =O ше multiplicative inverses of each 
other + then k = ===. 

( 2) The range of the function f where f (X) = sin X AS ere 

( 3) cot (270° — 6) + lan (= Û) = ee 


( 4 ) The quadratic equation whose roots are i and — 1 IS 


س 
e M À— MÀ M —À —‏ 
س 


В [а] Determine the sign of the function f : f (X) = X*-8 X 15 
, then deduce in Е the S.S. of the inequality : X^ = 8 X + 15 s0 





[b] The measure of a central angle is 72° in a circle of diameter 12 cm. 
Find the length of the arc opposite to this angle to the nearest two decimals. 


(423 





Final Examinations 


К 


( [a] Put the number " = in the form of a + b i (Show your steps) 


2 
Ta 





[b] Determine the type of the roots of the equation : = X + 5 X -7 = 0 (State reason) 


[c] Find a value for 0 that satisfies the equation : tan (0 + 20°) = cot (3 0 + 30°) 


(3) [a] If L and M are the roots of the equation : X^—6 X + 1320 





» form the equation whose roots are : Y and M. 


d 


[b] If tan A= : where JU <А < os 


Find without using calculator : sin (180? — A) — sin (90° + A) 


Q Giza Governorate 


Answer the following questions : 










Agouza Educational Directorate N, 
The supervision of Mathematics Ж гум 


E Choose the correct answer : 
(1) The simplest form of the imaginary number IP gan 
(a) i (b)-i (c) 1 (d) -1 
( 2) The measure of the central angle which subtends an arc of length 5 Jt cm. in a circle 


of radius length 15 cm. is eee 


(a) 30? (b) 60? (c) 90° (d) 180? 
(3) f (X)= 12-3 X is negative on the interval .----- — 

(a) [- 4 » e| (b) |- «4l (c) ]4 s ef (d) H} »- 4] 
(4 ) sin (90° — 0) sec Û = .----..--..-... 

(a) | (b) – 1 (c) 0 (d) 90° 





(2) Complete each of the following 


( 1) The quadratic equation whose roots are 4 + 3i s 4—3 118 eee 






(2)In A XYZ if sin X cos z = 0 «then sin y = evesen 
( 3) If one root of the two roots of the equation X* + 5 X + k = 3 is the multiplicative 
inverse of the other root » then К = seee 


(4) If csc (0 + 20°) = sec (3 0 + 30°) where 0 E0 < 0 < 90° » then cos 60 = ..............- 
ЕС ЕОНИ ا‎ T HN 


EJ [al If = =a + bi where a »b CIR » then find the value of : a and b 





[b] Without using calculator find the value of : sin 150" cos (— 300°) + cos 930° cot 240° 


. Algebra and Trigonometry 





[a] If L » M are the two roots of the quadratic : 3 X?—2 X + 5 =0 
› then form the quadratic equation whose roots аге: L?M »ML’ 


[b] Find the general solution of the equation : cos 2 0 = sin 4 0 
» then find the values of 0 where 0 c Jo ` | 
Вагу (х) = х°-3х+2 
( 1) Investigate the sign of f 
( 2) Find in R the solution set of the inequality : f (X) <0 


[b] ABC is an inscribed triangle of a circle whose radius length = 6 cm. 
if m (Z A) = 30? , then find the length of : BC 





© Giza Governo rate j El-Haram Educational Zone 


Pyramids Language School 





Answer the following questions : (Calculators are permitted) 


m Choose the correct answer : 
(1) If X=3 15 one root of the equation 3 xX*-8X+m=0 епт 
(a) 5 (b) -3 (c) 5 (d) -5 
( 2) The measure of the central angle subtended an arc of length 2 JU in a circle of 


diameter length 12 cm. is equal to .............- 


(а) 2 (b) X- с) 4 (d) 5 
( 3) The quadratic equation whose two roots are 8 and — 13 15 ----.---..---:: 
(a) X^ -5 Х+104=0 (b) 2-5 x- 10420 
(c) X^ 5 X-104 20 (d) Х2+5 X + 10420 
( 4) If sin X < 0 and tan X > Û , then X lies in the ............. - quadrant. 
(a) first (b) second (c) third (d) fourth 
2 Complete each of the following : mm 
(1) In the triangle ABC » if m (4 В) =60° , m(Z C) E sthenm (Z A) = s o 


( 2 ) If one root of the equation X^-k X + k + 2 =0 is twice the other + then С.е 
( 3) If A and B are two acute angles and sin A = cos B , then sin (A + B) = .............. 


( 4) The two functions f : f (X) 2 X^ -2 X 4 1 and n: n (00 = X -3 are positive together 
ab X Em ела 


44 Y 





Final Examinations 


9) [a] If L and M аге the two roots of the equation : 2 X 543X-520 
Find the quadratic equation whose two roots are : 2 Land 2 М 
[b] Without using calculator find the value of : 
cos 570° cos 330° — cos (— 240°) sin a 150°) 


ee a ص‎ e am eS جج‎ OA چ ر پس‎ 


CJ [a] Find the solution set of the a XP ed аб 
[b] If 90° < 0 < 180? and sin Ө = 4 
‚ find the value of : sin (90° — Ө) sin (180° + Ө) cos? (360° — 0) 





5 [a] Investigate the sign of the function f where f (X)=3 X- х? 


[b] If an inscribed angle of measure 40° is subtends an arc of length 6 cm. 
‚ find the circumference of its circle to the nearest cm. 


ж Alexandria Governorate / E 











Answer the following questions : 
 ) Choose the correct answer from those given : 
( 1) The simplest form of the imaginary number О өйөнөн 


(a) i (b) 1 (c)— 1 (d) - i 
( 2) The radian measure of the angle 64° 48 is ............... 
(4) 0.81 (b) 0.367 (c) 0.18 JU (d) 0.36 


( 3 ) The quadratic equation whose two roots are real and equal and one of two roots 15 
multiplicative inverse of the other Is -------------- 


(a) x?-120 (b X^-6X4920 
(c)2X*-5X+2=0 (d)X?+2X+1=0 

( 4) If sin 2 0 = cos 4 Ө where Ө is the positive acute angle › then tan (90° — 3 0) = --------.-..-.. 
(a)- 1 (b) — (c) 1 ауз 


13 





E) Complete the following : 
( 1) If one of the two roots of the equation X 2_3%X+c=0 is twice the other 
| then em 
( 2) The range of the function f (0) = 2 sin Ө is --------.-.-.-. 
(3) The function f where f (X) 23 — X is negative in interydl «s 
(4)1fGn.0 = LB where 20" = < 9 < 360° then m (4 Ө) = = а 





3 [a] Without using calculator prove that : sin 60" cos 330? — cos 120? sin 210° = sin FE: 
Xy 





[b] If x= A y= Sts 41 Prove that : X › y are conjugate and find the value of X 


3 
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CD [a] If L » M are two roots of the equation: X?^-7 X +3 =0 
Form the equation whose two roots are:2L 2M 


[b] If the terminal side of the angle 0 in the standard position intersects the unit circle at 
the point (- X » X) where X > 0 ; then find the value of : tan“ Ө — sin Ө cos Ө 





[a] Find the solution set of the inequality : 
X? 4 X - 12» 0 and represent it on number line. 
[b] If sin X= $ where 90° < X < 180° Find the value of : 
sin (180? — X) + tan (360? — X) + 2 sin (270° — X) (Without using calculator) 
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Answer the following questions : (Calculators are permitted) 
E Choose the correct answer : 


(1) If X =— 1 is one of the two roots of the equation X^—a X- 2=0 > then a = әәә: 


(a) 2 (b) -2 (c) 1 (d) — | 
( 2) If sin Ө = — 1 and cos Ө = zero > then Ө equals -------------- 

(a) 90° (b) 180° (c) 270° (d) 360° 
(3) If 0* <6 < 90° and sin (5 Ө) = cos (4 Ө) » then m (Z 0) = eee? 

(а) 14 (b) 18 (c) 12 (d) 10 
( 4 ) The expression (13 — 2 1) - (3 – 1) in the form of the number a + D | is ees 

(a) 10i (b) — 10 i (c) 10 — i (d) 10 + i 

(2) Complete ; s | 


( 1) The simplest form of the expression sin (180° + 8) + cos (90° + 8) = ............... 


( 2) The function f where f (X) = 3-2 X is positive when X €... 


( 3)1f cos 0 = B ‚ where О Є |0) ‚2 л s then the greatest positive value of Û = eee 


ғ i : 2 т ' n 
( 4) If the sum of the two roots of the equation X ^ =a X + 6 = 0 equals 5 s then û = =- 





Lm 2s ee ee, ша angie ode a — 


EJ lal If and M are the two roots of the equation: 4 X7 3X -220 
Form the quadratic equation whose two roots are : L and M 


Ih] A central angle of measure O in a circle of a radius length 18 cm. and subtends an arc 


of length 26 em, «find 0 in degree measure, 


ORE ла. = 


46 * 


CNN 
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C [a] Find in R the solution set of the inequality : X as 65 ( 


[b] If sin O0 = i where 0c | Ж л] »find the value of the : 2 sin 150? cos (— 120°) + 4 tan Ө 








| 1231; | | | и 
Ө [a] Put the number FE - in the form of a + b i where i? = — 
UTI 


[b] Investigate the sign of the function f where f (X) = 8 X— X? — 15 in the interval [2 +6] 


[c] If sin Û = sin 750° cos 300° + sin (— 60°) cot 120° 5 where 0° < 0 < 2 7t 


Find : m (Z 0) 
A Maths Inepoction y Ё 
ui 





Answer the following questions : 
f] Complete the following : 


( 1) The range of the function f where f (0) = sin Ө is -.............. 


El-Kalyoubia Governorate 





( 2) The simplest form of the imaginary number i = ............... 
( 3) The smallest positive measure of the angle whose measure — 690° is <<... oe 


( 4) The sign of the function f where f (X) = 2 X — 6 is negative in the interval -.---......-... 


FJ] Choose the correct answer from those given : 


( 1) The two roots of the equation X^ — 4 X 4 k = 0 are equal if k = -....-......-- 


(a) | (b) 4 (c)8 (d) 6 

( 2) If csc (Ө) = 2 where Ө is the measure of an acute angle , then measure of angle Ө 
| БОО 
(a) 15° (b) 30° (c) 45° (d) 60° 

(3 ) The solution set of the equation X? = X in R is eee 
(a) {OF (b) {1} (с) {-1 51} (d) {0 51} 

( 4) sin 2 Ө = cos 4 Ө where Ө is a positive acute angle » then tan (90° — 3 Ө) equals ............ an 
(a) - 1 (b) -13 (c) | (дз 

EJ [a] Find the value of X and y which satisty the equation: £77 C — „у, 


[b] A central angle of measure 150° and subtends an arc length 11 cm, calculate its radius 
length to the nearest tenth. 


C) [a] Prove without using the calculator that : sin 60° cos 30° — cos 60? sin 30° = sin? 45° 


[b] Find the solution set of the inequality : X ^ .3Xs4inIR 
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5 [a] If L and M are the two roots of the equation : X^-7X-4320 
> then find the quadratic equation whose roots are: L+2 » M +2 
[b] If tan 6 = i where 180° < 0 < 270° 
> then find the value of : cos (360? — Ө) — cos (270° - Ө) 
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Answer the following questions : 





E Choose the correct answer : 
( 1) cot (6 - Л) - tan (90° — 8) =............... 


(a) zero (b) 2 (c) 3 (d) 1 

( 2 ) If Land M are two roots of the equation9 -2 X^- 8 X20 then L^4 eal ese 
(a) - 4 (b) 25 (c) 7 (d) 64 

(З ) The arc length in a circle of radius 6 cm. and that opposite to a central angle of 
measure 1 —— cm. 
(a) Л (b) 6 t (с) Л (2л 

(4) If f (X) =3 sin X > for each XER » then the maximum possible value of the function 
FUOD УО 
(a) – 3 (b) 1 (c) 3 (d) zero 


2 Complete each of the following : 
( 1 ) The solution set of the equation (X + 2) 225 in Eis «enn 
( 2) The quadratic equation whose two roots are 1 + i and 1 — 1 is «e 
(3)1fcos8205 » OE] 2л] »thenm(z08) = + 
(4) The function f where f (X) = X + 3 is positive s for each X € eese 


o 





1 Rind бетү 344i 
EJ [a] Find the value of : X and y if X + y i= 25: 





[b] If the angle 0 is in standard position and its terminal side intersects the unit circle at 


the point ( X» i) where X > 0 Find the basic trigonometric function. 














4 [a] Without using calculator find the value of : 3 sin 150? tan 585° + sin 270? cos? 135° 


[b] If L and M are roots of the equation : 2 X^-3 X- 7 =0 
: form the quadratic equation of two roots: 2 L 3 and2M – 3 


48 ! 
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EJ) [a] If 13 sin B - 122 0 where B € ]90° . 180° 
, then find the value of : cos (180° — B) csc (270? + B) cot (90° — B) 
[b] Investigate the sign of function f: f (X) 26-5 X X? 
„then find in R the S.S. of: X* + 5 X- 6 <0 


El-Dakahlia Governorate 





Math Cupervision 
Answer the following questions : 
E Complete : 
( 1 ) The angle of measure 480° lies in ............... quadrant. 


( 2) If sign of the function f (X) = X^ + b X + c is positive in R » then b? +--+ 
(3)lfa=3 +ү2 i $5 ADS LI sien haren 


( 4 ) The radian measure of inscribed angle opposite to arc of length = its diameter = --------------- 





Я Choose the correct answer ; 


( 1 ) The smallest positive angle satisfies 2 sin A =3 19 === 


(а) 120° (b) 60° (c) 45° (d) 150° 
( 2)If 2. — 1) 15 a root of equation X^ + b X + 5 =0 > then b = -----------..-- 

(a)2 +i (b)5 (c)-4 (4—21 
(3 ) The sien of function f (X) = X + 2 is positive in -------------- 

(a)R (b), (c) R- {o} (d) R- {2} 
(4)If5sinBz3 » 7 <В <T > then tan B = -+ 

(a) 3 (ط)‎ (0-3 @ 





E] [a] If L+ 2 ; M + 2 are two roots of the equation : Xx^-5943»520 
» find the equation whose roots аге : L? M? 


[b] Find the general solution of the equation : sin (3 X) x sec (6 X) = tan 225" 





CD [a] Find S.S. of the inequality : x*-5X<6 
[b] f3cot@+4=0 › ec]. n] 
Find the value of : 5 sin (Z + ө) cos 300° + 3 cosec (JU + Ө) tan 135° 


( [a] Find in the simplest form : (1+2 i) (2+3 i^ +4 iô) 





[b] Find the value of a which makes one of the roots of the equation : 
x*~aX+2a—4=0 is four times of the other root. 


(V: ۱ تيرم‎ | DY | (امعحانات)‎ OW ریاضیات‎ yall 
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Answer the following questions : 
GB Choose the correct answer : 
( 1) If sin202 cos 4 Ө where Ө is positive acute angle › then tan (90° — 3 Ө) = ------------ sas 


(a) - 1 (b) 5 (с) | (d) 3 


(2) The function f (X) = 6 — 2 X is positive at X € з 





(a) ]- › 3[ (b) ]- «0 +3] (c) ]3 » oof (d) [3 >f 
(3) If cos 0 = E 4 sin 0= XE s then the measure of the angle Ө equals -......-....- 
2 JU 5 JU 5SM ПТ 
(а) ^37 (b) *g Өз CE 
(4) (1 + TM meses in the simplest form. 
(a) 10 i (b) 32 i (c) -32i (d) 16 i 








Я Complete : 
(1) If X23 is one of the roots of the equation x^-mX-2720;then mz --------------. 
( 2) The measure of the inscribed angle whose radius 12 cm. and its arc length is 18 cm. 
ТОЯ in degree. 
( 3) The angle whose measure 930° lies in the «++ quadrant. 


(4) The S.S. of X^ +9 = 0 in the complex numbers is --- 





| - i 2 ^ Ll 2 2 1D 
EJ) [a] If one of the roots of the quadratic equation : 4 K X^ + 7X+k°>+4=0is the 
multiplicative inverse to the other » then find the value of : k 


[b] If 4 sin A - 2 tan A tan ( Л -А) = 0 where А c |0 s AN s find the measure of : A 








| à | ; : -9 TO 
4 [a] If Land M are the two roots of the quadratic equation : X^ 3 Х- 5 =0 


TOS А | ! 2 2 
» write the equation whose roots are : L^ and M 


[b] Find the 5,5, in IR of the inequality : X (X + 2) = 3 <0 





ED la] itx «2yi-3y2 (3-21) Find the value of : X and y 
[b] ICO is a central angle in its standard position and B (x ‚ i) is the intersection point of 
its terminal side with the unit circle s» find the value of : 
sin (90? + 0) — cot (1809 + 0) cos (90? + Ө) 


60) 
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Answer the following questions : (Calculators are allowed) 
ED Choose the correct answer : 
( 1) If L' and M are the two roots of the equation 9-2 2-8 X= 0 
4 then [^ + м? REE 





(a) -4 (b) 25 (c) 7 (d) 64 
(2) 172 со 0 2/3 sand TŒ «0 < UL » then m (4 0) = .......... - 
Л. .6 í 
(а) + (b) $t (c) 4% (d) 0 
( 3) If Land 2— L are the two roots of the — X*4*(k-3) Х+6=0 
«then К = 
(a) ] (b) 2 (5) 3 (d) 5 
(4) The range of function f where f (0) = Ы sin 0 is eee 
[ WE. | CA 
(a) 1-5 ч 5 | (b) [его ғ 5] (c) [-3 : 5) (d) |+ -5 › Til 
fJ Complete : | 


( 1 ) The símplest form of the imaginary number ш aes 

( 2) The angle whose measure is (930°) is located at the ve. quadrant. 

( 3) The function f [-4 » 7] ——~IR where f (X) = 6 - 2 X has a positive sign in the 
interval cesses. sae 


(4) If cos (90° + 0?) + sin (90° + 2 8°) =0 s where 0 < 0? < 45? 5 then Sin 2 Ө° = 


gi fal If and — are the two roots of the equation : 6 X 2 98X4120 
s then m the quadratic equation whose two roots are : L and M 


[b] If sin Ө = sin 750° cos 300° + sin (— 60°) cot 120° where 0? < O < 2 л Find : m (Z0) 





Di If f: ig 3 Jp where f Q0 = 8X-X*.— 15 
( 1) Graph the function curve in the interval [1 57] 


(2) Determine the sign of the function. 


[b] Find the value of X and y which satisfy the equation : Te =X4 





E [a] Solve the inequality : (X + 3)2 < 10 —3 (X + 3) in R 


| Algebra and Trigonometry 





[b] (1) If 4 sin A-3 =0 » find : m (4 A) where A € ]o , | 
(2)Ifsina= 2 where 90° < a < 180? 


» find : sin (180° — о) + tan (360° — о) + 2 sin (270? — a) 
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Answer the following questions : (Calculators are permitted) 
EP Choose the correct answer : 
( 1) The solution set of the equation X^ — X = 0 in R is eere 


(a) {1 »- 1j (b) {0} (c) {1 »0] (d) Ø 

( 2) The angle of measure 60° in the standard position is equivalent to the angle of 
measure -eee 
(a) 120 (b) 240 (c) 300 (d) 420 


(3 ) If one root of the equation a X^ - 3 X +2 = 0 is the multiplicative inverse of the other 
root » then а = ·-....:.....:.. | 
@ т (53 (c) 2 (d) 3 


o 


(4)Ifsin82-1 › cos 0 = 0 „Шеп the measure of angle Ө = ............. 


(a) 3 (b) x () 3 (2л 





12) Complete : 
( 1 ) The quadratic equation whose roots are 2 and 3 is eere- 
( 2) If the two roots of the quadratic equation 3 X * 6 X + k 2 0 are equal 
sthan k = ныз 
(3)sin25? = cos orreee 9 
(4 ) The range of the function f where f (X) = 2 sin is сз: 
В fal. if Land M are the two roots of the equation : X*-7X%+3=0 
» then form the quadratic equation whose roots аге: 2 L and 2 M 


17 om, 
3 





[b] The measure of central angle is 105° and subtend are of length 


Find length of the diameter of the circle, 


—— 
-e HÀ e — — нна 


CD [a] Draw the curve of the function f : F (X) = X^ -9 in the interval |- 3 54] 5 from the 
graph determine the sign of f in that interval. 
[b] Find the value of 0 where 0 Є lo : uaj » Which satisties the equation : 
2 cos (4 - 0) = | 
2 


| 52 ` 
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13 3421 
a [a] If X= "CHE a "dat 5 prove that : X » у are two conjugates numbers. 


[b] Without using calculator prove that : sin 60° cos 30° — cos 60? sin 30° = sin? 
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Answer the following questions : (Calculator is allowed) 
[Û Choose the correct answer of those given : 
( 1 ) The measure of the central angle in a circle of radius length 15 cm. and opposite to an 
arc of length 5 JU = -.--------- 
(a) 30* (b) 60? (c) 90° (d) 180° 
( 2 ) If one of the two roots of the equation X? — (b — 3) X = 5 = 0 is the additive inverse of 


the other root » then b = ·---.-......... 


(a) 5 (b) 3 (c) - 5 (d) - 3 
( 3) The simplest form of if? is <==... 
(а) | (b) - 1 (c) i (d) -i 
( 4) The function f : f (X) = 5 X —3 is positive at --....-........ 
(а) X» = (b) X« 2 ()Х> 3 (d) x > 
EJ Complete : 


С-З ИЗ уе 
( 2 ) The solution set of the equation X^ + 9 = 0 in R is ~- 
( 3) If sin 20 = cos 4 Ө where Ө is a positive acute angle » then tan (90? — 3 Ө) = ............... 


(4 ) The angle of measure 750° lies on the ............... quadrant. 





Ө [а] Solve іп the set of complex number : 2 X? + 6 X + 5-0 


[b] Without using the calculator › prove that : 
sin 600° cos (— 30°) + sin 150? cos (— 240°) =— 1 





4 [a] If L » M are the roots of equation : x^-7xXx26 
Form the equation whose roots are : L? , M? 


[b] Find X and all trigonometric function of Ө drawn in unit circle its coordinates (— X » X) ; 
X»0 





5 [a] If 2 » 5 are the roots of the equation: X*+ a X + b 20 Find : a »b 


[b] Form the quadratic equation whose two roots are : те! ` ==! 


. AN 


TU pe 7 = - 
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Answer the following questions : (Calculators are permitted) 
Е Complete : 


( 1) The quadratic equation in the set of the complex numbers whose roots are — 2 i » 2 i 


( 2) The function f : [-4 »7] —» R where f (X) = 6—2 X has a positive sign in the 


interval -------------- 
( 3) If 4 sin 0-3 =0 where Ө c [0° , 90°] »thenm(Z O) = ............... i 
( 4) The range of the function f (X) 22 sin 3 X is ----.......... 


Я Choose the correct answer from the given ones : 


( 1) The simplest form of the imaginary number i^ = .............. 


(a) – 1 (b) 1 (c) -i (d) i 

(2 )If Z Aand Z B are two acute angles where sin A = cos B »then sin (А + В) = ............... 
(а) – 1 (b) 1 (c) 0 (d) 90° 

(3 ) The length of the arc that is subtended by a central angle of measure 210° in a circle 
of diameter length 12 Jt cm. is ·-------------: cm. 
(a) 147 (b) 14 (c) 7 17 (d) 7 


( 4) If one root of the equation 2 X “+(а—2)%Х-7=0 equal to the additive inverse of 


the other » then the value of az «e 


(a) 2 (b) -2 (c) 7 (d) 0 


3 [a] ( 1 ) Determine the sign of the function f : f (X) = — X247 X- 10 


( 2) Find the solution set of the inequality in R : a Ek 


[b] If 180° < Ө < 270° , where cos 0 = -$ 


Find the value of : sin 0 cos (180? — 0) + cos (- Ө) sin (0 – 270°) 





[a] I L » M are the roots of the equation : X (2 X - 3) = 5 


Find the equation whose roots are : L^ 5 М? 


[b] Without using calculator find the value of : sin 120° cos 330° — cos 420° sin ( 30°) 


| 54 ` 
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GP alit x 2342iandy- tozi » then find X + y in the form of a complex number. 


[b] In the opposite figure : 
WS NE E = a 
AB is ап arc in a circle of radius 10 cm. 
and AB = 16 cm. 


Find 9 in radian measure 





» then find the length of the arc : AB 
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on lesson 1 - unit 3 Total mark 





Answer the following questions : 






marks each item 4 mark 


Complete the following : 
( 1) Two polygons of the same number of sides are similar if eneee 


( 2) If the scale factor of similarity of two polygons = | » then the two polygons 


(3 ) Two similar polygons » the ratio between the lengths of two corresponding sides in 
them is 2 : 3 » if the perimeter of the smaller is 14 cm. ; then the perimeter of the bigger 


lS remm CM, 


С Ібст. р 


(4 ) In the opposite figure : 
If rectangle ABCD ~ rectangle AXYZ 
‚ОС = 16 cm. 
i BC=Z2ZY = 1201. 
» then AY = «s cm. 


Second question | 4 marks 


In the opposite figure : 
Polygon ABCD ~ polygon XECF 
(1) Prove that : AB// XE 
(2) If XE= + AB »CF=6 cm. 
‚ find the length of : FD C ETB 


I? cm. 








(D2marks (2) 2 marks 








Third question ) 4 marks (1) 2 marks (2) 2 marks 


In the opposite figure : D быу, 
Polygon ABCD ~ polygon XYZL L 
( 1) Find the scale factor of similarity 


between the polygon ABCD and the polygon XYZL Zu Y C fu B 


бср | X 


45cm, 


(2) Find the value of each of :msk 


58 * 








Answer the following questions : 


First question - 


Choose the correct answer from those given : 





4 marks ` each item | mark 





( 1 ) Two similar rectangles » the two dimensions of the first are 12 cm. + 8 em. and the 
perimeter of the second is 60 cm. ; then the length of the second 


rectangle 15 sss... 





(а) 12 ст. (b) 18 ст. (c) 24 em. (d) 16 cm. 
( 2 ) In the opposite figure : ^ 
Which of the following expressions is wrong ? 
(a) (АВ) = BD x DC (b) (ACJ = CD xCB ¢ حط‎ 
(c) (АР)? = DB x DC (DAB xAC=BCxAD — , 
(3 ) In the opposite figure : 
If DE // BC 
НЕЙ ннн 
(a) 6 cm. (b) 3 em. 
(c) 5 cm. (d) L2 em. Sem R 


( 4) In the opposite figure : 
AB // CD » AE = 3 cm. 
s BEz4 ст.» EC = бст. 
a then ED = ............... 


(a) 4 cm. (b) 6 cm. (c) 3 cm. 


Е е Xn) б marks (1) 3 marks 2)3 marks 








In the opposite figure : 


AB f) CD- {E} where E is outside the circle. 
If EB = бст. s ED = 8 cm. » DC = 7 cm. 





( 1) Prove that : A ADE ~ A CBE 
( 2) Find the length of : AE 











Test 3 till lesson 3 - unit 3 Total mank 3 


Answer the following questions ; 





2 marks each item 4mark 


In each of the following figures » find the value of the symbol used in measure. 
Explain your answer : 


(2) 





C 55cm. E2cm.B 


(3) 





(1) 2 marks (2) 2 marks 





In the opposite figure : 


( 1) If polygon ABCD ~ polygon XBZY 
» prove that : XY // AD 


( 2 ) If the perimeter of the polygon ABCD = 18 em. 





» the perimeter of the polygon XBZY z 12 em. 
, XB = З cm. s then find the length of : AB 








Г | )2 marks. (2) 2 murks | 
^ lem 
Using the givens іп the opposite figure » prove that ; M"; D 
d А 
(1) AABC ~A DBA F g 
( 2) BA bisects Z DBC CC Ww А 


| 60У 


Test X43 tilllessond—unit3 аиа 


Answer the following questions : 


First question 2 marks each item J-mark x 





Complete the following : 


( 1 ) If two angles in one triangle are congruent to their corresponding angles in another 
triangle » then the two triangles are eee 

( 2) If the ratio between the perimeters of two similar polygons is 4; 9 5 then the ratio 
between their areas is «e 

( 3) In the opposite figure ; 
itus эченин 


(4 ) In the opposite figure : 





FÉ ш ' 
C (ОХ-+1)ст. D Xem. B 


itenim 4 marks 





In the opposite figure : 

AE bisects Z DAB 

» the area of A ADE = 12 cm? 
Find the area of : A ABC 


HOT IS IIR) 4 marks 


ABCD >» XYZL are two similar polygons. If M is Ше midpoint of BC 
> N is the midpoint of YZ s AM=4cm. » XN=9cm. 





» prove that : 


area of polygon ABCD : area of polygon XYZL = 16 : 81 
4 





till lesson 5 - unit 3 Total mark 





First question ] 4 marks each item 1 mark 


Find the numerical value of X in each of the following figures : 


(1) (2) 





C ( X4 6)cm. B 


each item 1 mark 





Complete the following : 


( 1) If the ratio between the areas of two similar triangles is 4 : 9 › then the ratio between 
their perimeters IS «n 


( 2.) If each one of two polygons is similar to a third polygon : then the two polygons 


( 3) Two isosceles triangles are similar if eee 


| Third question | 3 marks | 


ABC + DEF are two similar triangles » X is the midpoint of BC and Y is the midpoint of EF 





Prove that: A ABX ~ A DEY 





Answer the following questions : 


First question * 2 marks 


Complete the following : 


——————nsá— Á —TPÓá— ÀMnÁ— 
————— 


each item Lmark | 





( 1) In the opposite figure : 
If DE // BC 


5 then X n ENAT 





( 2) In the opposite figure : 
If AD isa tangent to the circle 


" 
3 then (ADY mae, ОНТО 
| О | ` 
( 3) The ratio between the areas of two similar triangles equals ------.-.------ 


( 4) If a line is drawn parallel to one side of a triangle and intersects the other two sides 


» then it divides them into segments whose lengths are з 


azar) 4 marks 


In the opposite figure : 

РЗШ: р 
ABC is a triangle » D C AC 
, DE // AB » DF // AE 


Prove that : (СЕ)? = CF x CB 





HUI IC е) d marks 





If the lengths of two corresponding sides in two similar polygons are 6 cm. and 8 cm. 


and the area of the bigger polygon is 144 cm? 


» find the area of the smaller polygon. 








Test ү till lesson 2 - unit 4 Total mark: 10 


Answer the following questions : 


First question ^ each item J-mark 


Complete the following : 





( 1) In any right-angled triangle » the altitude to the hypotenuse separates the triangle 
TRES decimis 

(2 ) In the opposite figure : 
D qui b atte 

(3) If A ABC ~ A DEF »area of A ABC = 4 area of A DEF and 





DE = бст. ^ then AB = -.-............ cm. 
( 4) In the opposite figure : 


ABisa tangent to the circle M 
САВУ. „нан 





Second question 4 marks (1) 2 marks (2) 2 marks 


In the opposite figure : 

XY // DE// LZ 

Find : ( 1) The length of EM 
( 2) The length of MZ 


Third question | | 4 marks | (1) 2 marks (2) 2 marks 


In the opposite figure : 

Prove that : 

(1)AABC~AAYX 

( 2) The figure XBCY is a cyclic quadrilateral. 









bihir 


Test Bs till lesson 3 = unit 4 (IA 10 


Answer the following questions : 


First question | 2 marks each item 4. mark | 


Complete the following : 





( 1) The interior and exterior bisectors of an angle of a triangle at a vertex are «e 
(2) ПДАВС ~ A XYZ and AB = 3 XY 


The area of A XYZ Е 
The area of A ABC — 


ee ee ee ee 


» then 


( 3) In the opposite figure : 
AD bisects Z BAC 
y then AD = ·-·----:------- ст. 
(4 ) In the opposite figure : 
If AB N CD = [E] , then 
the points A › С, B and D lie 


on one circle if ED = | cm. 


Second question 4 marks 


In the opposite figure : 





(2) 2 marks 





(1) 2 marks 





B ; E and C are collinear. 
Prove that : 

(1) A ABC ~A DBE 

( 2) BC bisects / ABD 


М е Се) 4 marks | 


XYZ is a triangle » Z XYZ is bisected by a bisector which intersects XZ at M » then draw 








MN // ZY to intersect XY at N 


Prove that: DS s М ard TEX Y = кт. | YZ=4cm. 
YZ ҮМ 


» find the length of : XN 
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Test a till lesson 4 - unit 4 Total mark 


| Answer the following questions : 


| First question 2 marks each item 4 mark 


Choose the correct answer from those given : 





(1) In the opposite figure : 


If DE // BC 

y then X 2 e cm. 

(a) 4 (b) 5 (c) 6 (d) 8 
(2) If AABC ~ A XYZ and AB=4 XY 

The area of A XYZ 
| 5 then $F (559955 
The area of AABC 
1 vl 4 16 

(a) + (b) +h (o 4 (d) 1 
(3) In the opposite figure : 

AD bisects Z A ; BD. = 2 

DC 3 

If AB = 10 ст. AC = (2 y- 1) em. Е 

a then y moe cm. z 

(a) 35 (b) 25 | 

(c) 3.5 (d) 2.5 
( 4) In the opposite figure : 

ТРТ cm. 
(a) 3 (b) 9 
(c) 2 (d) 18 





Second question ] 4 marks | 


In the opposite figure : 
= PE diy AR Бї 
BE // XY // CD » ея 


Prove that: AX bisects Z BAC 













| Third question У 4 marks | 


Prove that : 
The ratio between the areas of the surfaces of two similar triangles equals the square of the 
ratio between two corresponding heights of the two triangles. 


66 ' 





Answer the following questions 2 


CITA 2 marks | seh item mark DT | 


Choose the correct answer from those given : 
( Li In the opposite figure : 
If AD bisects exterior Z A 


len CD =. cm. 

(a) 2 (h) 6 (c) 4 
( 2 ) [n the opposite figure : 

c= eene CTT. 

(a) 5 (b) 3 

(c) 7 (d) 2 


( 3) In the opposite figure : 
If AB isa tangent to the circle 


then X = ----.......... 
(a) 60? (b) 30? 
(c) 15° (d) 55° 





(4)If AMz4cm. » r=3cm. ,such that A isa point outside the circle M 
» then Pa (a) = ee 
(a) 16 (b) 9 (c) 25 (d) 7 
second ано n] 
AB + CD are two chords in a circle intersecting at E » if E is the midpoint of AB 
;CE24cm. » ED =9 cm. find the length of : AB 








Third question || 4 marks | 





In the opposite figure : 





| B 
Prove that : 
— e 
BE bísects Z ABC ا"‎ i 


D 28em. 
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^ ! ' i ч , А | | à i 
Two poly eons M, and M, (having the same number of sides) are said to be similar if the 
following two conditions satisfied together ; 


Gn Their corresponding 
angles are congruent, 


Le. m(Z A) =m (ZL X) 
ө т (24 B)2m(Z Y) 
01 (4 С) = т(/ Z) 

т (4 р) = т (4 1) 







Ө The lengths of their і.е. АВ _ BC_CD_DA_, 
corresponding sides аге | AY YZ ZL LX 


proportional. 


In this case , we say that : 


e The polygon ABCD ~ the polygon XYZL » 
that means the polygon ABCD is similar to the polygon XYZL 


• K 15 the scale factor of similarity of the polygon ABCD to the polygon XYZL 


ә 4 is the scale factor of similarity of the polygon XYZL to the polygon ABCD 


| Remarks x x 


с — — a BB MM P HR tem н  — = —————— 








• On writing the similar polygons » write them according to the order of their corresponding | 
vertices. 
e [f each one of two polygons is similar to a third polygon » then the two polygons are similar. 
e Al] regular polygons which have the same number of sides are similar 
(АП equilateral triangles are similar » all squares are similar » all regular pentagons are similar » ...) 
œ If K is the similarity ratio of polygon M, to polygon М, › and : 
If K > 1 »then polygon M, is an enlargement of polygon М, » where K is called the 
enlargement ratio. 
If 0 < < I »then polygon M, is a shrinking to polygon M, » where K is called the 
shrinking ratio. 
If K = 1 » then polygon M, is congruent to polygon М, 
e The ratio between the perimeters of two similar polygons = the ratio between the lengths 


| of two corresponding sides of them. y 
t 69 






















E a = Cem 
|| Geometry 
Third case 
If two angles of one If the side lengths of two If an angle of one triangle 
| triangle are congruent to triangles аге in proportion. | | is congruent to an angle 
their corresponding angles | of the other triangle and 
of the other triangle. the lengths of the sides 
including those angles are 
in proportion. 
САБАК men BE CA ол | 
AY YZ ZX CA CB | 
£L Bez Y rû ÁB- CA. CB 
sinen C~AXYZ 7X ZY | 
then A ABC ~ A XYZ › Шеп AABC~AXYZ | 
Remarks 7 | 
e Two isosceles triangles are similar if the measure of an angle in one of them is equal to — 
the measure of the corresponding angle in the other triangle. | 
e Two right-angled triangles are similar if the measure of an acute angle in one of themis 
equal to the measure of an acute angle in the other triangle. | 
| 
ڪڪ ل ت‎ ae |, 


Revision 





Corollary 


In any right-angled triangle » the altitude to the hypotenuse separates the triangle into 
two triangles which are similar to each other and to the original triangle. 


In the opposite figure : 
If A ABC is a right-angled triangle at A and AD LBC 


»then А DBA ~ A DAC ~ A ABC and from this we can deduce that : 
e (ABY = BD x BC e (AC)? = Ср х CB 





e (Ар) = BD x DC e AD x BC =AB x AC 


The ratio between the areas of the 
surfaces of two similar triangles 





The relation between the areas of two similar polygons | 


The ratio between the areas of the 


surfaces of two similar polygons equals 
equals the square of the ratio between the square of the ratio between the 


the lengths of any two corresponding lengths of any two corresponding sides 
sides of the two triangles. of the two polygons. 


The ratio of the areas of two triangles having a common base equals the ratio of the two 
heights of the two triangles. 


In the opposite figure : 


BC is à common base of AA ABC › DBC 


| 
awang TOKAS ду 


"a(ADBC) © 1 BC x DY ` DY 





Notice that : It is not necessary that the two triangles are similar. 


The ratio of the areas of two triangles having a common height equals the ratio of the 
lengths of two bases of the two triangles. 
In the opposite figure : 
AX is a common height for AA ABC ; ADE 


| . 
 *(4ADB Lpgxax DE 





Notice that : It is not necessary that the two triangles are similar. 





Сеотеїгу 








If a line is drawn parallel to one side of a triangle and intersects 
the other two sides or the lines containing them • then : 











It divides them into segments 
whose lengths are proportional 


The resulting triangle is similar 





to the original triangle 


In each of the following figures : 





C | В 
If DE // BC and intersects АВ and AC at D and E respectively » then: 
e A ADE ~ A ABC 


5 = = = and from the properties of the proportion » we get : 


AD _ AE AB. AC 
AB AC DB CE 


If a straight line intersects two sides of a triangle and divides them into segments whose 





lengths are proportional : then it is parallel to the third side of the triangle. 


In each of the following figures : 


D E 
A | 
A 
C B 
B E D C B 


г AD 2 AE , then DE // BC 
DB EC 











Talis’ theorem 


Remember 


Given several coplanar parallel lines and two transversals s then the lengths of the 
corresponding segments on the transversals are proportional. 





In the previous figures : 


If L, // La [] L, // L, and М » М are two transversals 





If the lengths of the segments on the transversal are equal ; then the lengths of the 
segments on any other transversal will be also equal. | 
In the opposite figure ; 
IF L, WL, N UL WL, » 
M , M are two transversals to them 
and if AB = ВС = CD 


= ы 


s then AB = BC CD 


If the two lines M and M intersect at 





the point A and BB // CC 











„then AB = AB 
AC АС ad | 
and conversely if —— AB _ ^ then BB // CC 
AC AC 


(1+: 2) \ تيرم‎ jèn | لعات راسحانات)‎ Let, уар а 
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i 
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Theorem 





= 
The bisector of the interior or exterior angle of a triangle at any vertex divides the | 
opposite base of the triangle internally or externally into two parts » the ratio of their 
lengths is equal to the ratio of the lengths of the other two sides of the triangle. 











B 

с AD bisects Z BAC internally. ~ AD bisects 2 BAC externally. 

.[BD _ AB ‚ {BD _ AB 

"DC AC  LDC AC 

Ар =1 AB x AC-BD x DC : AD = BD x DC- AB x AC | 

The interior and exterior bisectors The exterior bisector of the vertex angle 
| of the same angle of the triangle are of an isosceles triangle is parallel to the 

perpendicular. base. 

№ 
„ЕА 
Р ا‎ | 4 
i.e, If AD and AE are the bisectors of i.e. I AB = AC , AE bisects the 
the angle A and the exterior angle of exterior angle at A s then AE / BC 


^ ABC at A »then [AD L AE 





The bisectors of angles of a triangle are concurrent, 





BENED 











If DC BC 


BD _ BA 


such that: 
D AC 


; then AD bisects Z BAC 





—— 


| Converse of the theorem 


| Well known problem and a corollary on it 
= — и 


ID € BC ,D BC 
such that ; BP. ВА 
AC 





» then AD bisects the exterior angle of A ABC at A 






If AB : CD are two chords 


in a circle 
;AB(|1CD- [E] 


C A 


then 
EA x EB = EC x ED 


If AB and CD are two 
chords in a circle 
; AB(1CD = [El 


A 


E 


then 
EA x EB = EC x ED 


Corollary — 


If M is a point outside the 
circle » MC touches the 
circle at C » MB intersects 
it at A and B 





then 
(MC)? =MA x MB 


s 








Zenverse of the well known problem and the corollary 


——— — Ha Aa 





‘Converse of the well known problem 





If AB('1CD = {Е}, If AB()CD = {Е}, 
АВ »C » D and E are А.В C »D and E are 
distinct points and distinct points and 

EA x EB = EC x ED EA x EB =EC x ED 





» then the points A 5B ; s then the points A , В: 
C and D lie on the same C and D lie on the same 
circle. circle. 





| Secant , tangent and measures of angles 





If E CCB ;, EC BC : 
and (EA) = EB х EC 


ee == 
: - 





Ye 
mi 


; then EA isa tangent 
segment to the circle 
which passes through the 
points А • B and C 


The measure of an angle formed by The measure of an angle formed 

@ two chords that intersect inside eo by two secants drawn from 4 point 
a circle is equal to half the sum of the outside a circle is equal to half the 
measures of the intercepted arcs. positive difference of the measures of 





m (Z AEC) = + 


[m (AC) + m (BD)] m(ZE)= 


the intercepted arcs. 








NEN = | Revision 
The measure of an angle formed by 
à secant and a tangent drawn from 
à point outside a circle is equal to 
half the positive difference of the 
measures of the intercepted arcs. 


The measure of an angle formed by 

Q two tangents drawn from a point 
outside a circle is equal to half the 
positive difference of the measures of 
the intercepted arcs. 





ш 
m (£ A) = 4 [m (BD) - m (ВС)] m (£ A) 1. [m (ВХС) - m (BC)] 


Power of a point with respect to a circle 





Power of the point A with respect to the circle M in which ; the length of its radius r 15 
the real number P4 (A) where Р, (A) = (AM)? - r 


For example : In the opposite figure : 
If A is a point outside the circle M 


whose radius length equals 5 cm. ; 





where MA = 7 cm. s then Рм (A) = 15 — 52 224 


Py (A) > 0 » then —— A lies outside the circle M 
If Pu (A) =0 » then ——-+ A lies on the circle M 


P,, (A) <0 >» then A lies inside the circle M 





If A lies outside the circle M ; then: 





Py (A) = AB x AC =AB x AC = (АЮ)? {Py (А) = 


| 


سم ,== 
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Final Examinations 








Model (@ 


(1) The two polygons that are similar to a third are 


i Complete the following : 


—n A 
( 2) In the opposite figure : 
First : (AB)? = AD йоны. and (CB)? = CA х............... ر‎ 
second ; DA x DC = ............... 
Third : AB x BC = ............... ЖЛ 


ae Choose the correct answer from the given ones : 


( 1) Two similar rectangles » the length of the first is 5 cm. 


and the length of the second is 
10 cm.» then the r 


atio between the perimeter of the first to the perimeter of the second 
equals ennai етее i 


(3)1:5 (b) 1:3 (2) 122 (d) 2 : 1 


( 2) Which two triangles of the following are similar ? 





4ст 
(1) (2) (3) (4) 
(a) (3) › (4) (b) (1) » (3) (c) (2) » (4) (d) (1) » (4) 


( 3 ) If the ratio between the perimeters of two similar triangles is 1 : 4 5 then the ratio 
between their two surface areas equals -............... 


(а) 1: 2 (b) 1:4 (21:8 (d) 1 : 16 
( 4) In the opposite figure : 


All the following mathematical expressions 
are correct except the expression --------.--.... 


(a) (AB)? = AC x AD (b) (АВ) = AE x AF 
(CO AC x AD = AE x AF (d) AC x CD = AE x EF 








3 [a] In the opposite figure : "TD 
A ADE ~ A ABC Prove that : DE // BC 
If AD=4cm.;DB=2cm.»EC=1.5 cm. 
s BC = 5 cm. » find the lengths of : AE and DE 





C Sem, B 





4 Geometry | | 


[b] ABC is a triangle » D € BC where BD = 5 ст. 
, DC 23 em. and EC AC where AE = 2 cm. » CE = 4 cm. 
Prove that : ^ DEC ^ A ABC : then find the ratio between their two surface areas. 





t3 [a] In the opposite figure : 
m(Z ADE) =m (4 С) 
sAD=4cm. , АЕ = 5 ст. : DE = 6 cm. and EC =3 cm. 
Find the lengths of : DB and BC 
[b] In the opposite figure : 
СВ ПЕЕ = {А} ,AB=3cm. BC 22cm. »AF=7.5 ст. 
Find the length of : EF 





ni [a] AD is a median in the triangle ABC 5 Z ADB is bisected by a bisector to cut ABatE; 
£ ADC is bisected by a bisector to cut AC at F and EF is drawn. 


Prove that : EF // BC 
[b] In the opposite figure : 
AB // EF ; AE = 8 cm. 
| »CE= 12 cm. sS СЕ = 9 cm. 
| ; BM = 4 cm. and DM = 6 em. 
( 1 ) Find the length of : BF 
( 2) Prove that : FM // CD 








{ЧҮШ (2 
f] Complete the following : 


( 1 ) Any two regular polygons that have the same number of sides are ............... 
( 2) In the opposite figure ; 
If A ADE ^ A ACB 
s then m (4 ADE) = m (Z .-.............) 
( 3) If the two straight lines including 
the two chords DE 
‚ XY intersect at the point N > then 
ND x NE =... 
(4) In the opposite figure : E 
If AC = 3 ст. and СЕ = 9 cm. s then AB = .............. 





ll 
| 
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EJ] Choose the correct answer from the given ones : 
E 1 T Ы 3 Ds " а * a 
( 1) Which two polygons of the followin g are similar ? 


dem. m 





(1) (4) 
(a) Polygons (1) » (2) (b) = (1) » (3) 
(с) Polygons (3) 5 (4) (d) Polygons (2) 5 (4) 


(2) If the ratio between the surface areas of two similar polygons is 16 : 25 » then 


the ratio between the lengths of two corresponding sides in the two polygons 








equals ERE VN S 
(а) 72:5 (b) 4:5 (0) 15:25 (d) 16 : 41 
( 3) In the opposite figure : 
| A 
All the following mathematical expressions are correct 
DO. except E р 
AD _ AE AD _ DE 
(a) DB ^ EC 0) DB = BC > " 
AD _ AE АВ _ АС 
©) AB AC © вр = EC 
( 4) In the opposite figure : 
The length of MZ equals зз. 
(a) 3.6 cm. (b) 4 cm. 
(c) 4.2 cm. (d) 4.8 cm. 
mcm cc. uu EMEN „салы ааны ....................... 
Ө [a] In the opposite figure : A 
A ABC ~ A AED 
Prove that : 
BCED is a cyclic quadrilateral. If AD = 3 cm. » BD = 2 cm. 3 
and AE = 2.5 cm. » find the length of : EC C B 


[b] ABCD is a cyclic quadrilateral whose two diagonals intersected at E ; EF is drawn 
parallel to CB to intersect AB at F » EM is drawn parallel to CD to intersect AD at M 


Prove that : FM // BD 


* 81 
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\ Geometry 


CD [a] In the opposite figure : 
m (Z BAC) = 90* » AD L BC 
‚АВ = 4.5 cm. and AC = 6 cm. 
Find the length of each of : BD , DC and AD 





[b] ABCD is a cyclic quadrilateral in which : BC = 27 cm. ; AB = 12 cm. s AD = 8 cm. 
, DC = 12 cm. and AC = 18 cm. Prove that : А ВАС ~ AADC and find the ratio 


between their two surface areas. 





Ө [a] In the opposite figure : 
ABisa tangent to a circle » C is the 
midpoint of AD and AB = 332 cm. 
Find the length of : AC 





[b] ABC is a triangle in which : AB = 8 cm. »AC = I2 cm. 
‚ВС = 15 ст. » AD bisects Z. А and intersects BC at D ; DE // BA is drawn to 
intersect AC at E 
Find the length of each of : BD and CE 


Se Pe cm | moe cq md 
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I, 


Answer the following questions : 
GD Choose the correct answer : 


(1) Uf the ratio of areas of two similar polygons is 4 : 9 » then the rajo of their 


perimeters «e z 

()9:4 (b) 4 :9 (c) 2:3 (d) 3:2 
( 2 ) If the point A where AM = 8 cm, and r = 6 em. 5 then P yy (A) = ее € 

(a) 10 (b) 18 (c) 40 (d) 25 


( 3) The bisectors interior and the exterior of an angle of a triangle are ar 
(a) perpendicular. (b) parallel. (c) equal. (d) otherwise. 


(4) In the opposite figure ; 








X T 
(a) 32 (b) 40 
(c) 36 (d) 10 
FJ Complete : 
( 1) Two polygons are similar if <... T 
(2 ) The exterior bisector of the vertex angle of an isosceles triangle is ---------. „19 the 


base of the triangle 
( 3) Regular polygons having the same number of angles are --------------- 
( 4) In the opposite figure : 


AE bisects Z BAC externally and intersects BCat E. 





sien AE = зге: 
EJ [a] If A ABC ~ A XYZs and 3 AB = ХҮ, then find ; ^^ АВО 
area of (A XYZ) 


[b] In the opposite figure : 
| B » Y and C are collinear. AB = 12 cm. » ВХ = 9 cm. 
sCY=6cm. AC = BY = 18 cm. » and XY = 13.5 cm. 
Prove that : (1) A ABC ~ А XBY | 
(2) BC bisects / ABX € А 









E 
' 


Geometry 





[9 [a] In the opposite figure : 
AD = 2 cm. » DE = 7 cm. 
‚АВ=ВС 
» then find the length of : AC 
[b] In the figure opposite : 
XY // BC // DE 
If AB = бст. ,АС = 5 ст, 
Ар = 12 cm. » EY = 4 cm. 
» then find the length of each of : AE and DX 





E] [a] In the opposite figure : 
polygon ABCD ~ polygon XECF 
if XE = > AB 
»CF=9cm. 
» then find the length of : FD 





[b] In the opposite figure : 


DY bisects / ADC E 
s DC 29 ст. X 
DA = XB = 6 cm. : 
»AX=4 cm. Р 

В 


» Шеп prove that : YX //CB 
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Answer the following questions : 





(1) Complete the following : 


( 1 ) If the scale factor of similarity of two polygons = 1 » then the two polygon 


( 2)1f Py (A) = 11 and the length of the radius of the circle 
M equal 5 cm. » then AM = «e cm. 

( 3) In the opposite figure ; 
BC = serere cm. 
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( 4) In the opposite figure : 
In the surface area of the smaller triangle is 16 cm? 
» then the surface area of 


the larger triangle = verece em? 





И Choose the correct answer : 
( 1) Using the figure opposite : 
Length of M =н cm, 
(a) 3.6 (b) 4.2 
(c) 4 (d) 4.8 
( 2) In the opposite figure : 
The value of X = em. 
(a) 2 (b) 4 
(c) 6 (d) 8 
( 3) In the opposite figure : 
dis aonan cm. 
(a) 4 (b) 8 
(c) 6 (d) 5 
(4)If A ABC ~ A DEF »m(Z C) = 55° › 
m(Z В) = 80? .thenm(Z D)- ............ 
(a) 55? (b) 80? (c) 45? (d) 40? 





E cc 





€] [a] In the opposite figure : 
АВ 26cm. BC =9 cm. , АС = 7.5 cm. 
, DB = 4 cm, and DA = 5 cm. » 
Prove that: (1) A ABC ~ А DBA 
( 2) BA bisects Z DBC 





[b] In the opposite figure : 
( 1) Find the length of : BF 
( 2) Prove that : FM // CD 









a 
1 
a 


Geometry 





1ُ [a] AD is a median in the trian gle ABC ; Z ADB is bisected by a bisector to cut ABatE , 
/ ADC is bisected by a bisector to cut AC at F and EF is drawn. Prove that : EF // BC 
[b] In the opposite figure : 
If m (Z A) = 65°  m( DB ) 2 55? 
;m(DC)2(3X45y 
Find the value of : X 





Ө [a] In the opposite figure : 
ABisa tangent to a circle: 
C is the midpoint of AD 
and AB = 352 cm. 
Find the length of : AC 
[b] In the opposite figure : 
LEXY »XL=4cm. »YL=8 cm. 
,MEXZ »XM=6cem. 
JEM =2 cm. 





Prove that : LYZM is a cyclic quadrilateral. 
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Answer the following questions : 
ED Choose the correct answer : 
(1) If the ratio between the perimeters of two similar polygons is |: 4 5 then the ratio 
between their surface areas is «e 
(a) 1:2 (b) 1:4 (c) 1:8 (d) 1:16 
( 2) The triangle in which the measures of two angles are 35° and 75" is simular to the 


triangle in which the measures of two angles are 70° е 


(a) 70? (b) 30° (c) 35° (d) 90° 
(3)1f M isa circle whose radius length is 6 em. » A is a point where AM = $ em. 

s then Р (A) = m 

(a) 10 (b) 18 (c) 40 (d) 28 
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( 4) By using the opposite figure : 
Area of A BAD: Area of A BCA = ............... Wu 
(а) 3:4 (b)4 : 5 
(c) 3: 5 (d) 9: 25 





Ө Complete the following : 
( 1) The exterior and interior bisectors of an angle of a triangle агенс 
( 2) In the opposite figure : 
AB 24cm. › BC = 8 em. 
and AD = бст. 
y then DE = .............-. cm. 
( 3) In the opposite figure : 
XM 22.5 cm. , YM =2 cm. 





and ML = 6 cm. 
Ms s then MZ = -.............. CM. 
( 4) If two straight lines intersect several parallel straight lines » L 


then the length of the corresponding segments on the transversals are .............. 


3 [a] In the opposite figure : 
ABC is a triangle in which : AX 2 4 em. 
s, XB 26cm. » AY 2 5 ст. › YC = З cm. 
Prove that: (1) ЛАХҮ ~ Л АСВ 
( 2) XBCY is a cyclic quadrilateral. 





[b] In the opposite figure : 
AD is a median in A АВС, XY // BC 
; DY bisects Z. ADC and intersect AC at Y 
prove that : DX bisects Z ADB 





4 [a] ABC is triangle » D C AB and E C AC where : 
AD=3cm. › ОВ = бст. » AE =2 cm. and EC = 4 cm. 
, prove that : DE // BC 
[b] In the opposite figure : 





AD isa tangent to the circle M at D 
where AD = 15 cm. » and AB = 9 cm. 


Calculate the radius length of the circle. 
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&] [a] In the gure opposite : 
AB = бст. BC = 9 cm. and AC = 7.5 cm. 
»DB = 4 cm. and AD = 5 cm. 
prove that : (1D) A ABC ~ А DBA 
( 2) BA bisects Z DBC. 





[b] If the power of point A with respect to the circle M = 144 where the radius length of 
the circle M is 5 cm. calculate the distance between the point A and the centre of the 
circle » then find the length of the tangent segment from the point A to the circle M. 
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Answer the following questions : 
[Î Choose the correct answer : 
( 1) If the ratio between the perimeters of two similar triangles is 1 : 4 » then the ratio 
between their areas equals : «............ 
(ay 1:2 (b) 1:4 (c) 1:8 (d) | 
( 2) In the figure opposite : 
AII the following expressions are 


correct except : -e : 





@ DB EC O Dg BC 
АБ = (4) AB = Be 
( 3) In the figure opposite : 
Wiguna 
(a) 3.6 cm. (b) 4 cm. 
(c) 4.2 cm. (d) 4.8 cm. 
( 4) In the figure opposite : 
CD = eins 
(a) 7.5 cm. (b) 7.2 cm. 
(c) 2.7 cm. (d) 3.6 cm. 
9 Codi: 


( 1) In the figure opposite : 
EA isa ray tangent to the circle. EA 2 8 cm. 
‚ EB = y and BC = 12 cm. 





y then y zo СЇЙ, 


/— 88) 
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(2) If AABC ~ A XYZ and AB =3 XY 5 then 52 XY2. _ 
area (A ABC) 
( 3) In the figure opposite : 
i d 
Ui TC. 
5 then 4m. —— — 





( 4) In the figure opposite : 
AD is an angle bisector of Z BAC AC 29cm. 
AB = 15 cm. СЮ = бст. ; DB = X cm. 


5 then X mE СТ. 





E] [a] In the figure opposite : 
A XYZ »LEXY and M EXZ, 
where XM = 6 cm. » ZM = 2 cm. 
prove that: (1) A XLM ~ A XZY 
( 2)LYZX is a cyclic quadrilateral. 


[b] In the figure opposite : 
A ABC right angled at C. 
; BC // DE and CD // EF 
prove that : AF x AB = (AE)? + (ED? 





CD [a] In the figure opposite : 
AB // CD // EF 
then find the values of X and y. ( all lengths are in cm ). 
[b] In the figure opposite : 
AD is a median in A ABC. DX bisects Z ADB > 
intersects AB at X. DY bisects Z ADC and 
intersects AC at Y, 





Prove that : XY // BC. 
5 [a] In the figure opposte : 
DB _ DC 
DC is tangent to circle E ; — TOME. 
Prove that : D^ = AE | Hint : Join AC] 





DB BE 
[b] ABCD is a quadrilateral » E CAC. EX is drawn parallel to BC intersects AB at X. 
EY is drawn parallel to CD intersects AD at Y. prove that : AX x АР = AB x AY 
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Answer the following questions : 











GB Choose the correct answer : 


(1)If P,, (A) 20 »then A lies -------------.. the circle M. 

(a) on (b) inside (c) outside (d) otherwise 
(2) If A ABC ^ A XYZ and AB = 3XY > then шы | Б MM 

area of (A XYZ) 

@)9 (b)3 (о 3 (d) 5 
( 3) If the polygon ABCD ~ Polygon XYZL : then AB x ZL = XY x verre 

(a) CD (b) BC (c) AB (d) AD 
(4) All ---: are similar. 

(a) trapeziums (b) rhombuses (c) rectangles (d) squares 


————————— اا 


Ө Complete the following : 


( 1) If two straight lines intersects several parallel straight lines » then the lengths of the 
resulted segments are «== 


( 2) Any two regular polygons that have the same number of sides are <... 
( 3) Two polygons are similar if 2-3 


( 4) The ratio between the lengths of two corresponding sides of two similar polygons is 
2 : 3 if the perimeter of the smaller one is 14 cm. » then the perimeter of the greater 





E) [a] In the opposite figure : 
Find the value of : X 





[b] Polygon ABCD ~ polygon XYZL »if AB232cm. » BC=40cm. › ХҮ=(3 т- 1) ст. 
‚ YZ=(3 m 1) ст. » find the numerical value of m 


4 [a] In the opposite figure : 





ABC is a triangle in which AB = 6 cm. 

, BC = 9 cm. AC = 75 cm. » D isa point outside 
the triangle ABC. Where DB = 4 cm. » DA = 5 ст. 

Prove that : AABC ~ A DBA 





go) 








[b] In the opposite figure : 
A ADE ~ A ABC 
» find the length of : BD 
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5) [а] In the opposite figure : 
If AE // BF // CZ , DN 


Find the numerical value of each of : X + Y 


[b] In the opposite figure : 
CD is tangent to circle M 
‚АМ = МВ = BC. 

‚РС = 213 cm. 


Find the diameter length of the circle M 


>. Q Alexandria Governorate ешике 24 


Answer the following questions : (Calculator is allowed) 


f] Choose the correct answer : 





— 
T - 
Ju - ж i. 


— 
ac س‎ ] 
== 
| 
ات‎ 
' 
i 


; 


| 
e E “= 
ا‎ 


( 1) The ratio between the two perimeters of two similar triangles is 2 : 3 » then the ratio 


between their areas 15 «<... 
(a) 2 : 3 (b) 4 : 6 
(2 ) By using the opposite figure : 


The length of DE equals oeer 


(a) 6 
(c) 10 
(3 ) In the opposite figure : 


( 4) In the opposite figure : 
СА _ 
AD 


CE 
(a) CD 


(c) = 


Pee ee ud d 


(c) 4 : 9 


(b) 8 
(d) 12 


буле 


у ВС 
(d) сту 





(b) 25 


(d) 1 







FJ Complete : 
( 1 ) The interior and the exterior bisectors of an angle of a triangle are eee- 


( 2) If a line is drawn parallel to one side of a triangle and intersects the other two sides; 
then it «neo 


( 3) Any two regular polygons having the same number of sides аге 


( 4) In any right angled triangle: the altitude to the hypotenuse separates the triangle 





EJ [a] In the opposite figure : 
| AB // DE // FG , CG 24 cm. 
| ,GE=3cm. »CF=6cm. »DA=75cm. 
; Find the length of : ВЕ , FD 





[b] In the opposite figure : 
AB and DC are two chords in a circle » AB В Ср = 1E}, Р 
АВ = 4 cm. ; DC = 7 cm. and BE = 6 cm. 
„ Prove that : A ADE ~ A CBE › then find the length of : CE 








4 [a] In the opposite figure : 
ABC is a triangle , D € AB ;ECAC 
( 1) Prove that : A ADE ~ A ACB 
( 2) Find the length of : ED зак н "um 
[b]In A ABC AC» AB , MEAC where m (4 ABM) = m (4 C) 


prove that : (AB) = AM x AC 








5 [a] In the opposite figure : 
BA L AE : CD.L DE ; AB = (X + 7) em. 
AE 29cm. ED = 3cm, » DC 24 cm. 
( 1) Find the value of : X 
( 2) Find the length of : EB 
[b] In the opposite figure : 
BE bisects Z B and intersects AC at E » AB = 6 cm. 
;CDz5cm.  DAz 7.5 cm. and BC = 4 cm, 
Prove that : DE bisects Z ADC. 





92 ! 
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Answer the following questions : 
E Choose the correct answer : 
( 1) If P4 (A) = zero » then A lies seee - the circle M 
(a) on (b) inside (c) outside (d) otherwise 
(2 ) If the ratio between the area of two similar polygons is 4 : 9 then the ratio of their 


perimeters is «e 


(3)9:4 (b) 4 :9 (62:3 (d) 3:2 
( 3) The interior and the exterior bisectors of an angle of a triangle are ee- өөө 
(a) perpendicular. (b) parallel. (c) equal. (d) otherwise. 


( 4) In the opposite figure : 
. All mathematical expressions are 
correct except one expression илай 
= (a) (АВ) = AC x AD b) (AB)? = AE x AF 
(d AC x CD=AEXEF F 


(c) AC x AD = AE x AF 


(2) Complete each of the following: 68 | = = each of the following: 
( 1) Any two regular polygons having the same number of sides are ............... 
( 2) In any right-angled triangle » the altitude to the hypotenuse separates the triangle 


( 3 ) The ratio between the lengths of two corresponding sides of two similar triangles is 2 : 5 
» if the area of the first triangle = 24 cm? , then the area of the second triangle = .............- 
A 


( 4) In the opposite figure : 


ADHh BD. 3 ! 
AD bisects Z A "c 3 Е A 
sIf AB = 10 ст. S АС = (2y- 1) ст. a 
А then у=. UM cm. 
C 3 D 5 B 


E) [a] In the opposite figure : 
(1) prove that: AAXY ~ A ACB 
(2) If the area of A AXY = 8 cm? 
Find the area of the polygon XBCY 


[b] In the opposite figure : 
DE // AB , DF // AE 
; prove that : (CE)* = CF x CB 











C} [a] In the opposite figure : 
D is midpoint of BC +» DE bisects Z ADB » EF // BC 
Prove that : FD bisects Z ADC 
li DF=+ cm. -DE=5 cm. 
Find the length of : FE 
[b] In the opposite figure : 
АВС is a mangle - АВ = 6 cm. 
-BC-29cm..AC- 75cm. 





- D is a poini ourside the manele 





ahere BD=4cm. „А = 5 cm 
Prove that : (1) 4 ABC ~ A DBA ( 2) BA bisects Z DBC 





В Ia] State two cases of similarity of two triangles. 


[b] In the opposite figure : 
ХА -XBan e Iwo iangent segments AS 


Prove that: (1) A XBC ~ ^ XDB 
(2)BDxAC=BCxAD 
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Answer the following questions : 
Complete the following : 
(3) H rwo polygons are similar to a third one ; then the two polygons аге =. 
{ 2 j H the power of a point A with respect to the circle M is negative quantity » then A lies 
— the circle. 
1 3 | In the opposite figure : 
H AD ња :1впогл and | 
(aj Hm (A A) = №" +m (BD) = 45° 
— 
Shen m (CD) = mme 


(b) АВ=ВС - АП = 372 cm. «then AC = сз 


H Choose the correct answer : 





41) The bisectors of angles of a wiangle are -e 


{a} parallel. (b) concurrent. (c) equal. (d) perpendicular. 


m 


= * 
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( 2) If the ratio between the perimeter of two similar polygons is 2: 3 s then the ratio 
between their areas =... 


(a)2:9 (b)2:3 (c) 4:9 (d) 3:2 


(3) In the opposite figure if : 
(i) АЕ = 4 em. > АВ = 10 ст. ; EDz3cm. 





s then CD =... em. 
(a) 8 (b) 5 
(c) 11 (d) 24 
(ii) If m(Z AED) = 70° >, m (AD) = 50° , then m (BC) = 
(a) 70 (b) 90 (c) 100 





EJ la] In AABCifAB=8cm. » AC=6cm. › ВС=7ст. » AD bisect 2 BAC and 


intersect BC at D » find the length of : BD and AD 


[b] In the opposite figure : 
DE // BC 
» DF // AC E 5 
Prove that : ЛАРЕ ~ A DBF 


C [a] ABC is a triangle sD C BC where (AC) SCDXCB 
Prove that: A ACD ~ ABCA 
[b] In the opposite figure if : 
XY / AB» XZ// AD 
Prove that : YZ // BD 


A [a] In the opposite figure : 
АВ ПСР = {Е} »AB=5cm. 
; CD = 9 ст. and ED = 3 ст. 
Find the length of : BE 


[b] In the opposite figure : 
ABCD is a quadrilateral » E€ BD where : 
AB _ СЕ BD. EB 


DA BC’DA BC 
Prove that : 
(1) AABD ~ ACEB (2) AB// CE 
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Answer the following questions : 


(1) Complete : 
( 1 ) In the isosceles A „Ше exterior bisector of the vertex angle of triangle 15 ------- 
the base. 
( 2) The ratio between the areas of two similar triangle is 16 : 25 ; then the ratio between 
their perimeters is --------------- 
( 3) If the point A where AM = 8 cm. and r = бст. s then P,, (A) = ~-e 


( 4 ) In the opposite figure : 


;then X = --------------- CM. 


В Choose the correct answer : 
( 1) In the opposite figure : 


AD bisects exterior Z A • then 


(i) CD = -—----------- cm. 
(а) 2 
(c) 4 
(ii) AD = ———— cm. 
(a) 2710 (b) 40 
( 2) In the opposite figure : 
БЕЛ CB5AD: DC = -----......-. 
(a) 1:3 


(c) 2: 1 


( 3) If the area of A ABC = 45 cm? 


> then the area of : A AX Y = --------------. 


fa) 225 


(с) 5 


ЕА =бст.СЕ=7сш. • ED = 12cm.and BE = X cm. 


(b) 6 
(d) 8 


(c) 4110 
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£3 12] In the opposite figure : * 
ABC is A , DE AC D 
DE / AB , DF /f AE 
Prove that: (CE) = CF x CB 


- 
"d 
m 
ч 


[b] In the opposite figure : 
AB = 54 cm, AD = 42 cm. 
, DC = 28 em. and BC = 36 em. 
, DE bisects Z ADC, 
Prove that : BE bisects Z ABC 


po 


4 [4] In the opposite figure : 
ABC is right-angled triangle at A » AD L BC 
,DE LAB , DF LAC 
Prove that : A ADE ~ ACDF 





[b] In the opposite figure : 
СВ ПЕЕ = {A} , AB 24cm. 
s BC z2 ст. and AF = 8 cm, 





Find the area and circumference of the circle where (Л = 3.14) 





E] [4] In the opposite figure : 


AB isa tangent to the circle M at B. MA intersects 


the circle M at C. If the radius length of the circle C 
equals 12 cm. » Py (A) = 81 cm. » then A B 
Find : (1) The length of AB (2 ) The length of AC 


[b] In the opposite figure : 
ABCD is a parallelogram » E € AB 
„АЕ. 3 DEncB- 
where == 5 , DE ПСВ = {Е} 
( 1 ) Prove that : ADCF ~ AEAD 


a (A DCF) 
a (A EAD) 





(2) Find: 
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Answer the following questions : 
f] Choose the correct answer : 
( 1) If the ratio between the perimeters of two similar triangles is 1 : 4 » then the ratio 
between their two surface areas equals з 
(a) 1:2 (b) 1:8 (c) 1:4 (D 1 : 16 
( 2) The measure of angle including between the two bisectors (interior and exterior) of 
an angle of a triangle equals ------------- 


(a) 60? (b) 90* (c) 30° (d) 45* 
( 3) The power of point A with respect to circle M with radius length 4 cm. » AM = 5 cm. 


equals Ree cm 
(a) | (b) 9 
(c) 49 (d) zero 


(4) In the opposite figure : 
AB = бст. :АС = 3 cm. › then CE: СВ = eere 
(а) 1:2 (b) 1:3 
(c) 3:1 (d) 2 : 1 








Я Complete : 

( 1) In the opposite figure : 

If DE // BC 
ÁT) semn 

» then г ш E ч 

( 2) In the figure opposite : C B 
AB isa tangent 
‚С is a midpoint on AD 
‚АВ = 312 ст, 
then AC = erreren 

( 3) In the figure opposite : esere 
АВП CD = ÍM! ,MA-4cm. 
МС = 3cm. » MDz2cm. 
> then the length of BM =... cm. 





— & à 





( 4 ) In the opposite figure : 
AC ° РНР й 
AB ллы 


Ө ia) In the o 


pposite figure ; 





^ РВА ~ ДАВС «m (4 BAC) = 90° 





( 1) prove that: AD L BC 


( 2)If AB =8 cm. AC = бст. «find the length of : BD 
[b] In the opposite figure : 





AD = BDz2cm. АЕ = 1] cm. EC = 7cm. 
Find area ^ ADE : area A ACB 


CJ [a] A 


Prove that : DBCE is cyclic quadrilateral. 


“Who 
7 Ч 





au 


bs 


BCD is a cyclic quadrilateral » if BA N CD = {E} 
Prove that: (1 ) AEAD ~ AECB 
Б [р] In the opposite figure : 





(2) EA x EB = ED x EC 


AB 26cm. , ВС = 12 ст.  CA- 8 cm. FC = 3 cm. 
> DB = 4.5 cm and DF = 6 cm. 


Prove that : (1 ) ДАВС ~ ADBF 





(2 ) ДЕРС is an isosceles triangle. 
E] [a] In the opposite figure : 


AX JI BY // CZ sXY=3cm. 





>FA=6cm.+>BC=75cm.>,FxX=4cm 


Z 
Y 
c 
б; 
Е бст. А B 75m. С 
Find the length of each of : AB;ZY 
[b] In the opposite figure : 
AC // DB ,АМ = 10 cm. : MB = 15 cm 
CM = 8 cm. and BD = 12 ст. 


Find the length of each : AC › MD 
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Answer the following questions : 
E Complete each of the following : 
(1 ) Any two regular polygons having the same number of sides are <... 
( 2) The interior and the exterior bisectors of an an gle of a triangle are oeenn. 


(3)If AC N BD = {M} » and MA x MC = MB x MD ;then the figure ABCD is -+1114 


(4 ) In the opposite figure : 
AD = бст. s CD = X cm. ¿BD = (2 X + 1) ст. 





„Шеп X = roeren- cm. | - N 
C Xem D (2X+I)cm В 





[ 2) Choose the correct answer from those given : 
| (1) If Py (A) =0 » then: A les veee the circle M 
(a) on (b) inside (c) outside (d) otherwise 
(2 ) In the opposite figure : 
m (CD) = 145° › m (EB) = Q X - 5y? 





| and m (Z A) = 50? » then X = vee о 
(а) 80 (b) 50 
(с) 25 (9) 15 
(3) If AABC ~ AXYZ and AB = 3 ХҮ s then 19а 9L ABBC = nonn 
area of AXYZ 
(a) ч; (b)9 (c) d (d)3 


( 4)In the opposite figure : 


AB isa tangent to the circle and C is midpoint of AD 





s then CD = mmn cm. 
(a)9 (b)3 





[a] ABC is a triangle in which AB = 27 ст. » AC= 19cm. › AD bisects Z A and 


intersects BC at D where BD = 18 cm. » Calculate the length of each CD and AD 


100° 
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[b] In the opposite figure : 
B . Y and C are collinear s AB = 12 em. | BX =9 em. 
CY = бст. sAC=BY = I8 em, and XY = 135 em. 
Prove that : 





a (2) BC bisects Z ABX 
EQ [a] In the opposite figure : | 


XE(YD={A},BEAD;CE AE 
where : XY // BC // DE Е | Y 
It AC =6cm. AB = 4em, AX 29 em. and DB = 5 cm. 

Find the length of each of : AY and EC 





[b] In the opposite figure : 
њ: AD is a tangent to the circle such that Е = i 
ащ Prove that : AADB ~ AACD 
and if the area of AADB = 10 cm? 


» find the area of : ABDC 








D [a] In the opposite figure : 
AB = 9 cm. -AD = 12 cm. 
‚ AE bisects Z BAD ;F € BC 
such that : 4 BF = 3 FC 
Prove that : FE // DC 





[b] AABC;D€ AB › EC AC where: AD23cm. » DB-9cm. » AE=4cm. 
and CE = 5 cm. 
(1) Prove that: A AED ~ AABC (2 ) Prove that : EDBC is a cyclic quadrilateral. 
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Answer the following questions : 





(t) Choose the correct answer from the given ones : 
( 1) The two polygons similar to a third are -..-........... 


(a) similar. (b) congruent. (c) rectangle. (d) otherwise. 


£401 
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( 2) If A lies on the circle M » then B, (A) eere 0 
(а) < (b) < (c) > (d) = 


(3) The ratio between the perimeters of two similar polygons is tan? 30? : cos 60? ; then 
the ratio between their surface areas equals =e 


(a) 4:9 (D) 2:3 (0 3:2 (d) 4:3 
( 4 ) The bisectors of angles of a triangle аге ............... 


(a) perpendicular. (b) concurrent. (c) equal. (d) parallel. 


(2) Complete the following sentences : 
( 1) If each one of two polygons is similar then -.............. Т 
(2 ) The interior and the exterior bisectors of an angle of a triangle at a vertex Arê ............... 
( 3) Two isosceles triangles are similar if -------------- 
(4) If Р, (A) > Û „{һеп A lies ----.-.-.-.--- 


3 [a] In the opposite figure : 
DE // BC ; AE 2 3 cm. 
»ECz6cm.sAD z2cm. 
Find the length of : AB 





[b] If AABC ~ A XYZ and the ratio between their perimeters is 3 : 4 and 
if the area of A XYZ is 32 cm? s then find the area of A ABC 





4 [a] In the opposite figure : 
ABN) DC = {н} ›СН=2ст. 
„АН = 3 cm. and HB 24 cm. 
Find : DH 





[b] ABC is a triangle in which: АВ = 10cm. » ВС= 12cm. » XE AB 
where AX = 4cm. » Y € BC where YC =7 cm, Prove that : A ABC ~ AYBX 





5 [a] Determine the position of the point C with respect to the circle M if : Py (С)=—-4 
and if the radius length of the circle M = 3 cm. , calculate CM 
[b] In the opposite figure : 
LR is median » RP bisects Z LRM 
: RQ bisects Z LRN 
Prove that : РО / ММ 
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Answer the following questions : (Calculators are permitted) 
ED Choose the correct answer : 


( 1) In the opposite figure : 
If ED / CB AD 22cm. DB 23 cm. 





and AE = 4 em. s then AC = s cm. 
(a) 3 (b) 4 
(c) 6 (d) 10 


( 2.) The ratio between the lengths of two corresponding sides of two similar polygons is 3 : 4 
if the perimeter of the smaller is 12 cm. » then the perimeter of the greater is 
(a) 9 (b) 16 (c) 48 
(3 ) In the opposite figure : 
m (BD) = 56? and m (Z A) = 47° 


(d) 36 





3 then m (EC) ЖОГ 
m (a) 90* (b) 140* 
(c) 150° (d) 160° 


( 4 ) The measure of the angle lying between the interior and the exterior bisectors for any 
angle of a triangle equals 


(a) 45° (b) 90* (c) 135? 

(JJ Complete : 
( 1) Any two regular polygons that have the same number of sides are -..---.-: 
( 2) If the polygon ABCD ~ the polygon XYZL 12> = d 


(d) 180* 





3 
area of the polygon ABCD _ 


area of the polygon XYZL p 


» [hen 


m ou bd ee ee == 


( 3 ) Given several coplanar parallel lines and two transversals » then the lengths of the 
corresponding segments on the transversals are 


m m aa RA BOR E d BORN 


( 4 ) If the side lengths of two triangles are in proportion ; then the two triangles are 


^ à à * à B 4 4 À oh RR EE ж 





EJ) [a] In the opposite figure : 
A ADE ~ A ABC ; prove that : DE // BC 
ЃАР = 4ст. , ОВ = 2 ст. › EC = 1.5 ст. 
‚ВС = 5 ст. 


Find the length of each of : AE and DE 
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[b] XY П ZL = IM} , where XZ // LY sif XM =9cm. » ҮМ = 15 cm. 
and ZL = 36 cm. » Find the length of ZM 





Г) [a] In the opposite figure : A 
ABC is a right-angled triangle at A 
, AD L BC ;AC 230 cm. » DB = 32 em. 
Calculate the length of each of : CD and AD 


A 
45 


C D 32cm. B 


[b] If the power of a point À with respect to the circle M equals 144 where the radius 
length of the circle M equals 5 cm. » Calculate the distance between the point A and 
the center of the circle » then find the length of the tangent segment from the point A 


to the circle M 


5 [a] In the opposite figure : 
AD is a median of A ABC 
, DX bisects Z ADB 
, DY bisects Z ADC 
Prove that : XY // BC 





[b] Two circles are intersecting at A and B »C C AB and C F AB , from C the two 


tangent segments CX and CY are drawn to touch the circles at X and Y respectively. 


Prove that : CX = CY 
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Answer the following questions : (Calculator is allowed) 
(B Complete the following : 
(1) Any two squares аге. 


(2) If P,, (B) «0 » then B lies o 


( 3) If a line drawn parallel to one side of triangle and intersects the other two sides » then 
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f Choose the correct answer : 
( 1) In the opposite figure : 


ED 24cm.» BC = 12 ст, 





Ag 
» then ACT | 
H oem ч 
(a) 1:3 — 
(c) 4:1 (d) 1:4 


( 2) If the ratio between perimeters of two similar polygons is 3 : 4 5 then the ratio 
between their sides is «e 
(3) 4:3 (b) 6:8 (c) 9 : 16 (d) 344 

( 3) In the opposite figure : 
AC =9 cm. AB = бст. , BDz 4 ст. 





s then BC = e cm. 
(a) 12 (b) 16 EA. e 
(с) 8 (d) 10 


N (4 ) The measure of the angle between interior and exterior bisector of any angle of an 


equilateral triangle equals з. | 


(a) 135* (b) 120* (c) 90* (d) 180° 


7g [a] In the opposite figure : 
AD 24 cm , ВЮ = 6 cm. 
s AE = 5 cm. s EC = 3 ст. 
Prove that : A ADE ~ A ACB 





[b] AD is a median in A ABC ; DE bisects (Z. ADB) and cuts ABat E 
‚ DF bisects (Z ADC) and cuts AC at F. Prove that : EF // BC 


4 [a] hi the opposite figure : A 
AD is a tangent to the circle › AB = 2 AC 
(1) Prove that : A ACD ~ A BAD C b 
( 2) If the area of A ACD z 12 cm? » Find area of A BAD 


{405 
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[b] In the opposite figure : C 
BC // DE ;» DE24 cm. : 
‚СВ = бст. АВ = Х + 10 D Ox+3) | 
‚„АР=2Х+3 = (x«i B 
Find the value of : X E 


E [a] In A ABC DE AB where AD = 2 BD , EE AC where DE // BC » if the area of 


A ADE = 60 cm? Find the area of trapezium DBCE 


[b] In the opposite figure : 
If m (CB) = 88° , m (BD) = 184° 


9m(ZA)=(X + 28)° 
Find the value of : X 
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Answer the following questions : 
E Choose the correct answer : 
( 1) The ratio between the two perimeters of two similar triangles is 4 : 9 • then the ratio 


between their area Is -.... 


(a) 4:9 (b) 2:3 (c) 16: 81 (d)9 :4 
( 2) All the equilateral triangles are =s 
(a) congruent. (b) equal in perimeter, (c) similar, (d) equal in area, 


( 3) The measure of angle between the interior and exterior bisectors of any 
angle = recess 
(a) 135° (b) 90° (с) 180° (4) 45° E 
( 4) In the opposite figure : | 


AB = 12 cm, СЕ = 4 em. 





»Ihen ED 2 «eene 
(a) 9 ib) û 
(c) 8 (d) 9 
@ бини 7 ج ا‎ 
(1) е power of point A with respect to circle M is appositive quantity then 
the paint A lies «m 
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( 2) In the opposite figure : 
DB УЛО 





( 3) The exterior bisector of the vertex angle of an isosceles triangle 
triangle base. 


( 4) If the scale factor of similarity of two polygons equals | then the two polygons 


(9) [а] In the opposite figure : 
B „Бапа C are collinear 
» prove that: (1) A ABC ~ A DBE 
(2) BC bisects Z ABD 
[b] In the opposite figure : 
Prove that : DE // BC 





4 [a] In the opposite figure : 
m (Z ADE) = m (Z C) 
AD 24cm » AE = 5 cm » DE = 6 cm. and EC = 3 ст. 
(1) Prove that : AADE ~ A ACB 
( 2 ) Find the lengths of : DB and BC 





[b] In the opposite figure : 
AB =3 cm. BC = 2 cm. 
‚АЕ = 7.5 
Find the length of : EF 





(9) [а] In the opposite figure : 
AD is a median of A ABC 
DX bisects / ADB 
DY bisects 2 ADC 
Prove that : XY // BC 


[b] The ratio between the lengths of two corresponding sides in two similar triangles 
is 2: 5 „if the area of the smaller one is 16 cm? » find the area of the greater triangle. 











